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COST FUNCTION - doyHKuUia BUTpaT — C(X)

Applications of Derivatives to Business
and Economics

In recent vears, economic decision making has become more and more mathematically

oriented. Faced with huge masses of statistical data, depending on hundreds or even

thousands of different variables, business analysts and economists have increasingly

turned to mathematical methods to help them describe what is happening, predict the

effects of various policy alternatives, and choose reasonable courses of action from the

myriad of possibilities. Among the mathematical methods employed is calculus. In this

section we illustrate just a few of the many applications of calculus to business and

Y economics. All our applications will center on what economists call the theory of the
firm. In other words, we study the activity of a business (or possibly a whole industry)
. and restrict our analysis to a time period during which background conditions (such as

& supplies of raw materials. wage rates, and taxes) are fairly constant. We then show how

TR A derivatives can help the management of such a firm make vital production decisions.
Y Management, whether or not it knows calculus, utilizes many functions of the sort

we have been considering. Examples of such functions are

Ceost

: : Y C'(x) = cost of producing x units of the product.

Production level R(r) = revenue generated by selling x units of the product.

P(x) = R(x) — C(x) = the profit (or loss) generated by producing and
(selling = units of the product.)
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In recent vears, economic decision making has become more and more mathematically
oriented. Faced with huge masses of statistical data, depending on hundreds or even
thousands of different variables, business analysts and economists have increasingly
turned to mathematical methods to help them describe what is happening, predict the
effects of various policy alternatives, and choose reasonable courses of action from the
myriad of possibilities. Among the mathematical methods employed is calculus. In this
section we illustrate just a few of the many applications of calculus to business and
economics. All our applications will center on what economists call the theory of the
firm. In other words, we study the activity of a business (or possibly a whole industry)
and restrict our analysis to a time period during which background conditions (such as
supplies of raw materials. wage rates, and taxes) are fairly constant. We then show how
derivatives can help the management of such a firm make vital production decisions.

Management, whether or not it knows calculus, utilizes many functions of the sort
we have been considering. Examples of such functions are

C'(x) = cost of producing x units of the product.

R(r) = revenue generated by selling x units of the product.

P(x) = R(x) — C(x) = the profit (or loss) generated by producing and
(selling = units of the product.)
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In recent vears, economic decision making has become more and more mathematically
oriented. Faced with huge masses of statistical data, depending on hundreds or even
thousands of different variables, business analysts and economists have increasingly
turned to mathematical methods to help them describe what is happening, predict the
effects of various policy alternatives, and choose reasonable courses of action from the
myriad of possibilities. Among the mathematical methods employed is calculus. In this
section we illustrate just a few of the many applications of calculus to business and
economics. All our applications will center on what economists call the theory of the
firm. In other words, we study the activity of a business (or possibly a whole industry)
and restrict our analysis to a time period during which background conditions (such as
supplies of raw materials. wage rates, and taxes) are fairly constant. We then show how
derivatives can help the management of such a firm make vital production decisions.

Management, whether or not it knows calculus, utilizes many functions of the sort
we have been considering. Examples of such functions are

C'(x) = cost of producing x units of the product.

R(r) = revenue generated by selling x units of the product.

P(x) = R(x) — C(x) = the profit (or loss) generated by producing and
(selling = units of the product.)
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C(x), R(x) and P(x)
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Figure 1 A cosl [unclion.

Note that the functions C(zx), R{z), and Pir) are often defined only for nonnegative
inbegers, that =, for = = 0,1,2,3,. ... The reason = that it doess not make sense
to speak about the cost of produemg —1 ecars or the revenue generated by sellmg
362 relngerators. Thus, easch hinction may give nse to a set of discrete points on &
graph, as in Fig. 1{a). In studying these hinetions, however, economists usnally draw
a smooth corve through the ponts and assume that O} 15 actually defined for all
positive =, Of course, we muost often interpret answers to problems in hght of the fact
that = =, m most cases, a nonnegative integer.
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REVENUE - OOXIA

Revenue Functions In general, a business is concerned not only with its costs, but
also with its revenues. Recall that, if R(z) is the revenue received from the sale of
x units of some commodity, then the derivative R'(x) is called the marginal revenue.
Economists use this to measure the rate of increase in revenue per unit increase in
sales.

It = units of a product are sold at a price p per unit, the total revenue R(z) is
given by

R(z) =x-p.

If a firm is small and is in competition with many other companies, its sales have little
effect on the market price. Then, since the price is constant as far as the one firm is
concerned, the marginal revenue R'(z) equals the price p [that is, R'(z) is the amount
that the firm receives from the sale of one additional unit]. In this case, the revenue
function will have a graph as in Fig.
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REVENUE - OOXIA

If a firm is small and is in competition with many other companies, its sales have little
effect on the market price. Then, since the price is constant as far as the one firm is
concerned, the marginal revenue R'(z) equals the price p [that is, R'(z) is the amount
that the firm receives from the sale of one additional unit]. In this case, the revenue
function will have a graph as in Fig.

R(z) = px

Revenue

Figure A revenue curve. Quantity

An interesting problem arises when a single firm is the only supplier of a certain
product or service, that is, when the firm has a monopoly. Consumers will buy large
amounts of the commodity if the price per unit is low and less if the price is raised.
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REVENUE - OOXIA

EXAMPLE
SOLUTION
R ,
R(z) = 6z - -E,-r'
(6, 18}
¢ |
= |
v |
& |
= |
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Figure Maximizing revenue,

Maximizing Revenue The demand equation for a certain product is p = 6 - 1.r dollars.
Find the level of production that results in maximum revenue.

In this case, the revenue function R(x) is

a3

£z

S| —

l
R(x) =J'-p=r(6— 31) = br -
dollars. The marginal revenue is given by
R(z)=6-1z.

The graph of R(x) is a parabola that opens downward. (See Fig. 6.) It has a horizontal
tangent precisely at those x for which R'(z) = 0—that is, for those x at which marginal
revenue is (. The only such z is x = 6. The corresponding value of revenue is

R(6) = 6:6— 5(6)* = 18 dallars.

Thus, the rate of production resulting in maximum revenue is x = 6, which results in
total revenue of 18 dollars.

