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A definition of random variables 

and their classification

A variable is called random, if it can receive

real values with definite probabilities as a

result of experiment.

A random variable / випадкова величина
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A definition of random variables 

and their classification

A variable is called random, if it can receive

real values with definite probabilities as a

result of experiment.

In general, random variables can be

discrete or continuous.
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A discrete random variable /

дискретна випадкова величина

A continuous random variable /

неперервна випадкова величина
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A definition of random variables 

and their classification

A random variable is a variable whose value

is unknown, or a function that assigns

values to each of an experiment's

outcomes. Random variables are often

designated by letters and can be classified

as discrete, which are variables that have

separated values, or continuous, which are

variables that can have any values within a

continuous range.
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CONTINUOUS RANDOM VARIABLES

A continuous random variable is a random

variable where the data can take infinitely

many values on some numerical interval or

a random variable which takes an infinite

number of possible values. Continuous

random variables are usually measurements.
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A continuous variable is a variable whose value is 

obtained by measuring.

Examples: height of students in class

weight of students in class

time it takes to get to university

distance traveled between classes
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A continuous random variable is

characterized by two functions:

1) a distribution function (the integral

distribution function) ;

2) a density function (the differential

distribution function) .

 xF

 xf
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a distribution function

/ функція розподілу

a density function /

/ функція щільності

 xF

 xf
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The random variable is called a

continuous random variable, if for any

numbers such non-negative function

exists, that:

X

ba 

 xf

   
b

a

dxxfbXaP
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The random variable is called an ab-

solutely continuous random variable, if

there is a non-negative function on R

that:

for every

X

 xf
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General properties of 

the density function 

1. It is a non-negative function, i.e.               

for all x.

2. It is a non-decreasing function for 

then: 

(the condition of normalization of this function ). 
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General properties of 

the density function 

3. The relationship between the functions             and

:

4. The probability that a random variable        lies in the

interval                is equal to the increment of its density

distribution function on this interval; i.e.:

 xf
 xf

 xF
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Example. The density function of a
continuous variable X is given by

What is the value of c?
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continuous variable X is given by
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Example. The integral distribution function

of a continuous variable X is given by

Find the density function .
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Solution. It is known that                      . Thus)()( xFxf 
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Example. The differential distribution

function of a continuous variable X is given

by

Find the integral distribution function .
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Solution. It is known that                               . Thus:

If             , then

  



x

dxxfxF )(





















2,0

21,
2

1

1,0

)(

x

xx

x

xf

1x

PhD Misiura Ie.Iu. (доцент 

Місюра Є.Ю.)

26



Solution. It is known that                               . Thus:

If             , then                   and
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Solution. It is known that                               . Thus:

If             , then                   and

  



x

dxxfxF )(





















2,0

21,
2

1

1,0

)(

x

xx

x

xf

1x   0xf

  



xx

dxdxxfxF 00)(

PhD Misiura Ie.Iu. (доцент 

Місюра Є.Ю.)

28



Solution. 

If                  , then                  
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Solution. 

If                  , then                  
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Solution. 

If             , then                  
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Solution. 

If             , then                  
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Let’s write the formula for the integral

distribution function : xF
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Numerical 

characteristics of 

continuous random 

variables
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Numerical characteristics of absolutely 

continuous random variables

The mathematical expectation of

an absolutely continuous random variable is

calculated by the formula:

 XM






 dxxfxXM )()(
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Numerical characteristics of absolutely 

continuous random variables

The variance of an absolutely continuous

random variable is defined by the formula:
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Numerical characteristics of absolutely 

continuous random variables

The root-mean-square deviation (or standard

deviation) of an absolutely continuous ran-

dom variable is the square root of its variance:

)(X

)()( XDX 
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Numerical characteristics of absolutely 

continuous random variables

A mode of an absolutely continuous random

variable is a point of maximum of the

probability density function .

oM
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Example 3. The density function of a
continuous variable X is given by

Calculate: a) the mathematical expec-
tation and the variance; b) the probability
that a random variable X lies in the interval

