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Theme:

Limit of a function Continuity of
a function. Differential calculus
of functions of one variable.
Analysis of economic indicator
Interrelationships
Part 1. Limit of a function.
Continuity of a function.



Cauchy’s definition. The number AecR s called the limit of

the function y = f(x) at X—a (X approaches a) and

designated as |jm f(x)z A Ifforany ¢ there exists 0 such
X—a

thatany (< \x _ a\ < S Wil satisfy the inequality \ f (x)— A\ <&

o é P >
a-0 a a+o
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Example.
Find

lim X
X—2

| B

2 3
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Definition. The number is called the right (left) limit of

the function y = f(x)at the point x=a if for any converging to
sequence X1,X2,...,Xp,... of elements of which are larger
(smaller) than a, the corresponding sequence f(Xl), f(X2 ), e f(xn ), e
of values of the function converges to A.

For the left limit of the function the following notation is used:
lim f(x)=A
x—a—0
Accordingly, the right limit of the function is denoted as follows:

im f(x)=A
Xx—a+0

Definition. The right (left) limit of the function is called

one-sided limit.
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lim  f(x) lim f(x)=A
Xx—a-0 X—a+0

[
D
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Continuity of a function

Afunction y=f (X) IS called at a point X
If

lim f(x)= f(x,)

X—)XO
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Continuity of a function

im  f(x)= lim f(x)= lim f(x)

X—>x9—0 X—>Xp X—>xg+0

f(xo—0)=f(xp)= f(xp+0)
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Basic "rules-theorems" of calculation of limits.
Some properties of limits

If we know that the functions f(X) and g(x) have limits and these
limits are finite, then:

1.If a function is constant, i.e. f (x)=C = const
then lim f(x)=C
X—a

2. A limit of the sum is equal to the sum of limits, I.e.

lim ((x)+ g(x))= lim f (x)+ lim g(x)
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Basic "rules-theorems" of calculation of limits.
Some properties of limits

If we know that the functions f(X) and g(x) have limits and these
limits are finite, then:

3. A limit of the product is equal to the product of limits, i.e.
lim (f(x)-g(x))= lim f(x)- lim g(x)
X—a X—a X—a

4. A limit of the quotient is equal to the guotient of limits, i.e.
lim f(x)

lim fx) = X4 it lim g(x)#0
oag(x) lim g(x) * xoa
PhD Misiura le.lu. / gou. Mictopa 11
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Some properties of limits:

1) Im C-x=o
X—>0

2) lim & =0

X—oo X 1V

i X
3) Im —=w
X—>00

. C
4) Iim —=w 0
X—0 X

5) Im C-x=0

X—0

6) lim 1:0
x—0C
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The 1-st and the 2-nd remarkable limits
and their consequences

The 1-st remarkable limit:
smx

x—>O X

tm (142 < e

e~2,718

The 2-nd remarkable limit:

1

lim ( 1+ X jx :H1°OH:
X—0
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Techniques of
calculation of limits
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At calculating limits of a function we use the rule of limiting
transition under the sign of a continuous function. This rule is
formulated as follows:

lim (x)= f(lim x)

X—>a X—>a
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Example

Find the limit:
Example 1:
lim(x2—3x+5)=1—3+5=3.

x—1
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Example

Find the limit;

Example 1:
1im(x2—3x+5)=1—3+5=3.

x—1
USE OCTAVE

octave:1> syms x
octave:2> f=x"2-3*x+5
f = (sym)
2
X -3X+5
octave:3> limit(f,1)
ans = (sym) 3
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Example

Find the limit;

. 2x3 +1
lIm 5
X—>2 X< —3

Solution. Let’s substitute the limiting value x=2 and get:

O 2xX3+1 2-2°+1
lIm = =

17.
2 x° -3  2°-3
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All elementary functions are continuous In their domains
of definition. While calculating limits, first of all, we have to
replace an argument of a function by its limiting value and
find out whether there is indetermination.

Indeterminate forms expressions are the following:
OO

OOO

00 -0

00 — 00,

Ol |
0

3
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If after the substitution of a limiting value of an
argument we obtain an indeterminate form, then we
should carry out some identical transformations that will
eliminate the indetermination and then the sought limit is
calculated.