PhD Misiura le.lu. / gou. Mictopa 8
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the demand equation

Suppose that
p = 100 — .0lx and the cost function is C'(xr) = 50z + 10.000. Find the value of x
that maximizes the profit and determine the corresponding price and total profit for

PROFIT - MIPUBYTOK

Maximizing Profits

EXAMPLE
this level of production. (See Fig. 9.)
P
.
Figure A demand curve. Quantity
SOLUTION The total revenue function is
R{x) = z-p = (100 — .01x) = 100z — .01z>.

Hence. the profit function is
P(zx) = R(x) — C(x)
= 100x — .01z° — {50z + 10.000)
) Its

= —.01x% + 50 — 10.000.
is a parabola that opens downward. (See Fig.

The graph of this function

highest point will be where the curve has zero slope, that is. where the marginal profit
P'(x) = —.02z + 50 = —.02(x — 2500).

P'(x) is zero. Now.
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COST FUNCTION - cbyHKUIS1 BUTpAT

EXAMPLE

SOLUTION

Marginal Cost Analysis Suppose that the cost function for a manufacturer is given by
Clz) = (107%)2z* — 00322 + 5z + 1000 dollars.
(a) Describe the behavior of the marginal cost.

(b) Sketch the graph of Cx).

The first two derivatives of C'(x) are given by
C'(x) = (3-107%)2® — 006z + 5
C"(z) = (6-107%)z — .006.

Let us sketch the marginal cost C'(z) first. From the behavior of C'(z), we will be
able to graph C(z). The marginal cost funetion y — (3-107%)2? — 0062 + 5 has as
its graph a parabola that opens upward. Sinee y' — C"(x) — .000006{x — 1000), we
see that the parabola has a horizontal tangent at = — 1000. So the minimum value of
C"(x) oceurs at x — 1000. The corresponding y-coordinate is

(3-107%)(1000)* — .006-(1000) +5 =3 —6+5 — 2.

The graph of y — C"(x) is shown in Fig. 2. Consequently, at first, the marginal cost
decreases. It reaches a minimum of 2 at production level 1000 and increases thereafter.

PhD Misiura le.lu. / gou. Mictopa 10
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COST FUNCTION - cbyHKUIS1 BUTpAT

This answers part (a). Let us now graph C{z). Since the graph shown in Fig. 2 is the
graph of the derivative of C'(z), we see that C'(z) is never zero, so there are no relative
extreme points. Sinee C'(x) is always positive, C'(x) is always increasing (as any cost
curve should). Moreover, since C"(x) decreases for x less than 1000 and increases for
r greater than 1000, we see that C'(x) is concave down for o less than 1000, is concave
up for x greater than 1000, and has an inflection point at > — 1000. The graph of
() is drawn in Fig. 3. Note that the inllection point of C(z) oceurs at the value of
r for which marginal cost is a minimum.

v = Clx)

(1000, 2)

1MK] 10M)
Figure 2 A marginal cost function. Figure 3 A cost lunction.
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EXERCISES

1‘

4.

Minimizing Marginal Cost Given the  cost function
Clx) = 2% — 6x* 4+ 13x + 15, find the minimum marginal
cost. =1

Minimizing Marginal Cost If a total cost function is C'(z) =
00012 — 0627 4 12rx + 100, is the marginal cost increas-
ing. decreasing., or not changing at r = 1007 Find the
minimum marginal cost.

Maximizing Revenue Cost The revenue function for a one-
product firm is

1600
zr+8

R{x) = 200 —

- X.

Find the value of r that results in maximumum revenue., 12

Maximizing Revenuve The revenue function for a particular
product is f(x) = x(4 - .0001x). Find the largest possible
revenue. ¥{20.000) = 40,000 s maximunm passible.

Cost and Profit A one-product firm  estimates that
its daily total cost function (in suitable units) is
C(x) = % —6x* 4+ 132 + 15 and its total revenue function
is R(r) = 28x. Find the value of r that maximizes the
daily profit.

PhD Misiura le.lu. / gou. Mictopa
€.10.

12



Lecture plan

1. A derivative. The elementary rules of derivatives
calculation

2. The table of basic derivatives

3. The derivative of the composite function
4. The physical meaning of a derivative

5. The economic meaning of a derivative

6. The geometric meaning of a derivative: the
equations of the tangent and the normal line

7. The derivative of the implicit function

8. The derivative of the power exponential function
(logarithmic differentiation)

9. The derivative of the function given in parametric
form
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1. A derivative.

The elementary rules of derivatives calculation

Definition. The limit of the ratio of the function increment to the
argument increment, while the last one approaches zero is called a
derivative of the function y = f (c))(rs at a point X and is denoted

as.
. F(x+Ax) = f(x
£1(x) = lim ( )— T(x)
AX—0 AX
¥ A
.
Jlwtoxy S y=fix)
i
|
| f(xmthx) - F(x)
flm) | &L |
| |
| |
| |
| |
| |
| |
| |
| M |
| A |
K ~y .
2 X x.;.+ﬂx e
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The elementary rules of derivatives calculation
Let the functions | (X) =U and g(x) =V have their derivatives

u' , V' atsome definite point. Then

— the constant multiplier can be taken out from a sign of the
derivative, i.e.

(Cu) =Cu’

— the derivative of the algebraic sum (difference) of functions is

equal to the algebraic sum (difference) of derivatives of
components, i.e.

/

(Uxv) =u'xV

PhD Misiura le.lu. / gou. Mictopa 15
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— the derivative of the product is equal to the sum of products of the
derivative of the first multiplier by the second one without
changing and the derivative of the second multiplier by the first
one without changing, i.e.

/

(U-v) =u"-v+v'-u

— derivative of a fraction is equal to a fraction whose denominator is
the square of the denominator of the given fraction, and the
numerator is the difference between the product of the
denominator by the derivative of the numerator and the product

of the numerator by the derivative of the denominator, i.e.

