PhD Misiura le.lu.

Theme: Differential calculus
of functions of many
variables. Application of the
gradient vector in the linear
model of international trade.
Integral calculus of functions
of one variable
Part 2. The indefinite integral



Economic problems

Economic Applications of Indefinite Integration
Consider the following two examples as a part of your exercise to apply the
tool of indefinite integration to often cited problems of economics.

a) Investment and the Stock of Capital

Let net investment [ is the rate of change of the stock of capital K. If time is
treated as a continuous variable, we can express this as

dK (1)
I(t) = .
(1) Tt

Thus, if the rate of investment I(t) 1s known, the capital stock K(t) can be
estimated through the formula,

K(t)=_[1(t)dt

I
Example: The rate of net investment is given by /(r)=127° and the mitial
stock of capital at t = 0 1s 25 units. Find the equation for the stock of capital.

1

L 3]_
K(t)y=\123dt =12 = |t7 4+
0= [4
4
=93 +¢
As K(0) =c = 25 given,

4

K(t) =913 +25



Economic problems

b) Obtaining the Total from the Margin

Integration helps us recover the total function from the marginal function if
the concerned variable varies continuously. Thus, it will be possible to derive
the total functions such as cost, revenue, production and saving from their
marginal functions. We will examine a simple application to see the procedure
involved.

Example: If the marginal revenue function of a firm in the production of

output is MR = 40 — 10g° where q is the level of output and total revenue is
120 at 3 units of output, find the total revenue function.

Since MR = dﬂ . We can write
dq

TR = [ MRdq
=[ (40— 10q%) dg
=40q - ?qB +c

At q= 3, TR = 30 + ¢ = 100 given. So ¢ = 90. The required total revenue
function is

TR(q)= 40q —-l?oq‘ +90.



Economic problems

Examples of applications of integral calculus in economics

Mean value of a function on the interval |a, b|:

l

f(c)zb-a

b
[ f(x)ax.
Problem 1. Let us assume that the value of a US dollar expressed in the

Polish zloty from day | to day 30 of a certain month 1s represented by
a function of time:

f(1)=2,5+0,5-sin({&1).

Find the mean value of a US dollar in this month.
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1. Direct integration

"he function F(x) is called the antiderivative of
the function f(x) if the derivative of F(x) is
the function f(x) ,i.e.

F'(x)=f(x)

The set of all antiderivatives F(x)+C of the function f(X)
IS called the indefinite integral and designated by the symbol:

| f(x)dx=F(x)+C

where C Is a constant.

The symbols and are the symbols of an integration.
X

The symbol X is an integration by the variable X .

The integration is the finding of the function F(X) with the help of
its derivative T (X).



The basic properties of an indefinite integral:

1) k- f(x)dx=k-[ f(x)x

.e. the indefinite integral of k multiplied by T (X) is
k multiplied by the indefinite integral of f (X)

2 [[f(x)£g(x)dx =] f(x)x*[g(x)x

the indefinite integral of the sum (or difference) of two functions is
the sum (or difference) of two indefinite integrals of functions

3) jf(kx+b)dx:iF(kx+b)+C

kKx + b isalinear function



The basic properties of an indefinite integral:

(] f(x)dx)’ = f(x)

l.e. a derivative of an indefinite integral equals an
Integrand.

5) d f(x)x=f(x)dx

l.e. a differential of an indefinite integral equals an
Integrand expression.



The table of basic indefinite integrals

n+1

jxndx:r)](+1+C,n¢—1 [dx=x+C
[0-dx=C jd_):(zln‘X‘+C.
jaxdx:lixa+c (a>0,a=1) JeXdX=eX+C.
[sin xdx=—cos x+C. | cos xdx =sin x+C.

[tgxdx =—In|cos x|+C. [ctgxdx =In|sinx|+C.



