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CONTINUOUS RANDOM VARIABLES 

The relationships between  

the functions  xf  and  xF : 1)   



x

dxxfxF )(                       2)    xFxf   

The condition of normalization of 

the function  xf  1)( 




dxxf  

The probability that a random vari-

able X  lies in the interval 

 21, xx   

      
2

1

)(1221

x

x

dxxfxFxFxXxP  

Numerical characteristics 

1) Mathematical expectation:       




 dxxfxXM )()(  

2) Variance:  





22 )()()( XMdxxfxXD  or 

 




 dxxfXMxXD )()()(
2

 

3) Root-mean-square deviation:  )()( XDX   

Example 1. The density function of a continuous variable X  is given:   

 
















2,0

20,24

0,0

)( 2

x

xxxс

x

xf .   a) What is the value of c ? b) Find  1XP . 

Solution. a) We use the condition of normalization 1)( 




dxxf :  

  10240)(
2

2

0

2
0

 








dxdxxxсdxdxxf        or        124
2

0

2  dxxxс    or   

1
3

2
2

3
2

2
4

2

0

3
2

2

0

32
































x
xс

xx
с     or    1

3

8
0

3

16
8 








 сс    or    

8

3
с . 

So, the probability density function is       




















2,0

20,24
8

3

0,0

)( 2

x

xxx

x

xf  

b) Let’s find  1XP : 
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       

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
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










 
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





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



 

















x
x . 

Example 2. The differential distribution function of X  is given:   





















2,0

21,
2

1

1,0

)(

x

xx

x

xf . 

Find the integral distribution function  xF . Plot the graphs of the functions  xf  and  xF .  

Solution. The integral distribution function  xF  according to the formula is 

  



x

dxxfxF )( .  

 If 1x , then   0xf  and   



xx

dxdxxfxF 00)( . 

 If 21  x , then    


xx

dxxfdxxfdxxfxF
1

1

)()()(  
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1

2

1

2

1
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1
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1
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1
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1
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x

x
x

x
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x
x
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
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

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

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







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 If 2x , then     


2

1 2

1

)()()()(
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
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1

x
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x

1012  . 

Let’s write the formula for the integral distribution function  xF :    







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Example 3. The integral distribution function of X  is given:   







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
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




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2
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x

x
x

x

XF . 

Find the density function )(xf . 

Solution. It is known that )()( xFxf  . Thus 
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



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

 





5,1,0

5,15,0,1

5,0,0

5,1,0

5,15,0,
2

02

5,0,0

5,1,)1(
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2
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Example 4. The density function of X  is given:      
















5,1,0

5,15,0,1

5,0,0

x

x

x

xf .  Calculate:  

a) )(XM  and )(XD ; b) )3.21(  XP ; c) plot the graphs of the functions )(XF  and 

)(xf . 

Solution. а) Let’s find the mathematical expectation: 

  








5.1

5.0 5.1

5.0

010)()( dxxdxxdxxdxxfxXM  

    12
2

1
25.025.2

2

1
5.05.1

2

1

2
00 22

5.1

5.0

25.1

5.0

 
х

xdx . 

Let’s calculate the variance:          




22 )()()( XMdxxfxXD  

  




5.1

5.0

2
5.1

5.0 5.1

222
5.0

2 1001010 dxxdxxdxxdxx  

     1125.0375.3
3

1
15.05.1

3

1
1

3

33

5.1

5.0

3х
0833.0125.3

3

1
 . 
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b) Let’s find the probability that a random variable X  lies in the interval  3.2,0.1 . 

Thus,      5.0
2

1

2

1
1

2

112
1)1()3.2()3.21( 


 FFXP . 

  
Fig. 1. The graph of )(XF  Fig. 2. The graph of )(xf  

 

TOPIC: MAIN CONTINUOUS DISTRIBUTIONS 

1. UNIFORM DISTRIBUTION LAW 






















bx

bxa
ab

ax

xf

,0

,
1

,0

)( , 
























bx

bxa
ab

ax

ax

xF

,1

,

,0

)( . 