4

! !
(qj:uv vu if v=0

Vv V2

PhD Misiura le.lu. / gou. Mictopa 16
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2. The table of basic derivatives of
the simplest elementary functions

/ /

(C) =0 (ax) =a*-Ina
(Xn)' I (ex)' e
(x) =1 (In x)’ :%
1 o
(\&)—2& (log, x) =
PhD Misiura le.lu. / gou. Mictopa 17
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2. The table of basic derivatives of
the simplest elementary functions

/

(sinx) =cosx

/

(cosx) =-sinx

’ 1
tax) =
(t9x) COS’ X
' 1
tgx) =—
(ctox) sin® x

N 1
(arcsinx) = —

’ 1
(arccosx) =- —
(arctgx)’ = 1+1x2
(arcctgx)’ =— 1+1x2

PhD Misiura le.lu. / gou. Mictopa 18



Example 1. Find the derivative of the function:

Solution. We transform each summand using the formulas for
the power function:

Then we obtain:

5
o3 2 34/x® =3x4

PhD Misiura le.lu. / gou. Mictopa 19
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Y'=(4x6+13—3W+§j =

2 X
e

= (4x6)’ + G x‘3j —

\

/

5 )

J

we apply the property

’ —

(Uxv) =u'=V

3x4 +(2j =
3

Now, using the table, we calculate the derivative:

C' =0, (Cu) =Cu’

(Xn) _ nXn—l
1 5 °-1 3 15 °
=6-4x° +=-(=3)- x>t -3.Zx4 40=24x> -Sx 7t - x4
2 4 2 4
PhD Misiura le.lu. / gou. Mictopa 20
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Example 2. Find the derivatives of the function: 'y = CIQX - X5

Solution.

4

y' = ctgx-x5]': (U-v) =u"-v+u-v'

/ ! (Cth), - . 12
= (ctgx) - x° +ctgx-(x5) - Sin“ X| =
(Xn) _ an—l
1 5
=(— — j-x5+c:tgx-5x4 =———— +ctgx-5x*
sin? x sin? x

PhD Misiura le.lu. / gou. Mictopa
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arctgx

Example 3. Find the derivative of the function: y =

2% + X3

Solution.
/ 4

y,_(arctng - (uj uv—u-V|
2X + X v a

_ (arctgx) - (Zx +x3 )— arctgx- (Zx +x3 )’ _

(2x+x3)2
21 -(2x+x3)—arctgx-(2+3x2)
_x"+1
(2x+x3)2

PhD Misiura le.lu. / gou. Mictopa
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3. The derivative of the composite function
The derivative of the composite function is equal to the product of
the derivative of the given function with respect to the intermediate

argument by the derivative of the intermediate argument with
respect to the independent variable.

PhD Misiura le.lu. / gou. Mictopa 23
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4. The physical meaning of a derivative

fthe function Y = f(X) s the equation of the way,

then y'=f (X) is the velocity
) . ]
and y" = f(x) is the acceleration.
PhD Misiura le.lu. / gou. Mictopa 24
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5. The economic meaning of a derivative
An elasticity of function is defined by the formula:

Elasticity of a function 'y = f (x) approximately shows the change of

one variable (y) if the other one (x) is changed within 1 %.
If ‘Ex (y)\ >1 , then the function is elastic;

if ‘Ex (Y)‘ —1 ,then the function is neutral;

if ‘Ex (Y)‘ <1 ,then the function is inelastic.

PhD Misiura le.lu. / gou. Mictopa 25
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5. The economic meaning of a derivative
An elasticity of function is defined by the formula:

Elasticity of a function Yy = f (X) approximately shows the change of

one variable (y) if the other one (x) is changed within 1 %.

% change in quantity
P-elasticity of Q: £ = — geing vQ

% change in price P

le| > 1| elastic Q changes more than P
|=| = 1 | unit elastic | Q changes like P

|| < 1 |inelastic | Qchanges less than P

Suppose price rises by 1%. If the elasticity of supply is 0.5, quantity rises by 5% if itis 1, quantity rises by 1%; if it is 2, quantity rises by 2%.

PhD Misiura le.lu. / gou. Mictopa 26
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Let’'s give an example.

Price elasticity of demand (PED) is a measure used in
economics to show the responsiveness, or elasticity, of
the quantity demanded of a good or service to a change In
Its price. More precisely, it gives the percentage change in
guantity demanded in response to a one percent change in
price.

In general, the demand for a good is said to be inelastic
(or relatively inelastic) when the PED is less than one (in
absolute value): that is, changes in price have a relatively
small effect on the quantity of the good demanded.

The demand for a good is said to be elastic (or relatively
elastic) when its PED is greater than one (in absolute
value): that is, changes in price have a relatively large
effect on the quantity of a good demanded.

PhD Misiura le.lu. / gou. Mictopa 27
€.10.



6. The geometric meaning of a

derivative: the equations of

the tangent

and the normal line
The derivative of a function at the given point is numerically equal to
the slope of the tangent to the curve at this point. Therefore
the equation of a non-vertical tangent line to the curve Y = f (X)

at the point  X( is as follows: g

Y—Yo = f '(XO)(X — Xo) e

where f'(Xg) =10«

X0

O is the angle of the slope of the tangent to the curve at

the point £ (XO’ yO')

The equation of a vertical tangent lineis  x = X0

PhD Misiura le.lu. / gou. Mictopa
€.10.

28



The normal line to the curve at the point M (XO, yo) is
a perpendicular to the tangent drawn to this curve at the given point.
The equation of a non-horizontal normal line looks like

1
Y—YO=—fK&DO“”@)

The equation of

a horizontal normal is Yy

Y=Yo

PhD Misiura le.lu. / gou. Mictopa 29
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Example. Find the equations of the tangent and the normal line to
the curve y = X2 45 atthe point with the abscissa X = 1

Solution. The ordinate of the tangency point is Yo = 12 +5=06
The slope of the tangentis K = f ’(XO) = f '(1)

Find it: 5 /
)=y =3 es)2x  F@=21=2
then

ktan g~ 2

The equation of the tangent is as follows:
y—yo=f'(xg) (x—xo)
6= 1'1)-(x-1

PhD Misiura le.lu. / gou. Mictopa
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y—6=2(x-1)

y—6=2Xx—-2

y=2X—-2+06
y=2X+4

The slope of the normal line is

1 1 1

k — — =
norm f ,(XO) f r(l)

Ktan g
The equation of the normal line is
y—Yo=- . (X—Xg)
f'(x0)
y—Yo=- . (X—=Xp)

PhD Misiura le.lu. / gou. Mictopa
€.10.