The table of basic indefinite integrals

dx
. D =—Ctg x+C. j d)z( =tg x+C.
sin- X COS~ X
dx 1 X
dx =arctg x+C. f — =—arctg—+C
1+ x5 a +x d a
(a=0)
dx . X
J' dx —arcsin x+C. J‘ = Z:arcsm—+C.
1—x° «/a —X a

(a=0)



The table of basic indefinite integrals

dx 1 X —a
= —In|—2|+C
Ixz_az 2anx+a+ (a¢0)

x+vVx2+a

+C (a=0)

| =1In

Vi +a

)2( +C _dx :Intg(x+ﬂj

sin X



Example 1. Find integrals:

I(ZX +L—e jdXzI(ZX +% X~ jdx_apply tabular integrals|

2x°
3 —3+1
EPL A _eXrc=23_Iy2 o,
3 2 -3+1 3 4
jsin 2(5x “3) =|apply the 3—rd property| = —%Ctg (5x-3)+C
] X lypoox+c
5-9x 9

je4x+3dx _ lee4x+3 C



TASKS

Find:
dx
jJ9—4x2 [(3x—5)°dx
j dx [\/2x+3 dx

Ox’ + 4



TASKS
Find:

[(3x—5)°dx



TASKS
Find:
[(3x—5)°dx

jf(kx+b)dx:ltF(kx+b)+C



TASKS

Find.:

[(3x—5)°dx jf(kx+b)dx:iF(kx+b)+C
k=3
ST O

3 I 21



TASKS

Find:

[\2x+3 dx



TASKS

Find:
1
j\/2X+3 dx If(kX+b)jX=EF(kX+b)+C
k=2

3/2
[v2x+3 dx:j(2x+3)ﬂzdx:%-(zxg/§) +C =




TASKS

Find:
[\/2x+3 dx k =2

3/2
[v2x+3 dx:j(2x+3)ﬂzdx:£(zx+3) +C=

2 32

3/2 3
_(2x+3) oo \/(2x3+3) Lo




TASKS

Find:
dx
Ox° +4




TASKS

j G :larct Xic
a’+x° a ° 2
dx 1 X
=la=2|=—arctg—+C
2 |1am2l=ardes



TASKS
dx

1 X 1
=—arctg—+C i
ja2+x2 L2rC9+C [ (kx+bx=- F(ke+b)+C

dx dx 1 X
= =la=2|=—arctg-+C
X% + 4 j 2 1 X2 ‘ ‘ 2 g2
=2
j e —j ax _ja=s_11 rctg%+C—
0% + 4 (3x) k=3 3 2
1 3X

=—arctg—+C
0 2



TASKS
X

dx .
=arcsin—+C.

- J dx
Find: j\/9—4X2 \/az_xz a

QD
1

ll
N W

dx dx N
I\/9—4x2 _J\/BZ—(ZX)Z -k

:l-arcsinngC
2 3



TASKS

Find: |

4x% -9




2. Integration by substitution
(change of variable)

This method is one of the main methods to calculate indefinite
integrals. If the integrand has the function T (Q(X)) and

/
the derivative g \X) . i.e.

J T(g(x))g'(x)dx

then this integral is transformed to the integral j f(t)jt

by the substitution 1= g(x) . This method reduces such
Integrals to the tabular ones.



Please, define the substitution

Task 1

| xe* dx



Please, define the substitution

Task 1

jxexz dx jf(xz)xdx

Substitution

X =t



Please, define the substitution

Task 2

f x2dx
Jo— X8



Please, define the substitution

Task 2

J \/):_d))((ﬁ [ f (x3 ) X dx

Substitution

x> =t



Please, define the substitution

Task 3

In3x
—d
J =X



Please, define the substitution

Task 3

In°x dx
‘[de j f (In X)7

Substitution

InX =t



Please, define the substitution

Task 4

e”dx
Iez"+9

Substitution



Please, define the substitution

Task 4

j;:‘ixg [ f (ex)exdx

Substitution

e’ =t



Example 2. Calculate the following integral:

f Xdx
16 + 5x°

Solution. The given integral is not the tabular integral, because

the numerator has the expression X
Let’s consider the derivative of the denominator:

(6 + 5x2)’ =10x

Thus, the numerator is the derivative of the denominator.
Let’'s apply the method of integration by substitution and make
the substitution of the variable:

t =16 + 5x?



