PhD Misiura le.lu.

Theme: Differential calculus
of functions of many
variables. Application of the
gradient vector in the linear
model of international trade.
Integral calculus of functions
of one variable
Part 3. The definite integral
and Its application



Economic problems (Example 1)

The mean value of a function on the interval [a, b]:

_ b
1= [ fx)a

Example 1. Let us assume that the value of the UAH expressed in the
US dollars from day 1 to day 30 of a certain month is represented by the func-

, 900
tion of time: f(f)=1" + ——. Find the mean value of the UAH In this month.

f
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Economic problems (Example 1)

Example 1. Let us assume that the value of the UAH expressed in the
US dollars from day 1 to day 30 of a certain month is represented by the func-

tion of time: f(t)=1"

Solution. First of all, let’s find the definite integral:

’ | " : NEL 3 :
I( E 9030dezf(xz+900-l )d)ﬁ,_(ll _ﬂl?) _[x_450
X 3 2 3 2 |

/1
~ x3_450
3 le

1

~A N3 13 _
S B0 30 0001l 45050449
3300 3 I 2 3

x=l
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Economic problems (Example 1)

Solution. First of all, let’s find the definite integral:

30 - 30 . \[F9 3 '
I - 9()30de=j(x2 +900-x~ )dx— il _200 1?} = l———45,)0
X7 3 2 3 X

-1 Alx=30

1 1

3 3 13
3 B0 L0 g000-L L 450~ 9440
3300 3 I 2 3

According to the formula of the mean value of a function on the given interval
[1,30], we have:

7o) = X2 900 dx~i 90449 ~ 325 8.
1 29

Thus, the mean value of the UAH in this month is approximately 325.8.
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Economic problems (Example 2)

Example 2. Let us assume that the production costs

f(x)=10+20x+ 0.03x” The volume of manufacture changes from 100 UAH

to 300 UAH per year. Find the mean value of the cost of production.
Solution. According to the formula of the mean value of a function on

the given interval [100, 300], we have:
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Economic problems (Example 2)

Example 2. Let us assume that the production costs

£(x)=10+20x +0.03x” The volume of manufacture changes from 100 UAH

to 300 UAH per year. Find the mean value of the cost of production.
Solution. According to the formula of the mean value of a function on

the given interval [100, 300], we have:

~ |300

300 2 3
1 .1 X X
f(c)= 300100 j (10 +20x+0,03x )dx— ﬁ [101’4‘20 ? +0,03 ?J

100
x=100 j|

100

=L.[(103;:+10x2 +0,01x°)

—(10x+10x2 +0,01x°)

200 x=300
1
= 300 (3000 +900000 + 270000 —1000 100000 -=10000) =
= 510 : (1173000 —120000) = 5865 —600 = 5265.

Thus, the mean value of the cost of production is 5 265 UAH.
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Economic problems (Example 3)

Example 3. The value of productivity of equipment at certain factory
from the day of start (the first day) to the next day (the second day) is repre-

sented by the function of time 1 (¥) = 2" Find the average value of productivi-

ty of this equipment.
Solution. a) In order to find the average value of productivity of equip-

ment we will calculate the average value of the given function f(¢) = 2" on
the interval [0, 2]. Due to the formula of the mean value of a function on the
interval:

22202 2

l 2
¢)= = 2 -2 & ~ 2.88539.
J=57 ! “m2| 2 W2 In2 06931472

Thus, the mean value of the cost of productivity of the given equipment
IS approximately 2.88539.
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Economic problems (Example 4)

Example 4. The Lorenz curve of the income distribution within a certain

group is given by the formula: L(x)=0.8x" +0.28x. Determine the degree of

equality of the income distribution.
Solution. Let's find the Gini coefficient

1 1

G= 2j(x —(0.8x" +0.28x) ) dx =2j(—0.8.-,»¢2 +0.72x ) dx =
0

0

1

241 1+1
—2/-08- 2 —+072.-2
2+1 1+1

0

=2 —i-.ar:+0,36-x2
15

—2(—i-x+0.36-x2}
x=1 15

= 2(—i + 0.36} ~(0.2.
o 15
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Economic problems (Example 6)