Let us sequentially consider the standard cases of
evaluation of the indefinite expressions.

PhD Misiura le.lu. / gou. Mictopa 20
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Calculation of a limit of a rational function
] P(X) P(X):aoxn +a1Xn_1+...+an_1X+an
im —~ where

Q(X)=bgx™ +bx™ ™ + ...+ b X+bp,

are polynomials of the orders n and m

nmeN
x—»>aQ(x) |0

To eliminate the indetermination let us carry out identical
transformations, i.e. to pick out in the numerator and the denominator

the factor approaching 0, namely (x—a)

PhD Misiura le.lu. / gou. Mictopa 21
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In this case we should remember the following:

1) The consequence of the Bezout's theorem:

if @ is the root of the polynomial Pn(x) ,ie. P,(a)=0
then P,(x) isdivided by (x-a) the binomial without

a remainder:

PhD Misiura le.lu. / gou. Mictopa
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In this case we should remember the following:

1) The consequence of the Bezout's theorem: if a is the root of
the polynomial P,(x),i.e. P,(a)=0 ,then Py(X)is divided by
the binomial (X _ a) without a remainder:

2) The square trinomial P> (X) = ax” + bX+ C ,where D=0
( D= b% —4ac s the discriminant of ax? +bX+C 0), can be
presented as a product of linear factors:

where X; and X, are roots of the square trinomial.

PhD Misiura Ie Iu / pou. Mictopa

3) Vieta theorem
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Example 9: Calculate the limit:

no [ 0] i &= 2@ +2)
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Example. Let's calculate
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Example. Let's calculate
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Example. Let's calculate

. X°—6Xx+8 [2°-6-2+8 O©
Xx—>2 X°—8x+12 [2°-8.2+12 O

Solution. In this case we have to eliminate the indetermination, i.e.
to pick out in the numerator and the denominator the factor tending to

zero. It is obvious that Is the root of the polynomials in the numerator
and the denominator.

2
Let’s find roots of the square trinomial AX + bx+c=0
and present it as

ax® +bx+c=a(x—x X —x,)

here Xl:—b+\/D XZ:—b—\/D
2 2
D =b? —4ac 3 A . A
PhD Misiura le.lu. / gou. Mictopa 27
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Let’'s find roots of the polynomials in the numerator and the
denominator:

X° —6X+8=0

D=b?-4ac=(-6)"-4-1.8=36-32=4

:—b+ﬁ:—(—6)+ 4 _6+2_8_

X1 4
2a 2-1 2 2
) :—b—ﬁ:—(—es)—ﬁzgzgzz
° 2a 2.1 2 2
a(x =¥ X=X )= (X = 4)(x - 2)
PhD Misiura le.lu. / gou. Mictopa 28
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x° —8Xx+12=0

D=b%—-4ac=(-8)°-4-1.12=64-48=16

_—b+JD _—(-8)++16 _8+4 12

X1

2a 2.1 2 2
. _~b-VD_-(-8)-v16 _8-4 4 _
2 2a 2.1 2 2

a(x =X Jx=Xz) = (x=6)(x - 2)

PhD Misiura le.lu. / gou. Mictopa
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Let’s substitute into the sought limit:

(x 2)(x—4) Xx-4 2-4

Im = =
x—>2(X 2)(Xx—6) x>2X—6 2-6

PhD Misiura le.lu. / gou. Mictopa
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P(x)=agx" +ax" " +...+a,_(X+a,

Q(X)=box™ +bx™ ™t + ...+ b, _ X +b,

We find X to the greatest power in the numerator and
the denominator and divide each summand of the fraction. After this
we substitute X = oo into the limit and use the following limit

Im —=0
X—>0 Xa
PhD Misiura le.lu. / gou. Mictopa 31
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Let’'s remember

Iim — =0

¥

A K

y=—

X

k<0

e T
(
PhD Misiura le.lu. / gou. Mictopa 32

€.10.