then the derivative of T is

dt = (16 +5%2 )’ dx =10xdx

The numerator of the integrand does not contain the factor 10,
therefore let’s divide both parts of the derivative dt =10xdX by 10

dt
— = XdX
10 dt
Let's get back to the initial integral. Its numerator is —O
1

the denominator is t

dt
_ 10 _
- X



Let’'s apply one of the basic properties of indefinite integral to

1
the given integral, i.e. the factor — can be taken out of the sign
of the integral:
1 jdt B
107 t

This integral is the tabular integral, and it equals

1
= —Inft|+ C =
10
Let's get back to the previous variable and obtain:

:1In16+5x2+C
10



Example 3. Calculate following integrals:

t=Inx

j dx =I dt

x\/4—ln2x:dt=(lnx)’dx=ldx 4 _t2 B

X

. . Inx
= arcsin ;+ C = arcsin 7+ C



- t =cos X ; ;
Jsmx X _ ldt = —sin xdx| = _—t:—j—t:
cos® X . t° £
—dt =siIn xdx
—5+1
:—jt_5dt:—t +C:i+C: 1 +C

-5+1 4t 4cos? x



TASKS

Find:
. X
[e*"* cos xdx I e dx
JeX +2
XdX :
| [xe™ dx

90— 4x*



3. Integration by parts

This method iIs based on the famous formula of the derivative of
the product of two functions:

/

(U-v) =u"-v+Vv'-u
where U = U(X) and V= V(X) are some functions of x

In the differential form we have:
d(u-v)=u-dv+v-du
We integrate this formula and obtain

| d(uv) = [udv+ [vdu

then we apply the property
[dF(X)=F(x)+C



and find:

uv = [udv+ |vdu

fu-dv=u-v—[v-du

Let the functions U = U(X) and V= V(X) have
continuous derivatives, the following formula of integration by parts
IS valid:

ju-dv:u-v—jvodu

This method transforms the given integral IU -dV to calculation of
the integral jv .du . The last one may be reduced to
the tabular integrals or the similar ones.



Remark. The name “integration by parts™ can be explained as follows:
the formula does not produce a final result, but only transforms

the problem from calculation of the integral ju .dv  to calculation
of the integral jv -du , which is simpler at the successful choice of
U=uU(X) and V=V(X).

This method is applied to two types of integrals.



The first type

Kind of integral

The factor U

The factor dv

[P, (x)a"dx P, (X) a*dx

| Py(x)-e*dx P, (x) e”dx
| Py (x)-sin xdx P, (x) sin xdx
| P,(x)- cos xdx P, (x) cos xdx




The second type

Kind of integral

The factor |

The factor dv

| P, (x)-arccos xdx arccos x P, (x)dx
[ P, (x)-arcsin xdx arcsin x Py (x)dx
| P, (x)-arctgxdx arctgx P, (x)dx
[ Py (x)- In xdx Inx P, (x)dx




Example 4. Find the integral: jx . COS 3XdX

Solution. It is the integral of the first type:

U=xX dv = cos 3xdx

Let’'s find
1

du = dx v:jCOSSde:gsinSX

(supposethat C =0 ).
Let’s substitute into the formula ju dv=u-v-— IV -du

jxcosSxdx= x%sinSx—j%siandx

Let's apply the table of the basic integrals:



jxcosBxdx: x%sian—j%siandx

Let’s apply the table of the basic integrals:

jxcos?axdx=§sin3x—l —l0033xj+c —
3 3\ 3

=§sin3x+lcossx+c.
3 9



jInx

Example 5. Find the integral:

Solution. It is the integral of the second type:

[Py(x)-Inxdx = [u-dv

u=Inx dv—%
Then ’ 1 %/;
du=(Inx) dx==dx
X
. 1. 2
3y X 37 x3
V = jdvj jx X="r— ="
_7_|_1 7
3 3



Let's substitute into the formula

ju-dv:u-v—jv-du

In X z 3 gdx z 3 =
j—dx:—x?’Inx—j—x3—=—x3lnx——jx3dx:

3’& 2 2 X 2 2

3 2 2 gz g2

=— X3 Inx—§-§x +C==x3Inx——x3+C.
2 2 2 2 4



PLEASE, DEFINE TYPES
Find:

[ (x +2) cos xdx [In(x+1)dx

[arcsin x dx  xe™"dx



PLEASE, DEFINE TYPES
Find:

[ (x +2) cos xdx [In(x+1)dx

[arcsin x dx  xe™"dx



THE 1St TYPE
Find:

[ (x +2) cos xdx [In(x+1)dx

[arcsin x dx [ xe™"dx



THE 29 TYPE
Find:

[ (x +2) cos xdx [In(x +2)dx

[arcsin x dx  xe™"dx



4. Application of
the substitution method
to calculate indefinite integral of
rational functions
with quadratic trinomial



A perfect square of a quadratic trinomial is

b jz b? — 4ac
2a 4a

ax2+bx+C:a(x |

where a_X2 + bX -+ C is the quadratic trinomial.



Rational functions with quadratic trinomial are functions of
Kinds:

A AX + B
dx
jax2+bx+c jax2+bx+cdx
A Ax+ B
dx dx
j\/ax2+bx+c j\/ax +bx+c¢

where aX2 +bX+C isthe guadratic trinomial.



Let's consider the first and third kinds:

A A
dx
jax2+bx+c j\/ax2+bx+c

They are reduced to tabular integrals if you allocate the perfect
square in the denominator with the help of formulas:

dx

(y+z)* =y?+2yz+2°

(the square of the sum or the square of the difference).



TASK

Let’s find this integral:

I

—2x+10



TASK

Let’s find this integral:

j dx
\/5+4x—x2




j 2
Jx2+8x+25

Solution. Let’s allocate the perfect square in the denominator with
the help of the formula:

Example 6. Find dx

(a+b)* =a%+2ab+b?

X2 +8X+25=X>+2-4-X+16+9=x2+2-4-x+42 +9=(x+4) +9

Let’s substitute

2 2

I\/x2+8x+25dX:j\/(x+4)2 ez j\/ X+ 4)°



Let's substitute

2 2

j\/x2+8x+25dX:I\/(x+4)2 w2 I\/ X+ 4)°

Let’s use the tabular integral:

/2
X+VX £a

| dx =1In +C
VX’ +a
We have
2 ax :2-In(x+4+\/(x+4)2+9)+C:
\/(x+4)2+9

=2.1n +c=2-|n‘(x+4+Jx2+8x+25)+c

(x+4+\/(x+4)2+9j




Let’'s consider the second and fourth kinds:

AX+ B AX+ B
j dx

ax” +bx+c j\/ax +bx+c

To integrate these functions we should use the following rules:
1) to allocate the perfect square in the trinomial with the help of

formulas (y + 2)2 — y2 + 2yz + 22 (the square of the sum or

the square of the difference) and obtain a new denominator

dx

(x£p)+q
2) to apply the substitution:
t=X+p t=X-p
dt = dx dt = dx

X=t—p X=t+p



3) to present the initial integral as a sum of two integrals, the first one

IS the tabular integral and the second one may be integrated by
substitution.

Let’s consider four kinds of such integrals (see the table of basic
Integrals, 23-26).

| xdx =%In‘x2ia‘+c X ——WJrC

2 \/a X

X~ t*xa
XdX \/7
x“ta+C
dezz—%ln‘xz—a‘JrC \/x +a

4) to get back to the previous variable by substitution:

a—X

t=X+p t=x—p



Example 7. Let’s find this integral

t=x-3

j(7—8x)o| —j (7=8x)dx _| o 4y _1(7—8(t+3))dt_

2 - B 2 -
X —6x+2 " (x—3)° -7 C—ta3 t° -7
:j(102—8t)dt dt tdt 10 dt :

t* -7 -7 —~7 2 _(V7)

10 | Jt-
= ——| t°—7|+C=

2\7 t+f ‘ ‘Jr

X—3—+7| 8

In ——
2

5
f X—3+7

In‘x2 —6x+2‘+C




TASKS

Find:

I (5x — 2)dx
X° +6X+7

6X+1

dx
j\/5—4x—x2




5. Integration of rational fractions

The rational fraction is called the following relation of

the polynomials:

P.(x) agx"+ax" " +..+a, x+a,

Qu(X)  byx™ +bx™ L + .. +b X+

where Pn (x), Qm (x) are polynomials

The rational fraction is called a improper fraction, if N =M
l.e. If the degree of the numerator is greater than or equal to
the degree of the denominator.