Example 6. A firm's monthly marginal cost of a product is MC(x) UAH

per unit when the level of production is x units. Find the total manufacturing
cost function 7C(x) of the given month if:
a) MC(x)=x+30 and the level of production is raised from 4 units to

6 units;
b) MC(x) =3(x—5)3 and the level of production is raised from 6 units

to 10 units.
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Economic problems (Example 7)
Example 7. The laws of supply and demand have the form:

11
p=186-x" P=20+7"X

a) Find the point of market equilibrium.

b) Find consumers’ benefit under the condition of
establishment of market equilibrium.

c) Find suppliers’ benefit under the condition of
establishment of market equilibrium.

PhD Misiura le.lu. 10



Economic problems (Example 7)
a) Find the point of market equilibrium.

(p=186—X’

) 11
=20+—X
\p 6

PhD Misiura le.lu.
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Economic problems (Example 7)
a) Find the point of market equilibrium.

'p=186-x?
<p_20+E_X :>XO:12, pO:42
o 6
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Economic problems (Example 7
b) Find consumers’ benefit under the condition o

establishment of market equilibrium.

12

X0 12 X3
C = [ pe(x)dx— poXq :j(186— xz)dx—12-42 - [186x—3} ~504=1152
0 0 0

(units of money)
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Economic problems (Example 7)
c) Find suppliers’ benefit under the condition of

establishment of market equilibrium.

12

Xg 12 11 11 %2
P = pgXo — jps(x)dx:12-42—j(20+€xjdx:504— 20x—€7 =132
0 0

0

(units of money)
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Economic problems
Net Excess Profit

y (dollars per year)
A

y=Ps(7)

~ Net excess, |
orofit /Y =Fil0)

: > | (years)
N
Net excess profit as the area between rate of profitability curves.

PhD Misiura le.lu.
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Economic problems

Example

« Suppose that t years from now, one investment will be
generating profit at the rate of P,(1)=50+t° hundred
dollars per year, while a second investment will be
generating profit at the rate of P,(?)=200+5¢ hundred
dollars per year.

a. For how many years does the rate of profitability of
the second investment exceed that of the first?

b. Compute the net excess profit for the time period
determined in part (a). Interpret the net excess profit as
an area.

PhD Misiura le.lu. 16



Economic problems

200

-\'

B

(hundred dollars)

y = P3(1) =200+ 5t

- $168,750

y=Pi(1) =50+ r?

Net excess profit for one investment plan over another.

t » [ (years)
L 15

PhD Misiura le.lu.
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Economic problems

A manufacturer has found that marginal cost 1s
3g> —60g +400 dollars per unit when g units
have been produced.

The total cost of producing the first 2 units is
$900.

Q: What 1s the total cost of producing the first 5
units?

PhD Misiura le.lu. 18



1. Definite integral.
Formula of Newton-Lelbnitz

PhD Misiura le.lu.
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Let the function T (X) be determined on the interval [a, b]
Let us divide the interval [a, b] Into n subintervals by n points

A=Xy <X <X, <...<X, 1 <X,=b

On each subinterval [Xi—l’ X; ]We choose some point and compound
the sum

Sy = f(&)A% = f(&) A%+ F(&)A% +..t T (£,)AX,

where
AX. = X; — X._; is the length of each interval.

PhD Misiura le.lu. 20
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u

——— i | — X
h a b

6 subintervals 24 subintervals

The approximation improves as the number of subintervals increases

Q: Find any difference between these two figures?

PhD Misiura le.lu. 22



Let R be the region under the graph of f(x) = 2x + 1 over
the interval 1 = x = 3, as shown if Figure
Compute the area of R as the limit of a sum.