. 3;1
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Solution. 1) Let’s find the mathematical expectation:
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Solution. 1) Let’s find the mathematical expectation:
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Solution. 1) Let’s find the mathematical expectation:
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Solution. 1) Let’s find the mathematical expectation:
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Solution. 1) Let’s find the mathematical expectation:
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Solution. 1) Let’s find the mathematical expectation:
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Solution. 1) Let’s find the mathematical expectation:
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Solution. 1) Let’s find the mathematical expectation:
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Solution. 1) Let’s find the mathematical expectation:
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Solution. 1) Let’s find the mathematical expectation:
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Solution. 1) Let’s find the mathematical expectation:
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Solution. 1) Let’s find the mathematical expectation:





















2,0

21,
2

1

1,0

)(

x

xx

x

xf

 
12

928
XM

 
12

19
XM

PhD Misiura Ie.Iu. (доцент 

Місюра Є.Ю.)

51



Solution. 2) Let’s find the variance:
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Solution. 2) Let’s find the variance:
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Solution. 2) Let’s find the variance:
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Solution. 2) Let’s find the variance:
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Solution. 2) Let’s find the variance:
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Solution. 2) Let’s find the variance:
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Solution. 2) Let’s find the variance:
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Solution. 2) Let’s find the variance:
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Solution. 2) Let’s find the variance:
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Solution. 2) Let’s find the variance:
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Solution. 2) Let’s find the variance:
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Solution. 2) Let’s find the variance:





















2,0

21,
2

1

1,0

)(

x

xx

x

xf

 
144

361

12

1445



XD

 
144

361

12

31
XD

PhD Misiura Ie.Iu. (доцент 

Місюра Є.Ю.)

63



Solution. 2) Let’s find the variance:
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Solution. 2) Let’s find the variance:
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Solution. 3) Let’s find the probability that a random

variable X lies in the interval
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Solution. 3) Let’s find the probability that a random

variable X lies in the interval
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Solution. 3) Let’s find the probability that a random

variable X lies in the interval
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Solution. 3) Let’s find the probability that a random

variable X lies in the interval
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Solution. 3) Let’s find the probability that a random

variable X lies in the interval





















2,0

21,
2

1

1,0

)(

x

xx

x

xf

 3;1

      
3

2

2

1

31 dxxfdxxfXP

   









3

2

2

1

0
2

1
31 dxdxхXP

PhD Misiura Ie.Iu. (доцент 

Місюра Є.Ю.)

70



Solution. 3) Let’s find the probability that a random

variable X lies in the interval
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Solution. 3) Let’s find the probability that a random

variable X lies in the interval





















2,0

21,
2

1

1,0

)(

x

xx

x

xf

 3;1

  0
2

1

2
31

2

1

2















 х

х
XP

 




























 1

2

1

2

1
2

2

1

2

2
31

22

XP

PhD Misiura Ie.Iu. (доцент 

Місюра Є.Ю.)

72



Solution. 3) Let’s find the probability that a random

variable X lies in the interval
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Solution. 3) Let’s find the probability that a random

variable X lies in the interval
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Solution. 3) Let’s find the probability that a random

variable X lies in the interval
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Basic distribution laws of 

continuous random 

distributions 

and their numerical 

characteristics
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UNIFORM, EXPONENTIAL 

AND NORMAL LAWS OF 

PROBABILITIES 

DISTRIBUTION

PhD Misiura Ie.Iu. (доцент 
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A UNIFORM LAW OF PROBABILITIES 

DISTRIBUTION 

The uniform law of distribution is

characterized by a probability density

function (the differential distribution

function) (fig. 1) and a cumulative

distribution function (the integral

distribution function) (fig. 2).
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A UNIFORM LAW OF DISTRIBUTION 






















bx

bxa
ab

ax

xf

,0

,
1

,0

)(
























bx

bxa
ab

ax

ax

xF

,1

,

,0

)(

PhD Misiura Ie.Iu. (доцент 

Місюра Є.Ю.)