The rational fraction is called a proper fraction, if N <M

l.e. If the degree of the numerator is less than the degree of
the denominator.

xS +1 X2+2x

x3 — x2 x4 + 5x2




Proper fractions



Improper fractions

r? 41
r: -2

r*—3r+1
r:—2




Improper fractions

5
r? 4+ 1 _oxtex-7 | ¥
2 X
r? — 2 X +X
— 7

I':!'_..I-
t dr+ 1 :r:z-l—:r:—T_T_l_ -7 7

ri— 2 r+1 Y r+1 r+1



Improper fractions

_ ox?o2xs2 | Xl

2y x—1
—X+2
- —x+1
1

2 — 2r+ 2 1

=r—-—1
r—1 +;r:—1




Improper fractions

’ _

o ox -2x+2 | X 1
2 —x x—1
—x+2
—x+1

1
;1:3—2;r:+2__' 1
r—1 - r—1

i | )
/‘I I+ d}_l/(}__1+ 1 )dm=
r—1
/m‘r—/dr+/}_l E—;r:—|—111|;r:—1|+(._-‘




Any rational fraction can be presented as a sum of a polynomial and
partial fractions. The partial fractions are fractions of three following

types: A A Ax + B
X — 3 (x—a)k IX2+ dx
pXx+0
D=p°-4g<0

Finding integrals of rational fractions should be carried out

according to the following scheme:
1) If N =M (an improper fraction), we should secure (BblaensiTb)
an integer part, representing the integrand as a sum of an integer
part (a polynomial) and a proper rational fraction.
2) Decompose the denominagor of the proper rational fraction into
factors like (X _ a)k and (XZ + pPX+ qj , where D = p2 -49<0
3) Decompose the proper rational fraction into partial ones
according to the following theorem:



Theorem. If Q. (x)=Dby(x—a)* -(x—b)ﬂ ._._.(XZ + pX + q)”
then the proper irreducible (HecokpaTmas) rational fraction
represented by the following way:

P _ A A A, B B, Byt

= + + +

Q) (x=a)  (x=aft " (x-2) (x-b  (x-bf'T " (x-b)

MoXx + Ng MX+ Ny M, aX+ N, 4
+(x2+ px+q)u +(x2+ px+q)u_1+mJr (X2+ IOX+CI)

The coefficients Ao, Al,---, Bo, Bl, can be defined according
to the following. The obtained equation is an identity, therefore,

reducing the fractions to a common denominator, we obtain
iIdentical polynomials in the numerators on the right and the left.
Equating the coefficients of the same power of X, we obtain a
system of equations for defining undetermined coefficients

Aos Aayees By, By




Integrals of partial rational fractions are calculated according to
the following formulas:

jidx: Aln|x—a|+C

X—a
—k+1
| A dx=jA(x—a)_kdx:A(X_a) +C
(x—a) —k+1
| AX+ B | |
In this case _[ 5 dx we apply the rule of integration of
X"+ PX+(Q

a quadrate trinomial.



EXAMPLES

Py(x) A B
— +
(r—xy M —a9) xT—xy T— 1o

r+1 r+ 1 A i B
2 +3x—4 (x—-1){x+4) 2-1 z+4




EXAMPLES




It —r—T

EXAMPLES

i —Hrlihr

2r*—x-7 _ A , B
r(z—3)(x—2) I



EXAMPLES

Ps(x) A B C

(r—x )z —22)2 -2y -9 + (r — a5)2



EXAMPLES

z’ 4z A B C D E

C—1Pe—0e—3) [T @ (@=1P a—1 =8 53

A B C D E



EXAMPLES

Ps(x) A n Br+ C
(x—a )22 +pr+q) x—21 224+pr+g




EXAMPLES

Ps(x) A n Br+ C
(x—a )22 +pr+q) x—21 224+pr+g

422 + = + 22 A Bxr+ C

.+_
(x—2)-(x2+4) -2 22+4



EXAMPLES

437542 -11 . A B Cs C; |, C
(z—1)(z+41)(z—-3)" 1

ATz T ey | 3P | =3



b

C

_|_

EXAMPLES

ks N E F Gr+ A = —19x+6

+
A

2

+
X

3

T T T3 =3 T, 3
x+2 x+3 (x+5° 2 4+2x+13 x(x+2(x+57(x+2x+135



x5 +1

Example 8. Let’s find 3 5 dx
X —X
| | x>+1
This fraction 3 IS Improper, because the degree of
X —X

the numerator is equal to the degree of the denominator. Let us
separate the integer part by the division of the polynomials:

3
X° +1 3 5

; 2x — X
- XY =X 1
x2+1
and obtain
x> +1 _1 X% +1
3 2 T 3 7

X —X X —X



Then the initial integral will be transformed to the
following two integrals:

xS +1 X% +1 X% +1
3 dx=[| 1+ 32 dx = jdx+j 2 - dx

2) The denominator of the second integral has real
multiple roots and can be represented as the product

“(x-1)



Let us decompose the integrand into partial fractions:

x*+1 A B C

x“(x-1) x* x x-1

where A, B, C are undetermined coefficients.



Let us reduce partial fractions to the common denominator:

x?+1  A(x—1)+ Bx(x—1)+ Cx?
x4(x—1) x“(x—1)

Since the denominators on the left and right are equal and

the fractions are identically equal, then the numerators are
equal too.

X +1= A(x—1)+ Bx(x —1)+ Cx*



Let us collect (npnBoanTb NOAOOHLIE):
x° +1=x%(B+C)+ Xx(A—B) +(—A)

Consider the first method of finding of undetermined
coefficients.

To find the coefficients, we equate the coefficients at
the equal powers of x on the left and on the right:

mﬁ@: 1=B+C atﬂﬁ 1=—A

at X' 0=A_B



We find the undetermined coefficients:
from the 3-rd equation: A =-1
from the 2-nd equation:. A=B =-1

from the 1-stequation: C =]1—-B=1— (_ 1) —92



So,

Jx+l

3

dx = [dx+ | ); 1 dx = jdx+j(A+li+X(iljdx:

X X

-1 -1 2 1 1 1
:jdx+I(X2+ " +X_1)dx:jdx—szdx—jxdx+2jx_1dx=

:x+§—ln\x\+2ln\x—ﬂ+c



Example. Find the indefinite integral: j 15x° —4x 81 dx
| C(x=3)(x+4)x-1)

The integrand is a proper fraction, let us decompose it
Into partial fractions:

15x°~4x-81 _ A B C
(x-3)x+4)x-1) x-3 x+4 x-1




Since the denominators on the left and right are equal
and the fractions are identically equal, then the numerators
are equal too.

Let us reduce to the common denominator and equate
the numerators:

15x% —4x—81= A(X+4)(x —1)+ B(x —3)(x 1)+ C(x - 3)(x + 4)



Consider the second method of finding of
undetermined coefficients.

Let us substitute the first root X = 3 of the denominator
Into this expression:

15x% —4x —81= A(x+4)(x —1)+ B(x —3)(x —1)+ C(x — 3)(x + 4)
15-9-4-3-81=A(3+4)3-1)+B-0+C-0
42 =14A

A=3



Consider the second method of finding of
undetermined coefficients.

Let us substitute the second root y = _—4 of the deno-
minator into this expression:

15x° —4x—81= A(x +4)(x 1)+ B(x—3)(x —1)+ C(x - 3)(x + 4)
15-16+4-4-81=A-0+B(-4-3)(-4-1)+C-0

175=35B

B=5



Consider the second method of finding of
undetermined coefficients.