12.1: Calculate the limit:

20 100
. (x+10)? oo _ x2+20x+100—li L s |
340 8X2 + 10 (E) ~zom  BX2410 | xow 0 8
8+ = §
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v 4+2v—3

lim .
x—o vy~ 4+ 7y +1
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: 33 +4x% +7
Example 2. Let's calculate lim = -
x—o 2X° —3X° +11

Solution. Let'sreplace X by X =00 .

o33 HAxl+7 |
lim 3 5 =
X—0 2x° —3X° +11

PhD Misiura le.lu. / gou. Mictopa
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: 33 +4x% +7
Example 2. Let's calculate lim = -
x—o 2X° —3X° +11

Solution. Let'sreplace X by X =00 .
34X 4T
lim 3 5 =

x—0 2%~ —3X° +11

Q0
Q0

Q0
Let’s eliminate the indetermination ;H . For this we divide the
numerator and the denominator by the factor x to the greatest

power, i.e. X3

3x° . Ax? LT
3 3 3

— lim X X X _
X—>00 2x3 3x2 11
x° xS xS
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: 33 +4x% +7
Example 2. Let's calculate lim = -
x—o 2X° —3X° +11

Solution. Let'sreplace X by X =00 .
34X 4T
lim 3 5 =

x—0 2%~ —3X° +11

.

o0

Q0
Let’s eliminate the indetermination ;H . For this we divide the
numerator and the denominator by the factor x to the greatest

power, i.e. X3

3 4x° 7 4 7
st 3t 3 3+X+3

= lim X3 XZ X~ — Iim X~ _
x—o 2%°  3x +11 x—>002_3+11
— 3
W3 w38 X X

PhD Misiura le.lu. / gou. Mictopa 38
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C

Let’s use the following limit lim — =
X—>00 Xa
We have
A0
34+ —+
. 30 3+40+0 3
= [im ASE .
X—>0 ’ % 2-0+0 2
™~

PhD Misiura le.lu. / gou. Mictopa
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Thus,

(O, If n<m
im ) _Ja e
X—>00 Qm (X) bO

oo, If n>m

P(x)=apx" +a X" +...+a,_ X +a,

Q(X)=box™ +bx™t + ...+ b, _ X +b,

PhD Misiura le.lu. / gou. Mictopa
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Calculation of limits of functions with

iIrrational expressions
While calculating the limits of functions which have an irrational
expression, which vanishes as X — a we should pick out
the factor X —a —> 0. We can do it by getting rid of irrationality in
the numerator and the denominator by multiplying the given fraction
by the correspondent conjugate factor. At that the following formula
IS often used:

a’ —b*=(a—b)a+b)
a> +b? :(aib)(a2 TLab+b2)

PhD Misiura le.lu. / gou. Mictopa 41
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) [o] e (VE=3-2)(VE=2+2)

z—6 0] =226 (z—6)(vz—2+2)
z=—~2—4 1 1

— Ii[n o lim —
r—6 (;1:—6)(‘/2:—2-{-2) 6 ‘/:1,‘—2-{-2 4
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TASK

(0) o (V3x—2-2)(V3x—2+2) _

x-'z 2x+5 0

*2(yZx +5-3)(V3x—2+2)

e 3x—2—4 3(x — 2)(V2x+ 5+ 3)
a—r'rzl(\/2x+ - 3)(V3x—2+2) x~2(\/2x+ —3)(V2x +5+3)(V3x — +z)

L 3(x—2)(V2x+5+3) g 3(x-2)(V2x+5+3) _
I"2(2x+5 9)(V3x—2+2) x—'22(x 2)(V3x— +2)

_3l v2x +5 +3_3 3+3 18_9
T 2xiy3x—2+2 22+2 8 4
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TASK

Let's calculate the following limit:

Iim\/9+2x—5

X—>8 X —8

PhD Misiura le.lu. / gou. Mictopa
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. A9+2x-5
Example 3. Let’s calculate lim

Xx—>8 X% —6X—16

Solution. We have

PhD Misiura le.lu. / gou. Mictopa
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. VI+2X =5
Example 3. Let’s calculate lim >
Xx—=8 X —0b6X-16
Solution. We have
. AJ9+2x-5 |0
lIm > =|—
Xx—>8 X°—6x—-16

