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Lecture plan

1. Direct integration

2. Integration by substitution (change of variable)

3. Integration by parts

4. Application of the substitution method to
calculate indefinite integral of rational functions
with quadratic trinomial



1. Direct integration
The function          is called the antiderivative of 

the function            if the derivative of  is

the function           , i.e.  

 xF

 xf  xF

 xf

   xfxF 

The set of all antiderivatives of the function

is called the indefinite integral and designated by the symbol:
  CxF   xf

    CxFdxxf 
where is a constant.C

The symbols and are the symbols of an integration. dx

The symbol is an integration by the variable .dx x

The integration is the finding of the function with the help of

its derivative .
 xF

 xf



The basic properties of an indefinite integral:

1)

i.e. the indefinite integral of         multiplied by                is

multiplied by the indefinite integral of

   dxxfkdxxfk  

k

k

 xf

 xf

2)         dxxgdxxfdxxgxf  

the indefinite integral of the sum (or difference) of two functions is 

the sum (or difference) of two indefinite integrals of functions 

3)     CbkxF
k

dxbkxf 
1

is a linear functionbkx 



The basic properties of an indefinite integral:

4)

i.e. a derivative of an indefinite integral equals an
integrand.

5)    dxxfdxxfd 

i.e. a differential of an indefinite integral equals an
integrand expression.

    xfdxxf 






The table of basic indefinite integrals
1

, 1
1

n
n x

x dx C n
n



   


   Cxdx

dx
ln x C.

x
   Cdx0

x
x a

a dx C
ln a

   0, 1a a 
x x

e dx e C. 

sin xdx cos x C.   cos xdx sin x C. 

tgxdx ln cos x C.   ctgxdx ln sin x C. 



The table of basic indefinite integrals

2

dx
ctg x C.

sin x
  

2

dx
tg x C.

cos x
 

2
1

dx
arctg x C.

x
 


 2 2

1dx x
arctg C

a aa x
 




 0a 

2
1

dx
arcsin x C.

x

 


 2 2

dx x
arcsin C.

aa x

 




 0a 



The table of basic indefinite integrals

2 2

1

2

dx x a
ln C

a x ax a


 


  0a 

2

2

dx
ln x x a C

x a

   


  0a 

C
x

tg
x

dx


2
ln

sin
C

x
tg

x

dx











42
ln

cos





Example 1. Find integrals:

СexxСe
xx xx 


 


23

133

4

7

3

2

132

7

3
2

integralstabularapply
2

7
2

2

7
2 32

3

2 
















 

 dxexxdxe
x

x xx

 
  Cxctg

x



 35

5

1
propertyrd3theapply

35sin

1
2

Сx
x

dx



 95ln

9

1

95

Сedxe xx  


3434

4

1



TASKS

Find:


 249 x

dx


 49 2x

dx

   dxx
6

53

  dxx 32



TASKS

Find:

   dxx
6

53



TASKS

Find:

   dxx
6

53

    CbkxF
k

dxbkxf 
1



TASKS

Find:

   dxx
6

53     CbkxF
k

dxbkxf 
1

3k

 
   

C
x

C
x

dxx 






21

53

7

53

3

1
53

77
6



TASKS

Find:

  dxx 32



TASKS

Find:

  dxx 32     CbkxF
k

dxbkxf 
1

2k

 
 




  C
x

dxxdxx
23

32

2

1
3232

23
21



TASKS

Find:

  dxx 32 2k

 
 




  C
x

dxxdxx
23

32

2

1
3232

23
21

   
C

x
C

x








3

32

3

32
323



TASKS

Find:


 49 2x

dx



TASKS

Find: 2 2

1dx x
arctg C

a aa x
 




C
x

arctga
x

dx

x

dx








22

1
2

24 222


 42x

dx



TASKS

2 2

1dx x
arctg C

a aa x
 




C
x

arctga
x

dx

x

dx








22

1
2

24 222

    CbkxF
k

dxbkxf 
1

 

C
x

arctg

C
x

arctg
k

a

x

dx

x

dx















2

3

6

1

2

3

2

1

3

1

3

2

3249 222



TASKS

Find: 
 249 x

dx

 

C
x

k

a

x

dx

x

dx















3

2
arcsin

2

1

2

3

2349 222

2 2

dx x
arcsin C.

aa x

 






TASKS

Find: 
94 2x

dx

 