 
The probability that a random variable X  lies in the interval: 

     
ab

FFXP






 . 

Numerical characteristics of uniform random variables are 

1) mathematical expectation: 
2

)(
ba

XM


 ;                         2) variance: 
 

12
)(

2
ab

XD


 ; 

3) root-mean-square deviation: 
32

)(
ab

X


 . 

Example 5. The parameters ba,  of the uniform law of distribution are given: 2a  and 6b

. Find: a) functions  xf  and  xF ; b) the mathematical expectation )(XM , the variance 

)(XD  and the root-mean-square deviation )(X ; c) )30(  XP . 

Solution. Let’s find functions  xf  and  xF  substituting 2a  and 6b  into formulas for 

functions: 

0

0,2

0,4

0,6

0,8

1

1,2

-1 -0,5 0 0,5 1 1,5 2 2,5 3

0

0,2

0,4

0,6

0,8

1

1,2

-1 -0,5 0 0,5 1 1,5 2 2,5 3
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








































6,0

62,
4

1

2,0

6,0

62,
26

1

2,0

)(

x

x

x

x

x

x

xf , 











































6,1

62,
4

2

2,0

6,1

62,
26

2

2,0

)(

x

x
x

x

x

x
x

x

xF . 

Let’s calculate the numerical characteristics )(XM , )(XD  and )(X : 

4
2

62

2
)( 







ba
XM ,                                   

 
3

4

12

4

12

26
)(

22




XD , 

3

2

32

4

32

26

32
)( 







ab
X . 

Let’s calculate the probability that a uniform random variable X  lies in the interval  3,0 : 

        75.0
4

3

26

03
0330 




 FFXPXP  . 

 

 

2. EXPONENTIAL DISTRIBUTION LAW 










 0,

0,0
)(

xe

x
xf

x
, 










 0,1

0,0
)(

xe

x
xF

x
. 

 

 
 

The probability that a random variable X  lies in the interval   , : 

         eeFFXP . 

Numerical characteristics of exponential random variables are 

1) mathematical expectation:   


1
)( XM . 
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2) variance )(XD :   
2

1
)(


XD , 

3) root-mean-square deviation:   



1

)( X . 

Example 6. The probability density function of the exponential law of distribution 










 0,05.0

0,0
)(

05.0 xe

x
xf

x
 is given. Find: a) the function  xF ; b) the mathematical 

expectation )(XM , the variance )(XD  and the root-mean-square deviation )(X ; c) 

)102(  XP . 

Solution. We have that 05.0  from the formula of )(xf . Let’s substitute this parameter in-

to the formula for )(xF  and find the numerical characteristics: 



















 0,1

0,0

0,1

0,0
)(

05.0 xe

x

xe

x
xF

xx
, 

20
05.0

11
)( 


XM ,        400

05.0

11
)(

22



XD ,         20

05.0

11
)( 


 X . 

Let’s calculate the probability )102(  XP  that a random variable X  lies in the interval 

 10,2 : 

    1005.0205.0102 eeeeXP  29831.060653.090484.0  . 

 

3. NORMAL DISTRIBUTION LAW  

 
 





 t

exf

ax






2

2

2

2

1
)(                   

 

 tdxexF
x

ax

 





2

1

2

1
)(

2

2

2


, 

where   2

2

2

1
t

et





  and   dtet
t t





0

2

2

2

1


 are Laplace functions (Tables 1,2) 

 
The probability that a random variable X  lies in the interval   , : 
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






 








 











aa
FFXP )()()( . 

Numerical characteristics of normal random variables are 

1) mathematical expectation:    aXM )( ,                             2) variance:    
2)( XD , 

3) root-mean-square deviation:     )(X . 

Example 7. The probability density function of the normal law of distribution 

 
8

3
2

22

1
)(






x

exf


is given. Find )(xF , calculate )(XM , )(XD  and )71(  XP .  