PhD Misiura le.lu. / gou. Mictopa
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. VI+2X =5
Example 3. Let’s calculate lim >

Xx—=8 X —0b6X-16
Solution. We have
. AJ9+2x-5 |0
lIm > =|—
Xx—>8 X°—6x—-16

As X —> 8then X —8 —> 0. Let us pick out the factor (x — 8) in
the numerator and the denominator.
The numerator has the irrational function ~9+2X —5=a—b

To get rid of irrationality in the numerator and the denominator
we multiply the given fraction by the correspondent conjugate factor

a+b=+v9+2x+5

PhD Misiura le.lu. / gou. Mictopa 47
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We obtain the product (a — b)(a + b)

(a—b)Ya+b)=a’-b?

Thus in the numerator we get the following expression:

(v9+2x +5)/9+2x —5)

PhD Misiura le.lu. / gou. Mictopa
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Thus calculation of the given limit is as follows:

i J9+2x-5
X—>8x2—6x 16

= |lim

X—8

9+ 2x-5)9+2x +5)

x? —6x—16)9+2x+5)

PhD Misiura le.lu. / gou. Mictopa
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Thus calculation of the given limit is as follows:

9+2x 59+ 2x +5)
8 [ —6x—16)Jo 1 2x 5

. J9+2x-5 |“
lim
X—>8x —b6Xx-16

a’ —b? =(a-h)(a+h)

PhD Misiura le.lu. / gou. Mictopa
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Thus calculation of the given limit is as follows:

i J9+2x-5

X—8 X% — BX — 16

= lim
X—8

[Voraxf -52

9+ 2x-5)9+2x +5)

= lim +

x—8 (x? —6x—16[\/9+2x +5)

PhD Misiura le.lu. / gou. Mictopa
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Thus calculation of the given limit is as follows:

9+2x=5 _[0] _ . (9+2x-5)\9+2x+5)
38 X2 —6x—16 |0  x58 x? —6x—16)/9+ 2x+5)

(Vo+2x) -52 9+2x— 25

= lim = lim

-8 (x2 — 6 —16)+/9 + 2x + 5| x»s(x 6x-16)O+2x+5)

PhD Misiura le.lu. / gou. Mictopa 52
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Thus calculation of the given limit is as follows:

9+2x=5 _[0] _ . (9+2x-5)\9+2x+5)
38 X2 —6x—16 |0  x58 x? —6x—16)/9+ 2x+5)

(Vo+2x) -52 9+2x— 25

= lim = lim

-8 (x2 — 6 —16)+/9 + 2x + 5| x»s(x 6x-16)O+2x+5)

. 2x—16
= |lim

8 (x—8)x + 2)[V9+2x +5)

PhD Misiura le.lu. / gou. Mictopa 53
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Thus calculation of the given limit is as follows:

V9+2x-5)v9+2x+5)

i V9+2x=5 0] _ .

X—>8x2—6x 16 |0 X—>8[x2—6x—16 \/9+2x+5)
e (Vo+2x) -52 i 9+2x— 25 i
38 (x? —6x—16)+ 2x +5) x-58(x? —6x16)/0+ 2x + 5)

2x—16 2(x —8)

>I<—>8(X 8)(x+2)(V9+2x+5) >I<|£>n8(x 8)(x +2)(/9 + 2x +5)

PhD Misiura le.lu. / gou. Mictopa 54
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Thus calculation of the given limit is as follows:

9+2x=5 _[0] _ . (9+2x-5)\9+2x+5)
38 x2—6x—16 0]  x8(x? —6x—16]/9+ 2x +5)
N R i i 9+2x—25
38 (x? —6x—16]VO+ 2x +5) x8(x? —6x16J0+2x+5)
i 2x 16 i 2(x—8)
x—>8(X 8)(x +2)(v/9 + 2x +5) x—8 (X —8)(x + 2)(\/9 + 2x +5)

. 2

= lim : V=

8 (x+2)V9+2x +5)

PhD Misiura le.lu. / gou. Mictopa 55
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(Vo+2x) —52 9+2x—25