-
=20

§

=<

- >
) d=2 3
(a) The region R under the line y=2x + | (b) The region R subdivided by six
over | €£x <3 (a trapezoid) approximating rectangles

Approximating the area under a line with rectangles

PhD Misiura le.lu. 23



The definite integral of the function f (X) on the interval [a, b]
IS called the limit

lim Zf(;)Ax —jf( ) dx

max Ax; —0 i1

where a is the lower limit, b is the upper limit of integration.

If F (X) is an antiderivative for a continuous function f (X)
on the interval [a, b]then the formula of Newton-Lelbnitz is true

f(x)dx = F(x)\g1 =F(b)- F(a)

D —— T

PhD Misiura le.lu.
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Area as a Definite Integral

If f(x) 1s continuous and f(x)>0 on the interval a< x <b,
Then the region R under the curve y= f(x) over the
interval a<x <b has area given by the

definite integral b
j f(x)dx
a

/77’ y=fx)
R
L > X

|
a b

PhD Misiura le.lu.



Fundamental Theorem of
Calculus

If the function f(x) 1s continuous on the
interval a< x <b, then

['f(w)e= (@) =F(0)-Fa)

)

where F(x) is any antiderivative of f(x) on a< x <b.

PhD Misiura le.lu. 26



2

Example 1. Calculate the definite integral: I(XZ —3X —|—1) dx.

1

Solution.

2 2 5 )
j(x2 —3x+1)dx:szdx—BjdeJrjdx:_
1 1 1 1

2 8 1 3 7 9

1

PhD Misiura le.lu.
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The basic properties of a definite integral:

1)if(x)dx:—Zf(x)dx

2)Tf(x)dx:0.

PhD Misiura le.lu.

28



The basic properties of a definite integral:

3) ? f (x)dx :T f (x)dx +T f (x)dx

PhD Misiura le.lu.
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The basic properties of a definite integral:

1) £ f (x)dx:—z f (x)dx

2)Tf(x)dx:0.

3) ? f(x)dx=[ f(x)dx +? f (x)dx

4) i( f(x)£ f,(x))dx :z f,(x)dx

5) [C- f (x)dx = ij()

a a PhD Misiura le.lu.
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6) If functions f (X) and (D(X) on the interval [a,b] ,where a <b
satisfy the condition f (x) < (p(x) , then

7) Estimation of the definite integral. If m and M are the least and
the greatest values of the function f (x) on the interval [a, b]
.e. m<f(x)<M ,then

m(b—a)< | f (x)dx< M (b—a)

a

PhD Misiura le.lu. 31



8) Theorem of the mean. If the function y= f (x) is continuous on
the interval [a,b] , where a <b , then there exists such

avalue that ¢ € [a,b]

f(x)dx=f(£)-(b-a)

D — T

reanl0)= 1(8)= 2= 1 (00

b —
jf dX =0 ,where Y= f(X) is an odd function.

10) jf dX =2- If dX where y=f ( ) is an even function.

PhD Misiura le.lu. 32



2. Rules of definite integral calculation

PhD Misiura le.lu.
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1) INTEGRATION BY PARTS
b b b
judv = uv| —jvdu
a
a a

where U =U (X) and V= V(X) are continuous differential
functions on the interval [a,b] and

) =u(b)v(b)-u(a)v(a)

PhD Misiura le.lu.
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1

Example 2. Calculate IXG_XdX
0

Solution. Let’s use the method of integration by parts:
u=X dv =e *dx

then
X

du = dx V= je_XdX =—e

We obtain

|
O —r

1
A X :_—1 —X _
( e )dx e +£e dx

=————+1l=—

1 1 (e‘l—eo) ]e. ]e. 6;2

PhD Misiura le.lu.
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2) THE SUBSTITUTION OF A VARIABLE

z f (x)dx =i f(o(t))e'(t)dt

where X:gp(t) and ga'(t) are continuous functions on

the interval [, B, ¢(a):a , (D(IB):b .

dx
2

Example 3. Calculate _
X“+4X+5

O —F

Solution. Let’s allocate the perfect square

X2 +AX+5=X° +2-2x+4+1:(x+2)2 +1.