C
x

x
C

x

x

k

a

x

dx

x

dx


























32

32
ln

12

1

32

32
ln

32

1

2

1

2

3

3294 222



2. Integration by substitution 

(change of variable)
This method is one of the main methods to calculate indefinite 

integrals. If the integrand has the function                     and 

the derivative               , i.e.

  xgf
 xg 

    dxxgxgf 

then this integral is transformed to the integral  

by the substitution                      . This method reduces such 

integrals to the tabular ones. 

 dttf

 xgt 



Please, define the substitution

Task 1

2


xxe dx



Please, define the substitution

Task 1

Substitution

2


xxe dx  2

 f x xdx

2 x t



Please, define the substitution

Task 2

2

69


x dx

x



Please, define the substitution

Task 2

Substitution

2

69


x dx

x
 3 2

 f x x dx

3 x t



Please, define the substitution

Task 3

3ln x
dx

x




Please, define the substitution

Task 3

Substitution

3ln x
dx

x
  

dx
f ln x

x

ln x t



Please, define the substitution

Task 4

Substitution

2 9


x

x

e dx

e



Please, define the substitution

Task 4

Substitution

2 9


x

x

e dx

e
 

x xf e e dx

xe t



Example 2. Calculate the following integral: 
 2516 x

xdx

Solution. The given integral is not the tabular integral, because

the numerator has the expression x
Let’s consider the derivative of the denominator:

  xx 10516 2 




Thus, the numerator is the derivative of the denominator.

Let’s apply the method of integration by substitution and make 

the substitution of the variable:

2516 xt 



then the derivative of       is t

  xdxdxxdt 10516 2 




The numerator of the integrand does not contain the factor 10, 

therefore let’s divide both parts of the derivative                           by 10 xdxdt 10

xdx
dt


10

Let’s get back to the initial integral. Its numerator is

the denominator is .
10

dt

t

 
t

dt

10



Let’s apply one of the basic properties of indefinite integral to

the given integral, i.e. the factor can be taken out of the sign

of the integral:

10

1

 
t

dt

10

1

This integral is the tabular integral, and it equals

 Ctln
10

1

Let’s get back to the previous variable and obtain:

Cx  2516ln
10

1



Example 3. Calculate following integrals:

   











 22 4

1
ln

ln

ln4 t

dt

dx
x

dxxdt

xt

xx

dx

С
x

С
t


2

ln
arcsin

2
arcsin



  











555

sin

sin

cos

cos

sin

t

dt

t

dt

xdxdt

xdxdt

xt

x

xdx

С
x

С
t

C
t

dtt 


 




44

15
5

cos4

1

4

1

15



TASKS

Find:

 xdxe x cossin


 449 x

xdx


 2x

x

e

dxe


 dxxe x25



3. Integration by parts
This method is based on the famous formula of the derivative of 

the product of two functions:

  uvvuvu 




where                          and                           are some functions of х xuu   xvv 

In the differential form we have:

  duvdvuvud 

We integrate this formula and obtain

   vduudvuvd )(

then we apply the property

  CxFxdF )()(



and find:

Let the functions and have

continuous derivatives, the following formula of integration by parts

is valid:

  vduudvuv

 xuu   xvv 

  duvvudvu

This method transforms the given integral to calculation of

the integral . The last one may be reduced to

the tabular integrals or the similar ones.

 dvu

 duv

  duvvudvu



Remark. The name “integration by parts” can be explained as follows:

the formula does not produce a final result, but only transforms

the problem from calculation of the integral to calculation

of the integral , which is simpler at the successful choice of

and .

 dvu

 duv

 xuu   xvv 

This method is applied to two types of integrals.



The first type

Kind of integral             The factor The factor

  x
nP x a dx  nP x

 nP x

 nP x

 nP x

xa dx

u dv

dxex

xdxsin

xdxcos   xdxxPn cos

   xdxxPn sin

   dxexP x
n



The second type

Kind of integral             The factor The factoru dv

 nP x dx

 nP x dx

 nP x dx

 nP x dx

xarccos

   xdxxPn arcsin xarcsin

   xdxxPn arccos

   xdxxPn arctg

   xdxxPn ln xln

xarctg



Example 4. Find the integral: 

Solution. It is the integral of the first type: 

u x 3dv cos xdx
Let’s find

du dx
1

3 3
3

v cos xdx sin x 

(suppose that                ). 0C 
Let’s substitute into the formula   duvvudvu

1 1
3 3 3

3 3
xcos xdx x sin x sin xdx   

Let’s apply the table of the basic integrals:

  xdxх 3cos



1 1
3 3 3

3 3 3

1
3 3

3 9

x
xcos xdx sin x cos x C

x
sin x cos x C.

