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interrelationships

Part 1. Limit of a function.

Continuity of a function. 
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Cauchy’s definition. The number                   is called the limit of 

the function at                 (x approaches a) and 

designated as                           if for any     there exists such 

that any                             will satisfy the inequality                                        
.

RA
 xfy  ax 

  Axf
ax




lim  

 ax0    Axf
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Example. 

Find

2

2
lim x
x
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Definition. The number is called the right (left) limit of

the function at the point if for any converging to

sequence of elements of which are larger

(smaller) than , the corresponding sequence

of values of the function converges to A.

For the left limit of the function the following notation is used:

Accordingly, the right limit of the function is denoted as follows:

Definition. The right (left) limit of the function is called

one-sided limit. 

 xfy  ax 
 ,,,, 21 nxxx

a       ,,,, 21 nxfxfxf

  2
0

lim Axf
ax




  1
0

lim Axf
ax



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  1
0

lim Axf
ax




  2
0

lim Axf
ax



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Continuity of a function

A function                           is called at a point               

if

 xfy  0х

   0
0

lim хfхf
хx



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Continuity of a function

     хfхfхf
хxхxхx 00 000

limlimlim




     00 000  хfхfхf
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Example
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Basic "rules-theorems" of calculation of limits. 

Some properties of limits
If we know that the functions and have limits and these

limits are finite, then:

1.If a function is constant, i.e.

then

2. A limit of the sum is equal to the sum of limits, i.e.

 xf  xg

  constСxf 

  Cxf
ax




lim

        xgxfxgxf
axaxax 

 limlimlim
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Basic "rules-theorems" of calculation of limits. 

Some properties of limits
If we know that the functions and have limits and these

limits are finite, then:

3. A limit of the product is equal to the product of limits, i.e.

4. A limit of the quotient is equal to the quotient of limits, i.e.

, if

 xf  xg

        xgxfxgxf
axaxax 

 limlimlim

 
 

 

 xg

xf

xg

xf

ax

ax

ax







lim

lim
lim   0lim 


xg

ax
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Some properties of limits:

1) 


xС
x
lim

2) 0lim 
 x

С

x

3) 
 C

x

x
lim

4) 
 x

С

x 0
lim

5) 0lim
0




xС
x

6) 0lim
0


 C

x

x
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The 1-st and the 2-nd remarkable limits 

and their consequences

The 1-st remarkable limit:

1
0

0sin
lim

0


 x

x

x

The 2-nd remarkable limit:

e
x

x

x









 


1

1
1lim

718,2e

ex
x

x









 


11lim

1

0
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Techniques of 

calculation of limits
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At calculating limits of a function we use the rule of limiting

transition under the sign of a continuous function. This rule is

formulated as follows:

  









xfxf
axax

limlim
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Example

Find the limit:
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Example

Find the limit:

USE OCTAVE

octave:1> syms x

octave:2> f=x^2-3*x+5

f = (sym)

2          

x  - 3⋅x + 5

octave:3> limit(f,1)

ans = (sym) 3

PhD Misiura Ie.Iu. / доц. Місюра 

Є.Ю.

17



Example

Find the limit:

Solution. Let’s substitute the limiting value  x=2 and get:

3

12
lim

2

3

2 



 x

x

x

3 3

2 22

2 1 2 2 1
lim 17

3 2 3x

x
.

x




  
 

 
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All elementary functions are continuous in their domains

of definition. While calculating limits, first of all, we have to

replace an argument of a function by its limiting value and

find out whether there is indetermination.

Indeterminate forms expressions are the following:





1,0,,,0,,

0

0 00
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If after the substitution of a limiting value of an

argument we obtain an indeterminate form, then we

should carry out some identical transformations that will

eliminate the indetermination and then the sought limit is

calculated.