31



Y — Y0 =Knorm - (X—Xp)

1
—-6=——(x-1
y 5 (x=1)
1 1
—b0=——X+—
Y 2 2
y:—lx+1+6
y=—0.9X+6.5

PhD Misiura le.lu. / gou. Mictopa
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/. The derivative of the implicit function

An implicit function F(x y) 0 is a function that is defined
iImplicitly by a relation between |ts argument and its value.

In order to find the derivative y of the function implicitly given by
the equation F (X, y) = 0 itis necessary to differentiate both
the parts of the identity F(X, y(x)) =0 with respect to

the variable x using the rule of differentiation of

a composite function. Then the obtained equation should be solved
for '’

Example. Find the derivative of the function given by

the following equation: 5 5
X“+y =9

Solution. Differentiating the given identity with respectto X
we obtain the following:

b2) +(v?) =@

PhD Misiura le.lu. / gou. Mictopa 33
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Let’s express y’

PhD Misiura le.lu. / gou. Mictopa
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8. The derivative of
the power exponential function

Let the function Y = f (X) have its derivative Y = f ’(X)
rather difficult to calculate using previously described methods and
formulas, but its Napierian logarithm In f (X) is the function

that can be easily differentiated. Then, in order to find the derivative,
we should use the method of logarithmic differentiating including
sequential taking the logarithm of the initial function In y = In f (X)
and then its differentiating as an implicit function.

/

Thus,if INy =1 £(x) then Y- =(In f(x))
y

whence we find Yy’ =y (In f (X))’

PhD Misiura le.lu. / gou. Mictopa 35
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Example. Find the derivative of the following function: y = XSln X
Solution. There is no formula to differentiate the given function in

the table. Therefore we use the method of logarithmic

differentiation. Let’s take the natural logarithm of this function:

Iny=Inx""*
Let's use the following property:
InaP =b-Ina

We obtain
Iny =sin x-Inx

PhD Misiura le.lu. / gou. Mictopa
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We obtain
Iny =sin x-Inx

Differentiating both parts of the equation we obtain the following:

(Iny) =(sin x-In x)

i/. y' = (sin x) In x+sin x- (In x)

1 . 1
—-y'=cosx-InXx+sin x-=

Y X

PhD Misiura le.lu. / gou. Mictopa
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1 . 1
—-y'=cosX-Inx+sin x-=

y X

Let’s multiply both parts by Y

y' = y-(cosx-ln X + SIN x-lj
X

i : 1
y’:xs'”x-(cosx-ln X +Sin X - =
X

PhD Misiura le.lu. / gou. Mictopa
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9. The derivative of the function given in
a parametric form

x = X(t)
y=y(t)

then its derivative on x can be presented in the following way:

If the function is given in a parametric form, I.e. {

C dy vty
yX - - 1 - 1
dx xdt X

yy =2t
Xt

PhD Misiura le.lu. / gou. Mictopa
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Example. Find the derivative Y, , if the function is given in

a parametric form x = Rcost
y = Rsint
Solution.
v
- N R
y; = (Rsint), = Rcost R
|
. . _ r/
x; =(Rcost), =—Rsint .
| o
—R 0 B /R
v = yi Rcost X
" x —Rsint vy /
PhD Misiura le.lu. / gou. Mictopa —K 40
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10. Differential of a function
The function Y = f (X) IS considered to be differential at
the given point X if the increment Ay of this function at
the point X corresponding to be increment of the argument AX
can be shown as:

Ay = A-AX+ o - AX

where A Is some value, not

depending on AX , and
O IS a function of

the argument AX being

infinitesimal as  AX

approaches to zero.

PhD Misiura le.lu. / gou. Mictopa 41
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Definition. The main part of the function increment A- AX
linear relatively AX, is called the differential of the function and

designated as

dy = A- AX

The differential of the variable X is equal to its increment X = AX

therefore
dy=y'-dx
y’ — ﬂ
dx
PhD Misiura le.lu. / gou. Mictopa 42
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11. Derivatives and differentials of the higher orders

Let the function Y = f(X) be differentiable in some interval (a,b)
Generally, the value of the derivative  f '(X) depends on x, I.e.

the derivative T '(X) is also a function of x. If this function is
differentiable at some point x of the interval (a, b) , I.e. has

the derivative at this point, then this derivative is called the second
derivative (or second order derivative) and designated as:

v =(y') = £"(x)

The same way we can introduce the concept of the third order
derivative then the concept of the fourth order derivative, etc.

The second order differential is called the differential of
the differential function, i.e.

d(dy)=d(y'dx)= y"dx* =d°y 42y = ydx?

PhD Misiura le.lu. / gou. Mictopa 43
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Example. Find the third order derivative of the function

Solution.
y’:(XInX)’ =|nX+X-§:|nx+1
1
rr: I 1 _ =
y"=(Inx+1) -

PhD Misiura le.lu. / gou. Mictopa
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Functions investigation by
means of derivatives
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Lecture plan

1.

2.

3.

o1 b~

The greatest and the least values of a function on
the interval

Conditions of the function monotonicity.
Extremums

Concavity up and Concavity down of a Curve.
Inflection Points.

. Asymptotes of curves
. The general plan for investigating a function and

constructing its plot
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1. The greatest and the least values of

a function on the interval
Let the function Yy = f(x) be continuous on the interval [a,b]
Then, according to Weierstrass' theorem, it achieves the greatest and
the least values in this interval. These values can be achieved either
on the borders of the interval or at internal points, being
the extremums of the function. From this fact we conclude
the following plan for defining the greatest and the least values of
a function:

1) Define all the critical points, belonging to the given interval [a, b]

2) Calculate the values of the function at the found critical points
and on the borders of the interval

3) Choose the greatest and the least values from the obtained
values. The chosen values are required ones.