Solution. We have that 3a  and 2  from the formula of )(xf . Let’s substitute these pa-

rameters into the formula for )(xF  and find the numerical characteristics: 

   

 












dxedxexF
x

x
x

ax

2

2

2

2

22

3

2

22

1

2

1
)(




 

dxe
x

x







 8

3
2

22

1


, 

3)(  aXM ,     42)( 22 XD     and     2)(  X . 

Let’s calculate the probability )71(  XP  that a random variable X  lies in the interval 

 7,1 : 

     






 








 








 








 
 12

2

31

2

37
71







 aa
XP  

   
    


 12

xx

propertytheuse  
 

8185.03413.04772.0

3413.01

4772.02

2







tableuse

. 

 

CONTROL TASKS 

Task 1. The integral distribution function of a continuous variable X  is given. Find: а) the 

density function )(xf ; b) the numerical characteristics )(XM , )(XD  and )(X ; c) the 

probability    XP ; d) plot the graphs of functions )(XF  and )(xf . 

1) 






















2,1

22,
4

2

2,0

)(

x

x
x

x

XF  

2) 






















5,1,1

5,15,0,
2

12

5,0,0

)(

x

x
x

x

XF  

 5,0 ,   5,4 ;  0,1 ,   3,2 ; 
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3) 

 





















3,1

31,1
4

1

1,0

)(
2

x

xx

x

XF  

4)  

 



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 2,0 ,   6,2 ;  4,3 ,   6,6 . 

Task 2. The density function of a continuous variable X  is given. Find: а) the probability 

function )(xF ; b) the numerical characteristics )(XM , )(XD , )(X ; c) the probability 

   XP ; d) plot graphs of )(XF  and )(xf . 
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Task 3. The density function of a continuous variable X  is given: 
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Find: a) the parameter с ; b) the integral distribution function  xF ; c) the probability 

)35.0(  XP ; d) the numerical characteristics )(XM , )(XD  and )(X . Plot the graphs 

of the functions  xf  and  xF . 

Task 4. Measurements of scientific systems are always subject to variation, some more than 

others. There are many structures for measurement error and statisticians spend a great deal of 

time modeling these errors. Suppose the measurement error X  of a certain physical quantity is 

decided by the density function    
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 xf  a valid density function. Find the probability that a random error in measurement is less 

than 1/2. For this particular measurement, it is undesirable if the magnitude of the error, ex-

ceeds 0.8. What is the probability that this occurs? 
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Task 5. The proportion of people who respond to a certain mail-order solicitation is a continu-

ous random variable X  that has the density function  
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that   110  XP . Find the probability that more than 1/4 but fewer than 1/2 of the people 

contacted will respond to this type of solicitation. 

Task 6. The density function of the exponential distribution 
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is given. Find: a) the function  xF ; b) )(XM , )(XD  and )(X ; c) )21(  XP . 

Task 7. The waiting time, in hours, between successive speeders spotted by a radar unit is an 

exponential continuous random variable with cumulative distribution function 
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. Find: a) the density function  xf ; b) )(XM , )(XD  and 

)(X ; c) the probability of waiting less than 12 minutes between successive speeders. 

Task 8. The mathematical expectation of a normal random variable X  equals 20, the root-

mean-square deviation equals 5. Find: a) functions  xf  and  xF ; b) the numerical charac-

teristics )(XM , )(XD  and )(X ; c) the probability that a random variable X  lies in the 

interval )25,15( .  

Task 9. The mathematical expectation of a normal random variable X  equals 25. It is known 

that 2,0)4035(  XP . Find the probability )1510(  XP . 

Task 10. The parameters ba,  of the uniform law of distribution are given: 1a  and 4b . 

Find: a) the functions  xf  and  xF ; b) )(XM , )(XD  and )(X ; c) )30(  XP , 

)52(  XP . 

Task 11. A man's height is distributed by the normal law. The mathematical expectation of a 

normal random variable X  equals 170 centimeters, the root-mean-square deviation 

equals 5 centimeters. Find the probability that the men' height there will be a) less than 160 cen-

timeters; b) greater than 180 centimeters; c) from 160 to 175 centimeters. 

 

 
 