Let us sequentially consider the standard cases of

evaluation of the indefinite expressions.
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Calculation of a limit of a rational function

)(

)(
lim

xQ

xP

ax
where

  nn
nn axaxaxaxP  


1
1

10 

  mm
mm bxbxbxbxQ  


1
1

10 

are polynomials of the orders n and m

Nmn ,

1)
0

0

)(

)(
lim 
 xQ

xP

ax

To eliminate the indetermination let us carry out identical

transformations, i.e. to pick out in the numerator and the denominator

the factor approaching 0, namely  ax 
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In this case we should remember the following:

1) The consequence of the Bezout's theorem:

if is the root of the polynomial , i.e.

then is divided by the binomial without

a remainder:

a

 xPn

  0aPn xPn

 ax 

  )()( 1 xRaxxP nn 
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In this case we should remember the following:

1) The consequence of the Bezout's theorem: if is the root of 

the polynomial            , i.e.                    , then           is divided by

the binomial without a remainder:

2) The square trinomial                                        , where  

( is the discriminant of                            ), can be

presented as a product of linear factors:

a
 xPn   0aPn

 xPn

 ax 

  )()( 1 xRaxxP nn 

cbxaxxP  2
2 )( 0D

acbD 42  02  cbxax

  21
2 xxxxacbxax 

where and     are roots of the square trinomial.

3) Vieta theorem

1x 2x

a

b
xx  21

a

c
xx  21
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Example. Let's calculate 
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Example. Let's calculate 

0

0

12282

8262

128

86
lim

2

2

2

2

2












 xx

xx
А

x
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Example. Let's calculate 

0

0

12282

8262

128

86
lim

2

2

2

2

2












 xx

xx
А

x

Solution. In this case we have to eliminate the indetermination, i.e.

to pick out in the numerator and the denominator the factor tending to 

zero. It is obvious that  is the root of the polynomials in the numerator 

and the denominator.

Let’s find roots of the square trinomial  

and present it as 

02  cbxax

  21
2 xxxxacbxax 

where 

acbD 42 
a

Db
x

2
1




a

Db
x

2
2



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Let’s find roots of the polynomials in the numerator and the
denominator:

0862  xx

  4323681464
22  acbD

 
4

2

8

2

26

12

46

2
1 












a

Db
x

 
2

2

4

2

26

12

46

2
2 












a

Db
x

   )2)(4(21  xxxxxxa
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01282  xx

  164864121484
22  acbD

 
6

2

12

2

48

12

168

2
1 












a

Db
x

 
2

2

4

2

48

12

168

2
2 












a

Db
x

   )2)(6(21  xxxxxxa
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Let’s substitute into the sought limit:

2

1

4

2

62

42

6

4
lim

)6)(2(

)4)(2(
lim

22






















 x

x

xx

xx

xx
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










 0

0

12282

8262

128

86
lim

2

2

2

2

2 xx

xx
А

x



2)






 )(

)(
lim

xQ

xP

x

  nn
nn axaxaxaxP  


1
1

10 

  mm
mm bxbxbxbxQ  


1
1

10 

We find       to the greatest power in the numerator and 

the denominator and divide each summand of the fraction. After this 

we substitute               into the limit and use the following limit 

x

x

0lim 
 x

С

x
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Let’s remember

0lim 
 x

С

x
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Example 2. Let’s calculate 

1132

743
lim

23

23





 xx

xx

x

Solution. Let’s replace        by                  .x x











 1132

743
lim

23

23

xx

xx

x
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Example 2. Let’s calculate 

1132

743
lim

23

23





 xx

xx

x

Solution. Let’s replace        by                  .x x











 1132

743
lim

23

23

xx

xx

x

Let’s eliminate the indetermination . For this we divide the
numerator and the denominator by the factor x to the greatest

power, i.e.





3
x










33

2

3

3

33

2

3

3

1132

743

lim

xx

x

x

x

xx

х

x

x

x
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Example 2. Let’s calculate 

1132

743
lim

23

23





 xx

xx

x

Solution. Let’s replace        by                  .x x











 1132

743
lim

23

23

xx

xx

x

Let’s eliminate the indetermination . For this we divide the
numerator and the denominator by the factor x to the greatest

power, i.e.