= |lim lim —

x»8(x2—6x 16X*/9+—2+5) x—>8(x2—6x 16 \v9 + 2X +5)

_ lim 2x—16 lim 2(x—8)
x—>8(X 8)(x +2)(v/9 + 2x +5) x—8 (X —8)(x + 2)(\/9 + 2x +5)

. 2
= |lim

Xx—8 (X + 2)(\/9 +2X +5) )

B 2 2 1
(8+2)-(vV9+2-8+5) 10-10 50
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3) While disclosing indeterminations IikeHOO —OOH we have to carry out
identical transformations allowing to reduce this indetermination to

0

0

Example 4. Let's calculate  |[Im (\/X2 +3X—2 — X)
X—>00

o0
or ||—I| .
o0

Solution. |ImM (\/x2 +3X—2 — x): Hoo — ooH —
X—>00

PhD Misiura le.lu. / gou. Mictopa 57
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3) While disclosing indeterminations IikeHOO —OOH we have to carry out
identical transformations allowing to reduce this indetermination to

0 0
il or | Z=f.
0 0
) - \/ 2
Example 4. Let's calculate  |[Im ( X®+3X—2— X)

X—>00

Solution. |ImM (\/x2 +3X—2 — x): Hoo — ooH —
X—>00

We multiply and divide the given expression by the «conjugate»
expression.

_ im (§/x2+3>g—2—x’x‘\/x2+3\x—2+x):
X (\/x2+3x—2+x)

PhD Misiura le.lu. / gou. Mictopa 58
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x2+3x—2—x2 3X —
lim = |im

X_>O°\/x +3X—2+X X—>OO\/X +3X — 2+x

PhD Misiura le.lu. / gou. Mictopa
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x2+3x 2 — x2
= |im = |im

X_>O°\/X +3X—2+X X—>OO\/X +3X — 2+x

3x 2 32
= lim —— x X = lim 3 X2
X—>00 X—>00
\/X2+3’26_22+X \/1+X—2+1
XS X5 X° X X

3-0 33
T 1+0-0+1 1+41 2

PhD Misiura le.lu. / gou. Mictopa
€.10.

60



Calculating limits of functions using
the 1-st and the 2-nd remarkable limits
and their consequences

1) The 1-st remarkable limit:

To disclose indeterminations like

0
0

im ——
Xx—>0 X

sin X |O|

we should use the 1-st

remarkable limit, carry out the elementary transformations with
the numerator and the denominator and apply the trigonometric

formulas.

PhD Misiura le.lu. / gou. Mictopa
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Calculating limits of functions using
the 1-st and the 2-nd remarkable limits
and their consequences

1) The 1-st remarkable limit:
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Consequences from the first remarkable [imit:
X _sin f(x) |0
lIim——=1 — |2 =
0 5in X f(x)—0 >|<'Lno f(x) |0 -
i arcsin x _1 _
o0 X lim arcs;rz f)(x) _ 8 _1
X—0 X
“mtgx =1;
x—=0 ¥
: arCth lim tg f(x): 0 =1
im——=L x>0 f(x) |0
o 1l —vcosx
lim ——— =1 ._arctg f(x) |0
! 5 lim == =1
x>0  f(x) 0
63
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Sin 5x

Example 5. Let’s calculate lim
Xx—>0 X
| . sin5x |0
Solution.  |lIM == =
Xx—>0 X 0
sin f(x)
We apply the consequence lim
x—0 f (X)
Here f (X) =5x
We obtain
. SIn5xX
= lim .5=5
x—>0 5HX
%/_J
—1

PhD Misiura le.lu. / gou. Mictopa
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Find the limits:

osm7x
lim =
x>0 3y

Example

0
— = lim
() x=0

i

~ 3

fiiis s oy N
=1 N 1 z
A

¥a

-

 —

PhD Misiura le.lu. / gou. Mictopa
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Find the limits:

Example
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Comparison of infinitesimals

Definition. Afunction S = £ (Xx) is called infinitesimal
If

PhD Misiura le.lu. / gou. Mictopa 67
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Comparison of infinitesimals