 
     

 

  



1 1
3 3 3

3 3
xcos xdx x sin x sin xdx   

Let’s apply the table of the basic integrals:



Solution. It is the integral of the second type:

Then

Example 5. Find the integral:  dx
x

x
3

ln

    dvuxdxxPn ln

u ln x
3

dx
dv

x


  dx
x

dxxdu
1

ln 




3

2
3

2
1

3

1

3

1

3 2

3

3

2
1

3

1
x

xx
dxx

x

dx
dvv 



  






Let's substitute into the formula

  duvvudvu

2 2 2 1

3 3 3 3

3

2 2 2 2

3 3 3 3

3 3 3 3

2 2 2 2

3 3 3 3 9

2 2 2 2 4

ln x dx
dx x ln x x x ln x x dx

xx

x ln x x C x ln x x C.



    

      

  



PLEASE, DEFINE TYPES

Find:

  xdxx cos)2(

 dxxarcsin

   dxx 1ln


 dxxe x5



PLEASE, DEFINE TYPES

Find:

  xdxx cos)2(

 dxxarcsin

   dxx 1ln


 dxxe x5



THE 1st TYPE

Find:

  xdxx cos)2(

 dxxarcsin

   dxx 1ln


 dxxe x5



THE 2nd TYPE

Find:

  xdxx cos)2(

 dxxarcsin

   dxx 1ln


 dxxe x5



4. Application of 

the substitution method 

to calculate indefinite integral of 

rational functions 

with quadratic trinomial



A perfect square of a quadratic trinomial is

where is the quadratic trinomial.cbxax 2

a

acb

a

b
xacbxax

4

4

2

22
2 













Rational functions with quadratic trinomial are functions of 

kinds:




dx
cbxax

A
2 




dx

cbxax

BAx
2




dx
cbxax

A

2 



dx

cbxax

BAx

2

where is the quadratic trinomial.cbxax 2



Let’s consider the first and third kinds:




dx
cbxax

A
2 


dx

cbxax

A

2

They are reduced to tabular integrals if you allocate the perfect 

square in the denominator with the help of formulas:

  222
2 zyzyzy 

(the square of the sum or the square of the difference). 



Let’s find this integral:


 1022 xx

dx

TASK



TASK


 245 xx

dx

Let’s find this integral:



Example 6. Find 


dx
xx 258

2

2

Solution. Let’s allocate the perfect square in the denominator with

the help of the formula:

  222
2 bababa 

  94944291642258
22222  хxxxxxx   

Let’s substitute

   








 94
2

94

2

258

2

222
x

dx
dx

x
dx

xx



Let’s substitute

   








 94
2

94

2

258

2

222
x

dx
dx

x
dx

xx

Let’s use the tabular integral: 

2

2

dx
ln x x a C

x a

   




We have

 
  





 


  Cxx

x

dx
944ln2

94
2

2

2

    CxxxCxx 




  2584ln2944ln2 22



Let’s consider the second and fourth kinds: 





dx

cbxax

BAx
2 




dx

cbxax

BAx

2

To integrate these functions we should use the following rules:

1) to allocate the perfect square in the trinomial with the help of

formulas  (the square of the sum or 

the square of the difference) and obtain a new denominator

  222
2 zyzyzy 

  qpx 
2

2) to apply the substitution: 

pxt 

dxdt dxdt 

pxt 

ptx  ptx 



3) to present the initial integral as a sum of two integrals, the first one

is the tabular integral and the second one may be integrated by

substitution.

Let’s consider four kinds of such integrals (see the table of basic

integrals, 23-26):

Cax
ax

xdx





2

2
ln

2

1

Cax
xa

xdx





2

2
ln

2

1

Cxa
xa

xdx





2

2

Cax
ax

xdx





2

2

4) to get back to the previous variable by substitution:

pxt  pxt 



Example 7. Let’s find this integral

   

 

  






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
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
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

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 

 






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








 

7
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7
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7
8

7
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7

810
222222 t

tdt

t

dt

t

tdt

t
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t
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



 Сt

t

t
7ln

2

8

7

7
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72

10 2

Сxx
x

x





 26ln

2

8

73

73
ln

7
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TASKS

Find:

 






76

25
2 xx

dxx

dx
xx

x






245

16



5. Integration of rational fractions
The rational fraction is called the following relation of 

the polynomials:

 
 

mm
mm

nn
nn

m

n

bxbxbxb

axaxaxa

xQ

xP












1
1

10

1
1

10

...