3
x
















3

3

33

2

3

3

33

2

3

3

113
2

74
3

lim
1132

743

lim

xx

xx

xx

x

x

x

xx

х

x

x

xx
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Let’s use the following limit 0lim 
 x

С

x

We have
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Thus,






















mnif

mnif
b

a

mnif

xQ

xP

m

n

x

,

,

,0

)(

)(
lim

0

0

  nn
nn axaxaxaxP  


1
1

10 

  mm
mm bxbxbxbxQ  


1
1

10 
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Calculation of limits of functions with 

irrational expressions
While calculating the limits of functions which have an irrational

expression, which vanishes as                we should pick out 

the factor                      . We can do it by getting rid of irrationality in 

the numerator and the denominator by multiplying the given fraction

by the correspondent conjugate factor. At that the following formula

is often used:

ax 
0 ax

  bababa  22

  2233 babababa  
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Let’s calculate the following limit:
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8

529
lim

8 



 x

x

x

TASK



Example 3. Let’s calculate

166

529
lim

28 



 xx

x

x

Solution. We have
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Example 3. Let’s calculate

166

529
lim

28 



 xx

x

x

Solution. We have

0

0

166

529
lim

28






 xx

x

x
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Example 3. Let’s calculate

166

529
lim

28 



 xx

x

x

Solution. We have

0

0

166

529
lim

28






 xx

x

x

As              then                    . Let us pick out the factor in 

the numerator and the denominator. 

The numerator has the irrational function 

8x 08x  8x

bax  529

To get rid of irrationality in the numerator and the denominator 

we multiply the given fraction by the correspondent conjugate factor

529  xba
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We obtain the product   baba 

   22 bababa 

Thus in the numerator we get the following expression:

  529529  xx
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Thus calculation of the given limit is as follows:

  
  











 529166

529529
lim

0

0

166

529
lim

2828 xxx

xx

xx

x

xx
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Thus calculation of the given limit is as follows:

  
  

))((

529166

529529
lim

0

0

166

529
lim

22

2828

bababa

xxx

xx

xx

x

xx














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Thus calculation of the given limit is as follows:

  
  











 529166

529529
lim

0

0

166

529
lim

2828 xxx

xx

xx

x

xx

 
  







 529166

529
lim

2

22

8 xxx

x

x
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Thus calculation of the given limit is as follows:

  
  











 529166

529529
lim

0

0

166

529
lim

2828 xxx

xx

xx

x

xx

 
     












 529166

2529
lim

529166

529
lim

282

22

8 xxx

x

xxx

x

xx
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Thus calculation of the given limit is as follows:

  
  











 529166

529529
lim

0

0

166

529
lim

2828 xxx

xx

xx

x

xx

 
     












 529166

2529
lim

529166

529
lim

282

22

8 xxx

x

xxx

x

xx

   







 529)2(8

162
lim

8 xxx

х

x
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Thus calculation of the given limit is as follows:

  
  











 529166

529529
lim

0

0

166

529
lim

2828 xxx

xx

xx

x

xx

 
     












 529166

2529
lim

529166

529
lim

282

22

8 xxx

x

xxx

x

xx

       












 529)2(8

)8(2
lim

529)2(8

162
lim

88 xxx

x

xxx

х

xx
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Thus calculation of the given limit is as follows:

  
  











 529166

529529
lim

0

0

166

529
lim

2828 xxx

xx

xx

x

xx

 
     












 529166

2529
lim

529166

529
lim

282

22

8 xxx

x

xxx

x

xx

       












 529)2(8

)8(2
lim

529)2(8

162
lim

88 xxx

x

xxx

х

xx
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 





 529)2(

2
lim

8 xxx



 
     












 529166

2529
lim

529166

529
lim

282

22

8 xxx

x

xxx

x

xx

       












 529)2(8

)8(2
lim

529)2(8

162
lim

88 xxx

x

xxx

х

xx

    50

1

1010

2

582928

2







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 





 529)2(

2
lim

8 xxx



3) While disclosing indeterminations like             we have to carry out

identical transformations allowing to reduce this indetermination to 

or           . 