PhD Misiura le.lu. / gou. Mictopa 47
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Example 1. Find the greatest and the least values of the function
f (X) — x° —3%X°% +1 on the interval [— 1 4]
Solution. Let’s find all the critical points using the condition
f'(x)=0
We have the derivative:
'
f'(x)= (x3 —3x° +1) = 3x% —6X

Let's equate it to 0 and find the critical points:

f'(x)=0 3x% —6X =0 3x(x-2)=0
We obtain
3x(x-2)=0 x=0
X=2
PhD Misiura le.lu. / gou. Mictopa 48
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Thus, the given function has two stationary points X1 = 0
and X, = 2 inside the interval [— 1, 4]

Let’s calculate the function values at these points and on
the borders of the interval:

f(0)=0°-3-0% +1=1

f(2)=23-3.2° +1=8-12+1=-3
f(-1)=(-1P°-3-(-1)° +1=-1-3+1=-3
f(4)=4°-3-4° +1=64-48+1=17

As we see, the function takes the greatest value on the right border of the
interval [-1,4] and the least value is taken at the internal point X = 2

and on the left border of the interval.
fleast = T (2) = f (_ 1) =-3 fgreatest =1 (4) =117
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TASK. Find the greatest and the least values of

the function Y = x* _8x%2+3 onthe

interval [_2; 2]
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€.10.



2. Conditions of the function monotonicity.

Extremums
Theorem 1. Let the function Y = f (X) be continuous and

differentiable on the interval [a’ b] . In order to the function be
constant on [a, b] It is necessary and sufficiently that

f'(x)=0 Vx e (a,b)

Theorem 2. Let the function Y = f (X) be continuous and
differentiable on the interval [a, b] , then:

a)if f '(X) >0 VXxe (a, b) ,then f (X) increases;

b) if f '(X) <0 VX € (a, b), then f (X) decreases.
Fix)

+ +

- X
7 max N\ min " i
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Fig. 1. The increasing function and the decreasing function
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The point X is called the point of the maximum (minimum) of
the function Yy = f (X) , If there is such

a neighborhood (XO —0,Xg + 5) ,in which f (XO) is

the greatest (smallest) value among the values of all the points of
this interval, i.e. f (XO)Z f (x) or f (xo)g f (x)

The points of the maximum and minimum of a function are called
the points of the extremum of this function.

PhD Misiura le.lu. / gou. Mictopa 53
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NS
MaximuIns
MInIpoInts
maxipoints
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Theorem 4. (The necessary condition for existence of

an extremum). If the continuous function Y = f(X)  has

an extremum at the point X = Xy , then the derivative of

the function at this point is either equal to zero or does not exist.
Points, in which the derivative is equal to zero or does not exist, are
called critical.

Theorem 5. (The sufficient condition for existence of an extremum of
the function by the first derivative).

Let Xq be a critical point. Then, if the function Yy = f(X) has
its derivative | '(X) In some neighborhood of the point X

and if the derivative f '(X) changes its sign from plus to minus
at passing through the point X = X , then the function has

a maximum at this point, and at changing the sign from minus to plus it
has a minimum. ' o Tix)

- X
7 max N min 7
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Theorem 6. (The sufficient condition for existence of an extremum of
the function by the second derivative).

If the function y = f (x) In some neighborhood of the point Xp
is continuous, has the second derivative and f ,(XO ) -0,

f"(Xg)#0 then,if f "(Xo ) > 0, the function has the minimum

at the point Xp: it f ”(XO ) < 0 , the function has the maximum

at the point Xg -

PhD Misiura le.lu. / gou. Mictopa 56
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Example. Let’s determine the intervals of monotonicity and
the extremums of the function X3
=— >
For this purpose it is necessary to find the first derivative of
the function and to determine points, in which it is to zero or does not
exist.
Let’s find the first derivative of the function:

/

, x> _3x2-(x2—1)—2x-x3_3x4—3x2—2x4_
x% -1 (x% —1)° (x° —1)°

x4 _3x2 x2 (2 3) XZ'(X—\/g)'(X+\/§)
(x2-1)%  (x*-1)2 (x? —1)°

PhD Misiura le.lu. / gou. Mictopa 57
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Let’s find the critical points:

'_ 0 X2 (x=3)-(x+/3)

y' = -
(x° —1)4
xz(x+ﬁxx_\@):o X2 —1%0
X=0 X:_\/é X:\/é X#=-1 x#1

Let’'s determine the intervals of monotonicity. These points divide a range
Into 6 intervals, on each of Whijh the first derivative keeps its sign.

If X € \— 00, — \@)U (\@, o0 then y’ >0 . 1.e. the function
Increases.
ixel-v3-1)o(L0)UOL)UEE) heny <O
l.e. the function decreases.

PhD Misiura le.lu. / gou. Mictopa 58
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Let’s find the critical points:

Xx=0 X=-+3 Xx=+/3 X#—-1 x=#1

Let’'s determine the intervals of monotonicity. These points divide a range
Into 6 intervals, on each of Whijh the first derivative keeps its sign.

If X € \— 00, — \@)U (\@, o0 then y’ >0 . 1.e. the function
Increases.
ixel-v3-1)o(L0)UOL)UEE) heny <O
l.e. the function decreases.

PhD Misiura le.lu. / gou. Mictopa 59
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Hence, the point X = —/3 is maximum and the point X = /3
IS minimum. The values of the functions at these points are equal to

) B ) R
et ((3f-1 3-1 2

o ()= B3] 303 343
min (V3f-1 3-1 2

PhD Misiura le.lu. / gou. Mictopa
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TASK

Find the intervals of monotonicity and the extremums of the
function

y:%x3—2x2+3x+2

v = Xv/1— X2

PhD Misiura le.lu. / gou. Mictopa 61
€.10.



3. Concavity of a Curve. Points of Inflection

The curve Y = | (X) is called concave down at the point Xg if in
some neighborhood of this point (xo —5,%g + 5) it is located
below the tangent, drawn at the point Xg - If the curve is located
above the tangent, it is called concave up.

Concave Concave

Down Up

PhD Misiura le.lu. / gou. Mictopa 62
€.10.