...

where   are polynomials   xQxP mn ,
The rational fraction is called a improper fraction, if 

i.e. if the degree of the numerator is greater than or equal to 

the degree of the denominator.

The rational fraction is called a proper fraction, if 

i.e. if the degree of the numerator is less than the degree of 

the denominator.

mn 

mn 

23

3 1

xx

x




24

2

5

2

xx

хx







Proper fractions



Improper fractions



Improper fractions



Improper fractions



Improper fractions



Any rational fraction can be presented as a sum of a polynomial and

partial fractions. The partial fractions are fractions of three following

types:

ax

A

  kax

A

 



dx

qpxx

BAx
2

042  qpD

Finding integrals of rational fractions should be carried out 

according to the following scheme:

1) If (an improper fraction), we should secure (выделять) 

an integer part, representing the integrand as a sum of an integer 

part (a polynomial) and a proper rational fraction.

2) Decompose the denominator of the proper rational fraction into

factors like                   and                             , where

3) Decompose the proper rational fraction into partial ones 

according to the following theorem: 

mn 

 kax   qpxx 2
042  qpD



Theorem. If 

then the proper irreducible (несократимая) rational fraction 

represented by the following way: 

       
qpxxbxaxbxQm  2

0 ...

 
             

























 bx

B

bx

B

bx

B

ax

A

ax

A

ax

A

xQ

xP

m

n 1

1
101

1
10 ......








     qpxx

NxM

qpxx

NxM

qpxx

NxM


















 2

11

12

11

2

00 ...




The coefficients can be defined according

to the following. The obtained equation is an identity, therefore,

reducing the fractions to a common denominator, we obtain

identical polynomials in the numerators on the right and the left.

Equating the coefficients of the same power of x, we obtain a

system of equations for defining undetermined coefficients

,...,,...,, 1010 BBAA

,...,,...,, 1010 BBAA



Integrals of partial rational fractions are calculated according to 

the following formulas:

CaxAdx
ax

A



 ln

 
 

 
C

k

ax
AdxaxAdx

ax

A
k

k

k













1

1

In this case                                     we apply the rule of integration of

a quadrate trinomial.





dx

qpxx

BAx
2
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EXAMPLES
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Example 8. Let’s find 



dx

xx

x
23

3 1

This fraction                        is improper, because the degree of 

the numerator is equal to the degree of the denominator. Let us 

separate the integer part by the division of the polynomials:

23

3 1

xx

x





1
1

1 23

2

23

3

xx

x

xx

x










and obtain

23

2

23

3 1
1

1

xx

x

xx

x












Then the initial integral will be transformed to the 

following two integrals:

 



























dx

xx

x
dxdx

xx

x
dx

xx

x
23

2

23

2

23

3 11
1

1

2) The denominator of the second integral has real

multiple roots and can be represented as the product

 12 xx



Let us decompose the integrand into partial fractions:

  11

1
22

2








x

C

x

B

x

A

xx

x

where  are undetermined coefficients.CBA ,,



Let us reduce partial fractions to the common denominator:

 

   

 1

11

1

1
2

2

2

2










xx

СxxBхxA

xx

x

Since the denominators on the left and right are equal and

the fractions are identically equal, then the numerators are

equal too.

    22 111 CxxBxxAx 



Let us collect (приводить подобные):

)()()(1 22 ABAxCBxx 

Consider the first method of finding of undetermined 

coefficients.

То find the coefficients, we equate the coefficients at 

the equal powers of x on the left and on the right: 

2xat       :

at       :

at       :       

1x

0xCB 1

BA0

A1



We find the undetermined coefficients:

from the 3-rd equation: 

from the 2-nd equation: 

from the 1-st equation: 

1A

1 BA

  2111  BC



So, 





















   dx

x

C

x

B

x

A
dxdx

xx

x
dxdx

xx

x

1
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223

2
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3

     


















 dx

x
dx

x
dx

x
dxdx

xxx
dx

1

1
2

11

1

211
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Cxx
x

x  1ln2ln
1



Example. Find the indefinite integral:

The integrand is a proper fraction, let us decompose it 

into partial fractions:

   
dx

xxx

xx






143

81415 2

    143143

81415 2














x

C

x

B

x

A

xxx

xx



Since the denominators on the left and right are equal
and the fractions are identically equal, then the numerators
are equal too.