0

0





Example 4. Let’s calculate  xxx
x




23lim 2

Solution.   


xxx
x

23lim 2
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3) While disclosing indeterminations like             we have to carry out

identical transformations allowing to reduce this indetermination to 

or           . 



0

0





Example 4. Let’s calculate  xxx
x




23lim 2

Solution.   


xxx
x

23lim 2

We multiply and divide the given expression by the «conjugate»
expression.

  
 







 xxx

xxxxxx

x 23

2323
lim

2

22
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















 xxx

x

xxx

xxx

xx 23

23
lim

23

23
lim

22

22
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















 xxx

x

xxx

xxx

xx 23

23
lim

23

23
lim

22

22
















1
23

1

2
3

lim
23

23

lim

2222

2

xx

x

х

x

xx

х

x

x

xх

х

xx

2

3

11

3

1001

03









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Calculating limits of functions using 

the 1-st and the 2-nd remarkable limits 

and their consequences

1) The 1-st remarkable limit: 

1
0

0sin
lim

0


 x

x

x

To disclose indeterminations like we should use the 1-st

remarkable limit, carry out the elementary transformations with

the numerator and the denominator and apply the trigonometric

formulas.

0

0
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Calculating limits of functions using 

the 1-st and the 2-nd remarkable limits 

and their consequences

1) The 1-st remarkable limit: 
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Consequences from the first remarkable limit:

0
lim 1

sinx

x

x


0

arcsin
lim 1;
x

x

x


0

tg
lim 1;
x

x

x


0

arctg
lim 1.
x

x

x


 
 

1
0

0sin
lim

0


 xf

xf

x

 
 

1
0

0arcsin
lim

0


 xf

xf

x

 
 

1
0

0
lim

0


 xf

xftg

x

 
 

1
0

0
lim

0


 xf

xfarctg

x

  0xf
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Example 5. Let’s calculate 
x

x

x

5sin
lim

0

Solution. 
 0

05sin
lim

0 x

x

x

We apply the consequence                                      

Here                 .

 
 

1
0

0sin
lim

0


 xf

xf

x

  хxf 5

We obtain

55
5

5sin
lim

1

0




  x

x

x
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Example

Find the limits:
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Example

Find the limits:
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Comparison of infinitesimals

Definition. A function is called infinitesimal 

if                          

 x 

 lim 0
nx

x



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Comparison of infinitesimals
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Example


 0

0

8

2
lim

0 x

xarctg

x 4

1

8

2

8

2
lim

0


 x

x

x
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Example
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Example
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Example
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Example
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2) The 2-nd remarkable limit
e

x

x

x









 


1

1
1lim

where 718,2e

  eх х
х

 


11lim

1

0

To disclose indeterminations like                  we should use the 2-nd 

remarkable limit and carry out transformations with the base and 

the exponent.

1
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EXAMPLE
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Let’s calculate the limit:
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Let’s calculate the limit:



EXAMPLE
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Let’s calculate the limit:



EXAMPLE

PhD Misiura Ie.Iu. / доц. Місюра 

Є.Ю.

78

Let’s calculate the limit:



EXAMPLE
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Let’s calculate the limit:



Case 2
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Example 6. Let’s calculate

x

x x

x













 4

2
lim

Solution. Let’s find the limit of the base:

1
01

01

4
1

2
1

lim
4

2

lim
4

2
lim 




























х

х

хх

х
хх

х

x

x

xxx
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Example 6. Let’s calculate

x

x x

x













 4

2
lim

Solution. 