Concave Up, Decreasmg Concave Up, Increasmg
-%"'-.,_‘-H- .--;--_.-'
A /

-
\"‘ . ﬁfﬁ
h e, — _____.-"'.. -
Concave Down, Decreasmg Concave Down, Increasing
) -----'“H .-"'--f-----
o
. o
“-.____‘-\ /_.-'"'f
™ ; rd
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Theorem 1. If the function Y = f (X) In some neighborhood of

the point Xq is doubly continuously differentiable and f ”(xo ) =0
then the necessary and sufficient condition of the curve concavity down
at the point Xg is the requirement f ”(XO ) <0

concavity up - f ”(XO ) >0

The point M (Xl, f (X1 )) is called the inflection point of the given
curvey = f X) , if there is such neighborhood of the point X4

that while X > X; , in this neighborhood the convexity of the curve is
directed to one direction, and while X < Xqin this neighborhood the
concavity to the other direction.

Y "
M VT~ 5
| T
; y N M M
0 %
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Theorem 1. If the function Y = f (X) In some neighborhood of

the point Xq is doubly continuously differentiable and f ”(xo ) =0
then the necessary and sufficient condition of the curve concavity down
at the point Xg is the requirement f ”(XO ) <0

concavity up - f ”(XO) >0

The point M (Xl, f (X1 )) is called the inflection point of the given
curvey = f(X), if there is such neighborhood of the point X1

that while X > X; , in this neighborhood the convexity of the curve is
directed to one direction, and while X < Xqin this neighborhood the

concavity to the other direction.

N Yo~
h _
y NJ M MY

X
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Theorem 1. If the function Y = f (X) In some neighborhood of

the point Xq is doubly continuously differentiable and f ”(XO ) =0
then the necessary and sufficient condition of the curve concavity down
at the point Xg is the requirement f ”(XO ) <0

concavity up - f ”(XO) >0

The point M (Xl, f (Xl )) is called the inflection point of the given
curvey = f(X), if there is such neighborhood of the point X1

that while X > X; , in this neighborhood the convexity of the curve is
directed to one direction, and while X < Xqin this neighborhood the

concavity to the other direction. COI’\CGVH’Y
Up Down
f" = 4 f" -
PhD Misiura le.lu. / gou. Mictopa 67
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TEST for Concavity

Tezt for Concavity

Mr. Smiley Mr. Frowny
Corncave up —-- 1if Znd derivative is positive
Conicave Down —-—- 1if Znd derivative is negatiwve

PhD Misiura le.lu. / gou. Mictopa
€.10.
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In order to let the point X = X be the inflection point of the given curve it
IS necessary that the second derivative at this point will be either equal
to zero ¢ _ 0 or will not exist.

f"(xy)=0

Example. To define the intervals of concavity up (or down of the

3

X
function Y= X2 1 and the inflection points we find the second
derivative:
Y =(y) = o3

(X2 _1)2
(x5 —6x)(x? —1)% — (x* —3x%)4x(x% - 1)

PhD Misiura le.lu. / gou. Mictopa 69
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_ (xz —1X(4x3 — 6x)(x2 -1) - (x4 —3x2)4x):
(x* -1)*

B 4%° — 4x3 —6X° +6X — 4x° +12x° B
(x4 —1)3

2x + 6X 2x(x +3

e e

. 2x(x +3)
f v'=0 th = =0
y en Y (2 _1)°

x=0 X% +320 X#—1x=1

PhD Misiura le.lu. / gou. Mictopa
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We obtain that at X e (_1; O)U (1; + OO) the graph is
concave up and the graph is concave down at X e (—oo'—l)u(O'l)

3
0
The point with coordinates X =0 and Y = 5 =0
0° -1

l.e. the origin, is a point of the inflection.

r=0 x=1 x=-1

} — + — +

i | | -
y N N0 N 1 N
PhD Misiura le.lu. / gou. Mictopa 71

€.10.



TASK

Find the intervals of concavity of the function:

X
x> —6X—16

y:

PhD Misiura le.lu. / gou. Mictopa
€.10.
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4. Asymptotes of curves

The straight line X = Xq is called a vertical asymptote if
lim  f(x)= o0

X—>Xgx0
At a finding vertical asymptotes the break points of the function are
Investigated. In these points these limits are calculated.
The asymptote of the plot of the function Y = f (X) IS a straight line,
possessing such a property that the distance between the line and
the point on the curve tends to zero while the point on the curve
tends to infinity (X —> ioo)

PhD Misiura le.lu. / gou. Mictopa 73
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The equation of the oblique asymptote looks like y = kKX +Db

In particular, if kK = (0 , the asymptote is horizontal. If the inclined
asymptote exists, k and [ have to be calculated according to the

following formulas:

= tim 1) b= lim (f(x)-k-)

X—to X X —>+00

If, at least, one limit does not exist, the curve has no inclined
asymptotes. The asymptotes can vary while X — 400

and X —> —0o0

PhD Misiura le.lu. / gou. Mictopa 74
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GRAPH and ASYMPTOTES

y'.n.

horizontal asymptote
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GRAPH and ASYMPTOTES

Vertical Asymptote
X = -6

N
Vv
=

Oblique Asymptote
y=x~15

PhD Misiura le.lu. / gou. Mictopa
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3

X
Example. Let's research the continuity of the function Y = 5
X= -1
x=1 X =—1
are break points of the function, since
xS (1+0) 1
lim —— = ===
x=>1+0x“ -1 (1+0)°-1 1-1 O
. x> (-1x0P 1 1
lim  ——= ===
Xx—>-1£0x“ -1 (-1£0)-1 1-1 0
and therefore X =1 and X = —1 are vertical asymptotes.
PhD Misiura le.lu. / gou. Mictopa 77
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The inclined asymptote has the equation Yy = kX +Db
. f(x .
where k= lIim L) b= Ilim (f(X)—k-X)
X—too X X—>=+00

If K =0 then the asymptote Yy =D s called horizontal.
Let’s find the inclined asymptotes:

3 2

. f(x . X . X 00
k= lim Q: lim ——\ = lim 5 =

X—>Foo X X—)ioox(x _1) X—to0 X< -1 |©

2)’