Let us substitute the third root X =1 of the denominator
Into this expression:

15x% —4x—81= A(X+4)(x —1)+ B(x —3)(x 1)+ C(x - 3)(x + 4)

15-1-4-1-81=A-0+B-0+C(1-3)1+4)

—/0=-10B



So,

15x% —4x—81 ( A B C j
j dx:j + + dx =
(x—3)(x+4)x-1) Xx—3 X+4 x-1

:j( 3 + > + ! jdx:ledx+5j1dx+7j1dx:
X—3 X+4 x-1 X—3 X+4 X—1

=3In|x—3/+5In|x+4|+ 7In|x -1+ C



Example. Find the indefinite integral:

dx
jx3—1

Let us decompose the fraction into partial fractions:

1 1 A Bx+C

x> —1 (j—&Xx2+x+1y:X—1+fx2+x+1)




Integration of expressions

containing trigonometric functions
Let’s consider the integrals of kind:

j sin mx - cos nxdx j COS MX - COS NxdXx

jsin mX - Sin nxdx

These products of trigonometric functions are transformed in sums by
formulas:

sina-cosﬂ:%(sin(a+ﬁ)+5i”(“_ﬂ))
Cosa-cos,B:%(cos(a+ﬂ)+C03(a—ﬂ))
Sina-sin,B=%(COS(0!—,3)_COS(O‘+IB))



Example. Find the integral: jSiI‘I 5X cos 2xdx

Solution. Let’'s use the formula
sina -cos B :%(sin(a+ﬂ)+sin(a—ﬂ))

We have

| sin5x cos 2xdx = j%(sin 7x+sin3x)dx =

:ljsin7xdx+ljsin3xdx:1 _C0S /X +
2 2 2 /

1( COS 3xj COS7X COS3X
— +C=- —

_I__
2 3 14 0

+C.



The integral of kind I R (sm X, COS X) dx , Where
R(SINX,COSX) is arational function of SiNX and COS X
IS reduced to a rational function using the general trigonometric

substitution  1Q g =1 (—7Z <X< 7[)

then

X X
| 97 o 1_t92§ 1-t°
SIN X = < > COS X = ” >
1+t92 1+t 1+t92 1+t
X
tg 5 =1 X _ arctgt X = 2arctgt
2
We have dx = 2

1+t2



We have

jR(sinx,cosx)dx:jR(

2t  1-t% ) 2tdt
1+t 1+t% )1+t2

Example. Find the integral:

f dx
3+5sInX+3¢c0os X

Solution. Let’s use the substitution

X X
A — = arctgt
tg ; t > g
X = 2arctgt dx =2 at

1+t2



Then

j dx :j 2 | dt _
3+5sin X +3¢0s X 2t .1—t2 1+1°
1+t° 1+t°
2(1+t2) dt
- 3(1+t2)+5-2t+3(1—t2) 1+t2

j 2dt j 2dt =I dt _
3+3t? +10t + 3—3t? 10t +6 5t +3

:—In\5t+3\+C:—In +C.
5 5

X
5tg —+ 3
g2




Let’s consider other three cases this integral j R (sin X, COS x) dx

We have the substitutions:

ay t=sinx i R(sinx,—cosx)=—R(sinx,cos X
p) t=cosx ,if R(—sInx,cosx)=—R(sinXx,cos X
c) t=tgx ,if R(—sinx,—cosx)=R(sinx,cosx

a) if we have | R (sin x)cos xdx
then the substitution SIN X =1 reduces to the integral j R (t) dt
b) if we have [ R(cos x)sin xdx

then the substitution COS X =1 reduces to the integral j R (t) dt



Integration of irrational functions

m r

Integrals of the form: J‘R )(,xﬁ,_,,,xS dx

where R is a ratlonal functlon of its arguments are calculated by the

substitution — t (k Is a common denominator of the fractions
m I
F 1T g) allowing to get rid of irrationality

X-I-\/i-l—\/_
o)

Example. Find the integral: J‘



Example. Find the integral:

j-X+\/7+\/—
o)

Solution. Let’s find the common denominator of fractions

211
36 3
it's 6, then the substitutionis X =t° and  dX = 6t°dt
We have
X+ 3x2 +9/x P+t +t .
| X = | —7——-6t°dt =
(1+[) t (1+t )
t(t>+t° +1)t
=6 ( )¢ olt—6jt UL
t% +1

t6(1+t2)



Let’s consider integrals of the form:

a) [R [x,\/a2 —X* | dx

\
)
\
)

b R [x,\/a2 + X% |dx,

C)jR(x,\/xz—az)dx.

Such integrals are found by the substitution:
a) X=asInt or x=acost

by X=atgt or X=actgt

a a
or X=——-

C) X = -
cost Sint