We obtain












 


1

4

2
lim

x

x x

x
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If in the given example we add and subtract from the base of the
power, then the expressions will remain unchanged.





























x

x

x

x xx

х

4

6
1lim1

4

2
1lim

Let us carry out the identical transformation:



















































x
x

x

x

x

x xx

4

6

6

4

6

4

1
1lim

6

4

1
1lim
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The limit of the base in the obtained expression is the value e:




























































x
x

x

x
x

e

x

x
e

x
4

6

4

6

6

4

lim

6

4

1
1lim

  

The limit of the power is calculated as follows:











 хх

х
х

x

x
x

x

x ee
4

6

4

6

limlim
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601

6
4

1

6

lim

eee х
x



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TASKS

Find the limit:
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TASKS

Find the limit:
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Consequences of the second remarkable limit

PhD Misiura Ie.Iu. / доц. Місюра 

Є.Ю.

88



Comparison of infinitesimals

Definition. A function                         is called infinitude 

(infinitely large variables) if                       . 

Definition. A function is called infinitesimal 

if                           .

 x 

 lim
nx

x


 

 x 

 lim 0
nx

x



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Comparison of infinitesimals
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Example

5

3

5

3
lim

0

0

5

1
lim

2

2

02

3

0

2




 x

x

x

e

x

x

x
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Continuity of a function.

Types of breakpoints
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Continuity of a function (definition 1)

A function is called continuous at

a point if

 xfy 

0х

   0
0

lim хfхf
хx



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Example
Investigate a continuity of the function:

  21 0
3  xxхf
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Continuity of a function (definition 2)

     хfхfхf
хxхxхx 00 000

limlimlim




     00 000  хfхfхf

Let’s introduce the second definition of the

continuity of a function which means the

necessary and sufficient condition of the

continuity at the point , namely0xx 
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Continuity of a function (definition 2)

     хfхfхf
хxхxхx 00 000

limlimlim




In the case if there is no the double equality

it is said that the point is the point of the

discontinuity of a function  xfy 

0x

PhD Misiura Ie.Iu. / доц. Місюра 

Є.Ю.

96



Arithmetic operations on 

continuous functions

We can perform the arithmetic operations on 

continuous functions. It is established by the 

following theorems:

Theorem 1. The algebraic sum of a finite number 

of functions continuous at the point is a conti-

nuous function at that point;
0x
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Arithmetic operations on 

continuous functions

We can perform the arithmetic operations on

continuous functions. It is established by the

following theorems:

Theorem 2. The product of a finite number

of functions continuous at the point is

a continuous function at that point;
0x
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Arithmetic operations on 

continuous functions
We can perform the arithmetic operations on

continuous functions. It is established by the

following theorems:

Theorem 3. The quotient of two functions

continuous at the point is a continuous

function at the point provided that the

denominator does not turn into zero at that

point;

0x

0x
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Arithmetic operations on 

continuous functions

We can perform the arithmetic operations on

continuous functions. It is established by the

following theorems:

Theorem 4. A function of a function

composed of a finite number of continuous

functions is a continuous function.
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Continuity of a function (definition 2)

     хfхfхf
хxхxхx 00 000

limlimlim




In the case if there is no the double equality

it is said that the point is the point of the

discontinuity of a function  xfy 

0x
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Discontinuity of a function

Let us present the classification of points of

the discontinuity of a function by following

definition.
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Discontinuity of a function.

The first kind

Both limits are finite

   00 00  хfхf
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Discontinuity of a function.

The first kind

Such a case occurs when there exist the limits on

the right and on the left and they are finite, i.e. when the

second condition of continuity is fulfilled and the rest of the

condition for at least one of them is not fulfilled.
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Example

Investigate this function:
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Example

Investigate this function:
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Discontinuity of a function.

The second kind

Either left limit or right limit is equal to infinity or

     00 00 хforхf
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Example

The breakpoint is x=0
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Example

Investigate a continuity of the function:
1

( ) 3хy f x . 

1

0 0 0 0

1
lim 3 0 limх

x x
, .

x   
  since

1

0 0 0 0

1
lim 3 limх

x x
, .

x   
   it follows from 
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Removable discontinuity

   
0 0

0 0f х f х A   
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Example

Investigate this function:

 
1

23






x

xx
xf
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Example

Investigate this function:

 
1

23






x
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Example

Investigate this function:

 
1

23






x
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xf
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