. X : 2 .2 .
= |im ( -= |im * — lim 2= lim 1
X—>+o0 (XZ _q] X 2x—0 x—>t02X x>t

PhD Misiura le.lu. / gou. Mictopa
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3 3 3
i : X : X —X +X
b= lim (f(x)-k-x)= lm | ——-x|= lim 5
X—>F00 X—too| X< -1 X—too|  x°—1
: X 00 : ' 1
= [im > == lim () = |lim —=0
X—oot X< -1 |9 X—>oot (XZ _1) X—o0+ £X
Hence, this function has an inclined asymptote
y =kx+b y=1.x+0 y =X

PhD Misiura le.lu. / gou. Mictopa
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GRAPH and ASYMPTOTES

6.6400, 5.5200
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GRAPH and ASYMPTOTES

y

5
4
34
2
1

L B X -
t t + t

)
/\1
I
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GRAPH and ASYMPTOTES

(_., ~ w N wm
+ t 4 + + $ + ¥

| I | J | >

e N T S

PhD Misiura le.lu. / gou. Mictopa 82
€.10.



GRAPH and ASYMPTOTES
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GRAPH and ASYMPTOTES
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TASK

Find asymptotes of functions:

X 2 _
y = y:3< 2X+2

X“—4 x—1

) X% + 3
PhD Misiura le.lu. / gou. Mictopa
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5. The General Plan for Investigating a Function and
Constructing Its Plot

1) Definition of existence of the domain of the function.

2) Investigation of the function on continuity. Finding break points of
the function and defining their character. Determining vertical
asymptotes.

3) Investigation of the function on parity and oddness.

4) Investigation of the function on periodicity.

5) Definition of inclined and horizontal asymptotes.

6) Investigation of the function for extremums. Finding intervals of
monotonicity of the function.

7) Finding inflection points of the function, intervals of convexity and
concavity.

8) Definition of intersection points with the coordinate axes.

9) Investigation of the function behaviour at infinity.

10) Plot a graph of the function.

PhD Misiura le.lu. / gou. Mictopa
€.10.
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Example. Investigate and plot the graph of the function: Y = 5

X -1

Let’s determine the domain of the function existence:
(—o0,~1)U(-11)U (L+0)

Let’s investigate the function on parity:

it f (— X) = f (X) then a function is parity.

If f (— x) = —f (x) then a function is oddness.

it f(=x)=f(x) and f(=x)z—f(x) then

it's a function of a general view.

PhD Misiura le.lu. / gou. Mictopa 87
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) ¥
107

Y is the axis of symmetry Origin is the point of symmetry
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Let's check it.

B (_ X)3 B X3 X3

f(—x)= = — = —f(x)

(-x)-1 x°-1 x°-1
This function is nonperiodic, i.e. there is no such value T that
the equality  f(x+T)=f(x), vxeD(f)

/ y=C0sX
— " /% 0 .\_1_!_ 7 3 2R Sq N x
on 2 2\./-2ﬂ 2

_,l.»
PhD Misiura le.lu. / gou. Mictopa
€.10.

89



Let's determine the points of intersection of the graph with
the coordinate axes:

3
. . X
with the x-axis: y=0 =0
2
X° =1
x> =0
X=0
0 y 0 0
with the y-axis: X = — —
0% -1
This point is the origin O(O; O)
X3
Let’s test the function on infinity: lim

X—>10o0 X2 -1

PhD Misiura le.lu. / gou. Mictopa
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The main theorems.
The application of the
differential. L'Hospital's rule

PhD Misiura le.lu. / gou. Mictopa
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Lecture plan

1. The main theorems (the mean-value
theorem)

2. The application of the differential to
approximate calculations

3. Evaluation of indeterminate forms by
L'Hospital's rule

PhD Misiura le.lu. / gou. Mictopa
€.10.

93



1. The main theorems
(the mean-value theorem)
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Rolle's theorem

If the function f (X) IS continuous on some interval [a, b]
and differentiable at all interior points of the interval (a, b)
and f (a) = f (b) , then there is at least one point X = &

belonging to the interval (a, b) , where the derivative of

the given function vanishes, i.e. it is equal to zero,
f/(£)=0

PhD Misiura le.lu. / gou. Mictopa 95
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The geometrical

Rolle's theorem

lllustration of Rolle's theorem

presented on figure 1.

v A

A

PhD Misiura le.lu. / gou. Mictopa
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Lagrange's theorem

If the function f (X) is continuous on some interval [a, b]
and has the derivative at all interior points of the interval
(a, b) , then there Is at least one point in the interval (a, b)

that

PhD Misiura le.lu. / gou. Mictopa 97
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Lagrange's theorem

Rolle's theorem Is a special case of Lagrange's theorem

2 f(a)= f(b)

PhD Misiura le.lu. / gou. Mictopa
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Cauchy's Theorem

If the functions f(X) and g (X) are continuous on the

interval [a, b] . have their derivatives f '(X) and g’(x)
at all interior points of the interval (a, b), and § '(X) # 0
then there is at least one point § on the interval (a, b)

that

g(b)—g(a) - g'(g) where a<<Z&é<b

PhD Misiura le.lu. / gou. Mictopa 99
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Cauchy's Theorem

Cauchy's theorem is the generalization of Lagrange's

theorem.
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2.The application of the differential to
approximate calculations

PhD Misiura le.lu. / gou. Mictopa 101
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If AX is small enough it is possible to use the differential

of the function in the state of its increment , I.e.
/
f(Xg +AX)— f(Xg)= f'(Xg)AX

and then get an approximate value of the required

according to the following formula:

f(Xg+AX)= f(Xg)+ f'(Xg)AX

PhD Misiura le.lu. / gou. Mictopa 102
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Example 1. Calculate an approximate value 3 /8, 03

. : . 3
Solution. Let's consider the function Y = \/;

1
Its derivative is Y' —
3
3R/ x°

Then we obtain from the previous formula:

3%+ Ax ~ 3x + 1 . AX
33/ %2

PhD Misiura le.lu. / gou. Mictopa 103
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Example 1. Calculate an approximate value 3 /8, 03

We have

>
|
o

AX=0,03

Then

3/8.03 ~ 38 + : .0.03 =2.0025

3%/g2

PhD Misiura le.lu. / gou. Mictopa 104
€.10.