79



A UNIFORM LAW OF DISTRIBUTION    
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The probability that a random variable X lies in the

interval is equal to the increment of its integral

distribution function on this interval; i.e.:
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A UNIFORM LAW OF DISTRIBUTION    
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TASK

The parameters of the uniform

law of distribution are given: and .

Find: a) functions and ;

b) the mathematical expectation , the

variance and the root-mean-square

deviation ; c) .
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1a 5b
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HOMEWORK

TASK. The parameters of the uniform law

of distribution are given: and .

Find: a) functions and ;

b) the mathematical expectation , the

variance and the root-mean-square

deviation ; c) .

ba,

2a 6b

 xf  xF
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A EXPONENTIAL LAW OF DISTRIBUTION

The exponential law of distribution is

characterized by a probability density

function (the differential distribution

function) (fig. 3) and a cumulative

distribution function (the integral

distribution function) (fig. 4).
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AN EXPONENTIAL LAW OF DISTRIBUTION
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AN EXPONENTIAL LAW OF DISTRIBUTION
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AN EXPONENTIAL LAW OF DISTRIBUTION
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TASK

TASK. The parameter       of the exponen-

tial law of distribution is given:                 . 

Find: a) functions               and               ;

b) the mathematical expectation        , the 

variance      and the root-mean-square 

deviation ; c)                        .
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HOMEWORK

TASK 2. The parameter       of the exponen-

tial law of distribution is given:                 . 

Find: a) functions               and               ;

b) the mathematical expectation        , the 

variance      and the root-mean-square 

deviation ; c)                        .

 xf  xF
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)(XD

)(X
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A NORMAL LAW OF DISTRIBUTION

The normal law of distribution is

characterized by a probability density

function (the differential distribution

function) (fig. 5) and a cumulative

distribution function (the integral

distribution function) (fig. 6).

)(xf

 xF

PhD Misiura Ie.Iu. (доцент 

Місюра Є.Ю.)

90



A NORMAL LAW OF DISTRIBUTION
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A NORMAL LAW OF DISTRIBUTION
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A NORMAL LAW OF DISTRIBUTION
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A NORMAL LAW OF DISTRIBUTION
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A NORMAL LAW OF DISTRIBUTION
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TASK

The parameters of the

normal law of distribution are given:

and . Find: a) functions and

b) the mathematical expectation ,

the variance and the root-mean-square

deviation ; c) .

 xf xF
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HOMEWORK

TASK 3. The parameters of the

normal law of distribution are given:

and . Find: a) functions and

b) the mathematical expectation ,

the variance and the root-mean-square

deviation ; c) .
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Probability that a module of 

the deviation of the normal distributed 
random variable from its mathematical 

expectation
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Let’s find probability that a module of the

deviation of the normal distributed random

variable from its mathematical expectation is

less than any nonnegative , i.e.

  aXP
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Let’s find probability that a module of the

deviation of the normal distributed random

variable from its mathematical expectation is

less than any nonnegative , i.e.
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Let’s find probability that a module of the

deviation of the normal distributed random

variable from its mathematical expectation is

less than any nonnegative , i.e.

      aXaPaXPaXP 
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Let’s find probability that a module of the

deviation of the normal distributed random

variable from its mathematical expectation is

less than any nonnegative , i.e.
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HOMEWORK 

?
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Three sigma rule

Let’s transform the formula 

Let , then 
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Three sigma rule

Let’s transform the formula 

Let , then 
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Three sigma rule

It means that 68 % of values of a random

variable Х is located on the interval .

1t
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Three sigma rule

Let’s transform the formula 

Let , then 
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Three sigma rule

It means that 95 % of values of a random

variable Х is located on the interval .

2t
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Three sigma rule

Let’s transform the formula 

Let , then 
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Three sigma rule

Hence three sigma rule means the normal

distributed random variable Х possesses all

its values on the interval with the

probability 100 %.
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EXAMPLE

Х is a random variable, distributed by a normal

law with the mathematical expectation

and the root-mean-square deviation

Find limits for values of Х with probability
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SOLUTION

According to the condition of the task: 

Let’s substitute:

9973,0P 1,0 2a

3,03 

 33  aXa
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SOLUTION

According to the condition of the task: 

Let’s substitute:

9973,0P 1,0 2a

3,03 

3,023,02  X
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SOLUTION

According to the condition of the task: 

Let’s substitute:

9973,0P 1,0 2a

3,03 

3,27,1  X
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Let’s consider a deviation

from a normal law
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Місюра Є.Ю.)
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Asymmetry
Asymmetry of a distribution shows a deviation
of a value from its central position on the left or
on the right:

where

– the central moment of the 3-rd order;

– the root-mean square deviation.