PhD Misiura le.lu.
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X>+4X+5=X"+2-2X+4+1=(x+2)

Let's substitute X+2=1, dx=dt.

Let’s change limits of integration:
if X=0, then t=2

if X=1 then t=3.

We have

L L dx 3 dt
j j 2 :I 2 4
OX +4X+5 0(X—|—2) —|—1 2t +1

= arctg3—arctg?2.

PhD Misiura le.lu.
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HOMEWORK

Let f(x) and g(x) be functions that are continuous on the
interval -2< x <5 and that satisfy

[, feae=3 [ gxax=—4 [ g(x)dx=7

Use this information to evaluate each of these definite
integrals:

- [ 2f-3g@lax > [ fodx

jol 8x(x” +1)°dx

_[2 (ln xjdx
174\ x

PhD Misiura le.lu.
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3. Application of definite integral for
geometry problems.

Calculation of the area of a plane figure

If f(x) and g(x) are continuous with f(x)> g(x) on the
interval a <x < b, then the area A between the
curves y= f(x) and y= g(x) over the interval is given

b A=["Lf (%)~ g(x)ldx

'y

-\

A
U
} ¥ vl | T
(4%

|
|
i

; |

" PhD Misiura le.lu.
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The Area Between Two Curves

If f(x) and g(x) are continuous with f(x)> g(x) on the
interval a <x < b, then the area A between the

curves y= f(x) and y= g(x) over the interval 1s given

o A=/ (x) - g(x)ldx

¥ y
\ \:;(l’ \/":“‘, \J
A S v=o(x) Y=g\
. |

Y

b
2:.-
Ilr
A1
)z
6
\|
k)

Area of R = area of R, — area of R,
PhD Misiura le.lu. 40



3. Application of definite integral for
geometry problems.

Calculation of the area of a plane figure

b

it f(x)>0 Vxela,b] then j f(x)dx is numerically equal to
a

the area of the curvilinear trapezoid with the base [a, b]

bounded by the straightlines x=a , x=b, Y=0

and the curve Y= f(X)

S —

QD — T

f (x)dx

LA J
U a b 41
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If the curvilinear trapezoid is bounded by the straight lines X=a |,
x=b , y=0 andthecurve y=f(x) , f(x)<0
then its area Is

b

S =—| f(x)x

PhD Misiura le.lu. 42



it fy(x)> f(X) then the area, bounded by these curves and

the straightlines X=a and x=Db equals

yA
y =1, (%)
a b X
- S

(6,01 () dowmn Y~ ),

|
QD —— T



Example 1

Find the area of the region R enclosed by the curves
y=9% and y=x*

- X

The region enclosed by the curves y = *and y=x.
PhD Misiura le.lu. 44



Example 2

Find the area of the region enclosed b the line y= 4x
and the curve y= x3 +3x~

y = 44

The L losed By 1hePhD Misiura ledud ! 1 ur

45



Example 4. Calculate the area of the figure bounded by
the parabola y=4x-x* and the X-axis.

PhD Misiura le.lu.
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Solution. Find the limits of integration, i.e. the points of
intersection of the given curve and X-axis ( y=0 ):

4X — X2 =0 £y
x(4-x)=0
.............................. x
X=0 X =4 & BN L A
0/
Let’s calculate the area of the figure by the formula:
4 4 4 PRV 4
S :j(4x—x2)dx:4jxdx—jx2dx: 2x2‘ LA
0 0 0 03 0
64 32
=32— 3 = 3 (sq. units)
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Example 5. Calculate the area of the figure bounded by
curves y=x“-2 and y=x

PhD Misiura le.lu.
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Solution. Find the limits of integration, i.e. the points of intersection
of given curves:

{y:xz—z,
y =X 1 3
Y
, y=x°-2
X*—2=X
X>—x—-2=0

‘V><

Let’s find roots:

‘- 1++/1+8
2

PhD Misiura le.lu. 49



Since f,(x)> fy(x) then the area, bounded by these curves is
defined by the formula: Yy <