TASK

Calculate:

arcsin0,49
arctgO0, 98

J26
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3. Evaluation of indeterminate forms by
L'Hospital's rule
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L'Hospital's rule for evaluation of the indeterminate
forms

0 00

0 and

Is formulated as the following theorem:

PhD Misiura le.lu. / gou. Mictopa 107
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Theorem

Theorem. Let the single-valued functions f (X) and g(x)

be differentiable everywhere in some neighborhood of
the point a, i.e. at [x—a/<e and g(x);t 0 , then if there
exists a limit (finite or infinite) of the ratio of derivatives,

then the ratio of the functions has the same limit.

im 2098 or =[] m L6
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Theorem

Theorem. Let the single-valued functions f (X) and g(x)

be differentiable everywhere in some neighborhood of
the point a, i.e. at [x—a/<e and g(x);t 0 , then if there
exists a limit (finite or infinite) of the ratio of derivatives,

then the ratio of the functions has the same limit.

tm =l o 12 im g
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Example. Calculate the limit:

. x%*-16 . (x*-16) . 4x3
lim =—=|-| = lim —lim — =
y—72 3X—6 x—2 (3x—6) ¥r—=2 3

PhD Misiura le.lu. / gou. Mictopa
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Example. Calculate the limit:

. xZ4+2x—15) . 2x+2
= lim = lim =
x—3  (x%2-9) x—-3 2%

. x242x-15 0
lim > = |-
x—3 x«—9 0

PhD Misiura le.lu. / gou. Mictopa
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Example. Calculate the limit:

. 2x%-5x+2 0
lim —— = || =
x-rs ~1H4x—4x 0

PhD Misiura le.lu. / gou. Mictopa 112
€.10.



Example. Calculate the limit:

T 2x%-5x+2 [ ] (2x%-5x+2)’
oy —1+4x—4x° 1( 1+4x— xz)’
2

PhD Misiura le.lu. / gou. Mictopa 113
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Example. Calculate the limit:

. (2x*-5x+2)"

lim > = |=| = lim o
xors ~1H4x-4x ol o3 (F1+ax-ax?)

2x%—-5x+2 [o]

1

. 4x-5 455 -3
PhD Misiura le.lu. / gou. Mictopa 114
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Example. Calculate the limit:

lim [ ] = lim (5—2)" = lim 1
x—5 32 x=5 (3—y2x— l}f =

Xoo 2,/(2x—1)3

= —2J(2%5-1)3=—-2y36=-2%33=_2%27=—54

PhD Misiura le.lu. / gou. Mictopa 115
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Example. Calculate the limit:

2x* +4x -2 (oo] , (2x2+4x—2)'
[im — |=lim - =
e 6x’ ~3x+8  \oo) o+ (6x7 —3x+8)’
_(2x2+4x—2)'=4x+4- A4 A (w
= = lim — | =
(6x2—3x+8)’= 12x-3| =*12x-3 \
(4x+4)' - (4x+4)'=4 ] . 4 4

|
li — =
e (12x=3)" |(12x=3)'=12| =>=12 12 3

PhD Misiura le.lu. / gou. Mictopa 116
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Example. Calculate the limit:

o 2x3+x%*+1 oo o (2xF+ X2+ 1)  b6x?+ 2x
[im = [—] = lim = lim =
x-»03x3+4x24+9 lool x50 (3x%+4x2+9)" x>09x2+ 8x

o x(6x+2) . (6x+2) 6 2
= lim = lim =— ==
x-0x(9x+8) x-0(9x+8) 9 3

PhD Misiura le.lu. / gou. Mictopa 117
€.10.



Example. Calculate the limit:

. l-cos2x 0 . (1—cos2x)' . 2sin2x 0
lim =] = lim = lim =1,] =

Y—0 X2 x—0  (x?) x—0 2Xx
- (2sin2x)" _ 4cos2x 4cos(2+0) 4
= lim = lim — =—=2
x-0 (2x)’ x-0 2 2 2
PhD Misiura le.lu. / gou. Mictopa 118

€.10.



Example. Calculate the limit:

5
tghx tgbx)’ Z
ung []—im('g )—limmsx=
x-0sin3x L0l x-0(sin3x)’ x-0 3cos3x
B 5 B 5 _ 2
"~ 3c0520cos3*0 3 3
PhD Misiura le.lu. / gou. Mictopa 119

€.10.



. x>~1-Inx
Example 2. Calculate the limit:  1Im -
X—1 e" —e

Solution.

. X>=1-Inx
lim
X—1 ex —e

PhD Misiura le.lu. / gou. Mictopa 120
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. x>~1-Inx
Example 2. Calculate the limit:  1Im -
X—1 e" —e

Solution.

. x*~1-Inx |0
lIm = ||—
x>1 e —eg 0

PhD Misiura le.lu. / gou. Mictopa 121
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. x>~1-Inx
Example 2. Calculate the limit:  1Im -
X—1 e" —e

Solution.
3 /
3 4 (x —1—Inx)
|ImX Xl InX:9: !(ll)q , —
x>l  e* —g 0 (ex_e)
PhD Misiura le.lu. / gou. Mictopa 122

€.10.



. x>~1-Inx
Example 2. Calculate the limit:  1Im -
X—1 e" —e

Solution.
3 /
3 4 (x —1—Inx)
|ImX Xl InX:9: !(ll)q , —
x>l e —p 0 (ex_e)
1
=lim———2% ==
X—1 e e
PhD Misiura le.lu. / gou. Mictopa 123

€.10.



0 o

Indetermination O « QO istransformedto — or —

0 o
A product f (X) - (D ( X) is transformed to

f(x) =) (=)
1 0 1 w

»(X) f(x)




0

Indetermination OO — OO0 s transformedto —

A product f ( X) —Q ( X) is transformedg)

PhD Misiura le.lu. / gou. Mictopa 125
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— o0
Indeterminations 001 ’OOO are transformed to

or e with the help of the natural logarithm

0 00

PhD Misiura le.lu. / gou. Mictopa 126
€.10.