3
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Asymmetry for normal distribution

Asymmetry of a distribution shows a deviation

of a value from its central position on the left or

on the right:

where

– the central moment of the 3-rd order;

– the root-mean square deviation.

0
3
3 




SA

3


PhD Misiura Ie.Iu. (доцент 

Місюра Є.Ю.)

117



Asymmetry

f(x) 

a x 

S SSA >0
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A =0 A <0
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Excess
Excess characterizes a deviation of a value

from its central position down or up:

where

– the central moment of the 4-th order;

– the root-mean square deviation.
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Excess for normal distribution
Excess of a distribution is a value:

where

– the central moment of the 4-th order;

– the root-mean square deviation.
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Excess
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Excess

PhD Misiura Ie.Iu. (доцент 

Місюра Є.Ю.)

122



EXAMPLE
We have:

Find

4,03  17,64  66,12 

SS EA ,
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EXAMPLE
We have:

Find:

Solution.  

Asymmetry is: 

Excess:

4,03  17,64  66,12 

SS EA ,
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EXAMPLE
Asymmetry : 

Excess :

We have:
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INDEPENDENT WORK
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TRANSFORMATION OF 

SEQUENCES 

OF NORMAL DISTRIBUTED 

RANDOM VARIABLE
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Gamma-distribution

A random variable х that is gamma-distributed

with shape and scale is denoted by

.

k   ,k
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Gamma-distribution

The probability density function and the cumulative

distribution function of the gamma distribution can be

expressed in terms of the gamma function parameterized in

terms of a shape parameter and scale parameter and

the lower incomplete gamma function, i.e.
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Gamma-distribution

where is the gamma function,

both and are positive values.

   
















0if,,0

0if,
1 1

x

xex
kxf

x

k

k



 

x

dxxfxF
0

)(

k 

  dtetk tk 




0

1

PhD Misiura Ie.Iu. (доцент 

Місюра Є.Ю.)

130



Gamma-distribution

Numerical characteristics of gamma 

distribution law are

1) mathematical expectation: 

2) variance:

3) root-mean-square deviation (or standard 

deviation): 

kXM )(

2)( kXD 

kX  )(
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Сhi-square (     ) distribution

A random variable has the chi-

square distribution with n degrees of

freedom if its probability density function and

the cumulative distribution function have the

forms:

2

 nX 2
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Сhi-square (     ) distribution

A random variable has the chi-

square distribution with n degrees of

freedom if its probability density function and

the cumulative distribution function have the

forms:

2
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Сhi-square (     ) distribution

(*)

where is the gamma function.
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Сhi-square (     ) distribution

Numerical characteristics of gamma distribution 

law are:

1) mathematical expectation:   

2) variance:

3) root-mean-square deviation:   

2
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   nnDXD 2)( 2  
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Сhi-square (     ) distribution

Main property of chi-square distribution. For an

arbitrary n the sum:

of squares of independent random variables

obeying the standard normal distribution has the

chi-square distribution with n degrees of freedom.
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Сhi-square (     ) distribution

The values are tabulated.

Relationship with other distributions:

1. For n=1, this formula (*) gives the

probability density function of the square

of a random variable with the standard

normal distribution.

2
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Сhi-square (     ) distribution

2. For , the formula (*) gives the

exponential distribution with parameter

3. As the random variable

has an asymptotically normal distribution

with parameters .

2
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n  nX 2
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HOMEWORK

To read about

1) Student’s distribution (t-distribution) 

with n degrees of freedom

2) F-distribution (or Fisher–Snedecor 

distribution)

(see Lecture)
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