S :i( f, (X)— £, (X)) d Ny

X
- ,
S— | 2 2)\dx = [ (x—x?+2)d ef
__jl(x—(x - )) x__jl X — X° + ) x_?_1—€_1+
2xf, = %(4—(—1)2)—%(23 ~(-1)°)+2(2-(-1))=
:§—3+6:g. N
? PhD Misiura le.lu. 50



Tasks for the test

Task 1. Calculate the area of the figure bounded by curves:

1
y =X’ y==- x=3 y=0

Task 2. Calculate the area of the figure bounded by curves:

y=4x-x> y=0  X=5

PhD Misiura le.lu. 51



S =S0ap T Opasc

PhD Misiura le.lu.
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B C

b

PhD Misiura le.lu.
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4. Application of definite integral for
geometry problems.

Calculation of the rotation solid volume

PhD Misiura le.lu.
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If the curvilinear trapezoid bounded by the curve y = f(x) and
the straight lines x=a , x=b , y=0 ,itisrotated
round the X-axis then the rotation solid volume can be obtained

by the formula:

b
V, = 72_[ ydx
d

PhD Misiura le.lu.
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v X<
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If the curvilinear trapezoid bounded by the curve y = f (x) and
the straight lines x=a , x=b . y=0 ,Iitisrotated
round the Y-axis then the rotation solid volume can be obtained

by the formula:

b
V, =27 xydx

PhD Misiura le.lu. 57



Example. Calculate a solid volume obtained by the

figure rotation round the X-axis bounded by the lines:

¥ a=>0 b=3

¥

AN

PhD Misiura le.lu.



N §

Y

3 3 X 3
V, =7| ydeZﬂIZXdX=ﬂ°2?‘O=9ﬂ'
0 0

PhD Misiura le.lu.



If a figure is bounded by the curves y, = f;(x) and y, = f,(x)

(O < f(x)< 1, (x)) and the straightlines x=a , x=b |,

it is rotated round the X-axis then the rotation solid volume is

<
||
QJ'—-.CT

(y yl)dx nj( ()—ff(x))dx

PhD Misiura le.lu. 60



If a figure is bounded by the curves X, = gol(y) and X, =@, (Y)

(o < ¢1(y) <, (y)) and the straightlines y=c , y=d ,

it is rotated round the Y-axis then the rotation solid volume is

[ (X5 —x)dy = ﬂj( > (y)—of (y))dy

<
||
O'-—-.Q

PhD Misiura le.lu. 61



Application of
a definite integral for
economic problems

PhD Misiura le.lu.
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Problem 1. Let the function  z= f(t) describe the
changing of the productivity of an enterprise under the

time t. Then the volume of production V produced by the

time [t11t2] is defined by the formula:

Vv =tj2f(t)dt

PhD Misiura le.lu.
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Problem 1. Determine the volume of production V
produced by an employee over the second working hour

If the productivity is defined by the function:

2
f(t)= -3
() 3t+4

PhD Misiura le.lu.
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Problem 1. Determine the volume of production V

produced by an employee over the second working

hour if the productivity is defined by the function:

2
f(t)= -3
() gt+4

The second working hour is the time from the first to the

second hour.
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Solution. The volume of production V is defined by the
formula:

In this case

2
—In10+6——l 7 — 3—glng+3
3 3 7

2
V:I( 2 +3jdt:(gln\3t+4\+3tj
1 gt+4 3 1
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Tasks

Task 1.1. Let the function of the productivity have the form:
(detalls per an hour),

f (t)=—0,0033t* — 0,089t + 20,96

where Is a time segment from the beginning of a day.
Determine the quantity of the details which are produced by
an employee over the first working hour and the second
working hour and. Find the mean value of the quantity of
the details which are produced by an employee during a
working day (8 hours). Make an analysis of the obtained
values in the problem.
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Tasks