Equivalencies-at x — 0 or f(x)— 0

sin f(x) ~ f(x)
arcsin f(x) ~ f(x)
tg f(x)~ f(x)
arctg f(x) ~ f(x)

1—cosf<x)~-§f2(x)

PhD Misiura le.lu. / gou. Mictopa
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Example

._arctg2x 0] . 2X
x—>0  8X 0| x-0 8x
arctg 2x ~ 2x
x—0

PhD Misiura le.lu. / gou. Mictopa
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Example

I sin5x (0 _ i 5X 5
0 tg8x (O) ~ x08x 8

x = 0.sin5x ~ 5x, tg8x ~ 8x,

PhD Misiura le.lu. / gou. Mictopa
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Example
lim cos(x) — cos(3x) _ [ﬂ] 2sin(2x) - sin(z) _
x—0 ;[2 0 .
 lim 25in(2x)|~ sin(:l.']l‘ _4
x=) 1 5
x

2

= lim
x— x

(rs

a+’3-cos a-p
2
a_’B'cosa;’B

a+ a-p

- COS

a+pf . a-pf

+SIn

sina+sin = 2sin

sin—sin = 2sin

cosa+cos fF=2cos

cos @ —cos ff=-2sin

PhD Misiura le.lu. / gou. Mictopa
€.10.



Example

Tx—>Hx Tx+5x
COS

lim sin Tr—sin bz lim 2sin 2 2 — lim 2 sin x cos 6z
70 sin T 2250 sinx T e sinx
— lim (2 cos6z) = 21lim cos 6z =
z—0 x—0
— 2+g08(4-0)=2+1 =2.
. . . a+ a—
sin @ +sin = 2sin ’B-cos 2’3
. . . a— a+
sin—sin = 2sin ’B'cos P
2 2
a+ a—
cosa+cos fF=2cos 'B»cos p
2 2
. a+p . a-
cos @ —cos ff=-2sin '6~sm 2'3

PhD Misiura le.lu. / gou. Mictopa
€.10.

= 1i1% (2 cosb6z)
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Example

h.ml—cos4x_0_ 23i1122x_2. sm32x_
=0  S5x (0 x0 Sx S50 x
=31imsm2x-sm2x=2. sm2x=g-21im(sin2x)"°=
5 x=0 1 S5x0 1 5 x>0

2. Ox =

2 2

PhD Misiura le.lu. / gou. Mictopa
€.10.

4

= =1
5
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lim

2) The 2-nd remarkable limit 1 X 3 Hloo ‘ 3
X—>00

where €~2,7/18

hm@+xx—W‘

x—0

o0
To disclose indeterminations like Hl ‘ we should use the 2-nd

remarkable limit and carry out transformations with the base and
the exponent.

PhD Misiura le.lu. / gou. Mictopa 74
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EXAMPLE

Let's calculate the limit:

22’
11m(1+ )_[1] 11m(1+ J = lim
x x X—»c0

PhD Misiura le.lu. / gou. Mictopa
€.10.
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EXAMPLE

Let’s calculate the limit;

— 1
v/ e —
| \4x ({7 | \ 3 ]\'31' d bm“ 4
‘ o0 o ) ey r -
llll\|l+— =1 -'—'l.llLlJ‘l'*‘—' ) _(,n-m3r= »3
nead ¥ 3x L0 |\ 3x/¢{
\ \ .’/ /
__x;., -
PhD Misiura le.lu. / gou. Mictopa 76
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EXAMPLE

Let's calculate the limit:

PhD Misiura le.lu. / gou. Mictopa
€.10.
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2 3x
lim(1+—) = [1°°]=1im(
X—>00 x+1 X—3a0

4 1

2
=lim (l+i
H’“\ x+1

EXAMPLE

Let's calculate the limit:

[ =

6x
x+1

PhD Misiura le.lu. / gou. Mictopa

€.10.
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EXAMPLE

Let’s calculate the limit;

. x+4 x/4)*
tim(*+4)" - %)- hm{(“] f e

PhD Misiura le.lu. / gou. Mictopa
€.10.
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lim (1 + u)

u—

1
u

Case 2

wu=1/z :
/ = lim
Tr — OO0 T—300

PhD Misiura le.lu. / gou. Mictopa
€.10.

1+ —
T

-
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. [ X+2
Example 6. Let’s calculate Im| ——
x—oo\ X—4

Solution. Let’s find the limit of the base:

x+2
. X+2 |oo .
im ——=|—|=lim 22— = |im
X—oo X — o0 X—oo X 4 X —>00

PhD Misiura le.lu. / gou. Mictopa
€.10.

i

2
1+x:1+02
_4 1-0

X
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Example 6. Let’s calculate

Solution.

We obtain

PhD Misiura le.lu. / gou. Mictopa

€.10.
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If in the given example we add and subtract from the base of the
power, then the expressions will remain unchanged.

xX+2

= |lim = |lim

(1+
X—>00

X_

1)

X—>00

Let us carry out the identical transformation:

= lIm
X—>00

,
1+

\

1
X—4
0

J

= |IIm
X—>00

PhD Misiura le.lu. / gou. Mictopa

y
1+

€.10.

1
X—4
0

X
(1+6j =
X—4

X—4 6

y

X
6 x-4
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The limit of the base in the obtained expression is the value e:

( x—4\X—4.X
p
\ 6 ;
. 1 . X
= lim| |1+ = |lim eX-4 =
X —> 00 X—4 X —> 00
. 6 )
\ e )

The limit of the power is calculated as follows:
6 X 6%
lim y_4 lim x/_4
:eX—>ooX — © :eX—>oo% A —

Q0

PhD Misiura le.lu. / gou. Mictopa
€.10.



x—>o0l=

PhD Misiura le.lu. / gou. Mictopa
€.10.
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Find the limit:
.
i
mﬂ&(3x+4

PhD Misiura le.lu. / gou. Mictopa

TASKS

)IB—{-I

€.10.
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TASKS

Find the limit;

lim (

3r + 4 e
T+ 3

PhD Misiura le.lu. / gou. Mictopa
€.10.

3™ = 00
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Consequences of the second remarkable limit

lim, oo (1+5) = e*

X

PhD Misiura le.lu. / gou. Mictopa 88
€.10.



Comparison of infinitesimals

Definition. Afunction  a = a(X) s called infinitude
(infinitely large variables) if

lima () = oo
Definition. Afunction B = £(X) is called infinitesimal
If

lim 3 (x) =0

PhD Misiura le.lu. / gou. Mictopa 89
€.10.



Comparison of infinitesimals

Equivalencies-at x — 0 or f(x)— 0

log,(1+ f(x)) ~ {;1(;)

In(1+ f(x)) ~ f(x)
a’™ 1~ f(x)-Ina,ifa>0,a=1
2P f(x).

(1+x)" =1~ m-x

PhD Misiura le.lu. / gou. Mictopa
€.10.
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Example

0 3x2
=||—|[= lIm
0 x—05x2

2 .
X 1~ 3x2
x—0

PhD Misiura le.lu. / gou. Mictopa
€.10.
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Continuity of a function.
Types of breakpoints

PhD Misiura le.lu. / gou. Mictopa
€.10.
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Continuity of a function (definition 1)

Afunction y= f(x) is called continuous at

apoint xp If

im £ (x)= f (xo)

X—)xo

PhD Misiura le.lu. / gou. Mictopa 93
€.10.



Example
Investigate a continuity of the function:

f(x)=x>+1 Xg = 2

PhD Misiura le.lu. / gou. Mictopa
€.10.
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Continuity of a function (definition 2)

Let’s introduce the second definition of t
continuity of a function which means t

ne
e

necessary and sufficient condition of t
continuity at the point X=Xy , namely

im  f(x)= lim f(x)= lim f(x)

X—>x9—0 X—>Xp X—>xg+0

f(xp—0)= f(xp)= f(xy+0)

PhD Misiura le.lu. / gou. Mictopa
€.10.

ne
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Continuity of a function (definition 2)

im  f(x)= lim f(x)= lim f(x)

X—>x9—0 X—>Xp X—>xg+0

In the case If there Is no the double equality
it Is said that the point X, Is the point of the

discontinuity of a function y = f(x)

PhD Misiura le.lu. / gou. Mictopa 96
€.10.