Task 1.2. Let the function of the productivity have the form:

f (t) —100+10t (details per an hour),

where Is a time segment from the beginning of a day.
Determine the quantity of the details which are produced by
an employee over the first working hour and the second
working hour and. Find the mean value of the quantity of
the details which are produced by an employee during a
working day (8 hours). Make an analysis of the obtained
values in the problem.
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Problem 2. Find the mean value of the inputs
K(x)=3x? +4x+1

expressed in units of money, if the volume of production
changes from O to 3 units. Indicate the volume of
production, under which the inputs take on the mean
value.
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Solution. Let’s apply the mean value theorem:

K() = —— [K(x)px

Xo — X1 X1

In this case

3 3 2
K(c):ij(fsx2+4x+1)jx=1 3% 4% i x
3-0; 3173 2

= %(27 +18+3)=16 (units of money).
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The mean value of the inputs equals 16, i.e. K(C) =16

Let’s define the volume of production, under which the
Inputs take on the mean value, i.e. solve the equation:

3¢ +4c+1=16

3¢ +4¢—-15=0

PhD Misiura le.lu.
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3¢ +4¢-15=0

Let's find the discriminant and roots of this quadratic
equation:

D =196 61:—3 (32:§
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3¢ +4¢-15=0

Let's find the discriminant and roots of this quadratic
equation:

D =196 6’1:_3 Co = —

This root C1 = —3 is not the value of the volume of

production, because it is less than 0. Therefore ¢ equals °

3
l.e. ¢ = — units of production.

3
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TASKS

Task 2.1. Find the mean value of the inputs

1
K(x)=3x+2-=
X
expressed in units of money, If the volume of production

changes from O to 3 units. Indicate the volume of

production, under which the inputs take on the mean value.
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Problem 3. The laws of supply and demand have the form:

11
p=186-x" P=20+7"X

a) Find the point of market equilibrium.

b) Find consumers’ benefit under the condition of
establishment of market equilibrium.

c) Find suppliers’ benefit under the condition of
establishment of market equilibrium.
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a) Find the point of market equilibrium.

(p=186—X’
]

p:20+1—1x
\ 6

PhD Misiura le.lu.
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a) Find the point of market equilibrium.

'p=186-x?
<p_20+E'X :>XO:12, pO:42
o 6

PhD Misiura le.lu.
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b) Find consumers’ benefit under the condition of
establishment of market equilibrium.

12

X0 12 X3
C = [ pe(x)dx— poXq :j(186— xz)dx—12-42 - (186x—3) ~504=1152
0 0 0

(units of money)
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c) Find suppliers’ benefit under the condition of
establishment of market equilibrium.

12

P = poxo—j o (X)dx =12- 42— j(20+1€1x)dx 504 — [20 —16“2J =132

0

(units of money)
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TASKS

Task 3.1. The laws of supply and demand have the form:

120

P x+2

5
=10+—=X
’ 2

a) Find the point of market equilibrium.

b) Find consumers’ benefit under the condition of
establishment of market equilibrium.

c) Find suppliers’ benefit under the condition of
establishment of market equilibrium.
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Logistic differential equations are used, amongst other applications, to model population
growth in biology an capital yield in economics. The following differential equation is an
example of a logistic equation.
dy Y
B _y(1-2)
—=y(1-7 (1)
(a) Find the constant (or equilibrium) solutions of ().

(b) Use your answer to (a) to write down the solution with initial value ¥ = 4 when
t=0.
(c) What does the answer to (a) tell us about the range of solution with initial value
y =1 when t = 0?
(d) Verify that for any C > 0
4
=1 + Cet

is a solution of (f).



Economic interpretation

Slope as marginal rate of change

A very clear way to see how calculus helps us interpret economic information and relationships 1s to compare total, average, and marginal functions.

Take, for example, a total cost function, TC:
TO=0* 490

What about the change in marginal cost? That way, we can not only evaluate costs at a particular level,

but we can see how our marginal costs are changing as we increase or decrease our level of production.

TC =0 +90
take the first dertvative to get MC:
MC= ar = 0 +9
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take the second dertvative to get change in MC:
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