Arithmetic operations on
continuous functions

We can perform the arithmetic operations on
continuous functions. It is established by the
following theorems:

Theorem 1. The algebraic sum of a finite number
of functions continuous at the point X, Is a conti-
nuous function at that point;

PhD Misiura le.lu. / gou. Mictopa 97
€.10.



Arithmetic operations on
continuous functions

We can perform the arithmetic operations on
continuous functions. It iIs established by the
following theorems:

heorem 2. The product of a finite number
of functions continuous at the point Xg IS
a continuous function at that point;

PhD Misiura le.lu. / gou. Mictopa 98
€.10.



Arithmetic operations on

continuous functions
We can perform the arithmetic operations on

continuous functions. It Is established by the
following theorems:

Theorem 3. The quotient of two functions
continuous at the point X, IS a continuous
function at the point Xy provided that the
denominator does not turn into zero at that
point;

PhD Misiura le.lu. / gou. Mictopa 99
€.10.



Arithmetic operations on
continuous functions

We can perform the arithmetic operations on
continuous functions. It iIs established by the
following theorems:

heorem 4. A function of a function
composed of a finite number of continuous
functions Is a continuous function.

PhD Misiura le.lu. / gou. Mictopa 100
€.10.



Continuity of a function (definition 2)

im  f(x)= lim f(x)= lim f(x)

X—>x9—0 X—>Xp X—>xg+0

In the case If there Is no the double equality
it Is said that the point X, Is the point of the

discontinuity of a function y = f(x)

PhD Misiura le.lu. / gou. Mictopa 101
€.10.



Discontinuity of a function

Let us present the classification of points of

the discontinuity of a function by following

definition.

PhD Misiura le.lu. / gou. Mictopa 102
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Discontinuity of a function.
The first kind

Both limits are finite

f(xO—O);t f(xo +O)

PhD Misiura le.lu. / gou. Mictopa 103
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Discontinuity of a function.
The first kind

Such a case occurs when there exist the limits on
the right and on the left and they are finite, i.e. when the

second condition of continuity is fulfilled and the rest of the

condition for at least one of them iIs not fulfilled.

PhD Misiura le.lu. / gou. Mictopa 104
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Example

Investigate this function:

x4+ 2 r=-1
Fixi=42 +1, -1 <x=l
— X+ x>l
PhD Misiura le.lu. / gou. Mictopa 105
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Example
Investigate this function:

x+ 2 r=-1
Fin=4x+1, -1 ¢x=l
- X+ 3 x>l

....................................................

PhD Misiura le.lu. / gou. Mictopa
€.10.
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Discontinuity of a function.
The second kind

Either left limit or right limit is equal to infinity or

f(xo—0)=00 or f(xg+0)=00

PhD Misiura le.lu. / gou. Mictopa 107
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Example

The breakpoint is x=0

PhD Misiura le.lu. / gou. Mictopa 108
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Example
Investigate a continuity of the function:

1

y=f(x)=3".

1
. | .1
Iim 3* =0, since lim —=—oo.
x—0-0 x—0-0 ¥
. 1
[im 3* =400, itfollowsfrom |iIm —=+oc0.
Xx—0+0 Xx—0+0 ¥
PhD Misiura le.lu. / gou. Mictopa 109
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Removable discontinuity

(5 -0)=s(s

0

O):A

0

f(x )¢A or f(x ) doesn’t exist

0 0

PhD Misiura le.lu. / gou. Mictopa 110
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Example

Investigate this function:

3 2
X~ — X
fx)= X—1

€.10.



Example

Investigate this function:

3 2
X —X
f(x)=
Xx—1
. : , i ..
r-x =E= - ix 1]= ln () =1
x=1-0 »—1 ] x=1-0 =x-1 x—=1-0
g —
e r-x =E= e ix 1}= fin (x%)= 1
x=1+0 x—1] 1 x=L0 x-] x— 140
PhD Misiura le.lu. / gou. Mictopa 112

€.10.



Example

Investigate this function:

? ’

PhD Misiura le.lu. / gou. Mictopa 113
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