Let us reduce to the common denominator and equate
the numerators:

        43131481415 2  xxCxxBxxAxx



Consider the second method of finding of 

undetermined coefficients.

Let us substitute the first root              of the denominator  

into this expression:
3x

   0013438134915  CBA

A1442

3A

        43131481415 2  xxCxxBxxAxx



Consider the second method of finding of 

undetermined coefficients.

Let us substitute the second root                   of the deno-

minator  into this expression:
4x

   01434081441615  CBA

B35175

5B

        43131481415 2  xxCxxBxxAxx



Consider the second method of finding of 

undetermined coefficients.

Let us substitute the third root             of the denominator  

into this expression:
1x

  4131008114115  CBA

B1070 

7B

        43131481415 2  xxCxxBxxAxx



So, 
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Example. Find the indefinite integral:

Let us decompose the fraction into partial fractions:


13x

dx

    1111
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1

1
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Integration of expressions 

containing trigonometric functions
Let’s consider the integrals of kind: 

These products of trigonometric functions are transformed in sums by

formulas:

sinmx cos nxdx cos mx cos nxdx

sin mx sin nxdx

    
1

2
sin cos sin sin         

  1

2
cos cos cos cos         

  1

2
sin sin cos cos         



Example. Find the integral: 

Solution. Let’s use the formula

We have

 xdxx 2cos5sin

    
1

2
sin cos sin sin         

 
1

5 2 7 3
2

1 1 1 7
7 3

2 2 2 7

1 3 7 3

2 3 14 6

sin x cos xdx sin x sin x dx

cos x
sin xdx sin xdx

cos x cos x cos x
C C.

  

 
     

 

 
       

 

 

 



The integral of kind                                        , where  

is a rational function of               and 

is reduced to a rational function using the general trigonometric

substitution

 ,R sin x cos x dx
 ,R sin x cos x sin x cos x

 
2

x
tg t x    

then

2
2

2
22

11
2

x
tg

t
sin x

x ttg

 


2
2

2
2

1
12

11
2

x
tg

t
cos x

x ttg




 


2

x
tg t

2

x
arctgt 2x arctgt

We have
2

2

1
dx dt

t






We have

 
2

2 2 2

2 1 2
, ,

1 1 1

t t tdt
R sin x cos x dx R

t t t

 
  

   
 

Example. Find the integral: 
3 5 3

dx

sin x cos x 


Solution. Let’s use the substitution

2

x
tg t

2

x
arctgt

2
2

1

dt
dx

t



2x arctgt



Then 

 
   

2 2

2 2

2

22 2

2 2

2

3 5 3 2 1 1
3 5 3

1 1

2 1

13 1 5 2 3 1

2 2

10 6 5 33 3 10 3 3

1 1
5 3 5 3

5 5 2

dx dt

sin x cos x t t t

t t

t dt

tt t t

dt dt dt

t tt t t

x
ln t C ln tg C.

  
   

   
 


  

    

   
    

     

 



  



Let’s consider other three cases this integral

We have the substitutions:

 ,R sin x cos x dx

а)                         , if 

b)                         , if 

с)                         , if 

t sin x
t cos x
t tgx

   , ,R sin x cos x R sin x cos x  
   , ,R sin x cos x R sin x cos x  
   , ,R sin x cos x R sin x cos x  

a) if we have 

then the substitution                    reduces to the integral 

b) if we have 

then the substitution                    reduces to the integral

 R sin x cos xdx

sin x t  R t dt

 R t dt

 R cos x sin xdx

cos x t



Integration of irrational functions

Integrals of the form: 

where R is a rational function of its arguments are calculated by the 

substitution                  (k is a common denominator of the fractions 

) allowing to get rid of irrationality

Example. Find the integral:

, ,...,

m r

n sR x x x dx
 
 
 
 



kx t

,...,
m r

n s

 

3 2 6

3
.

1

x x x
dx

x x

 






Example. Find the integral:

 

3 2 6

3
.

1

x x x
dx

x x

 




Solution. Let’s find the common denominator of fractions

2 1 1
, ,

3 6 3

It’s 6, then the substitution is and
6x t 56dx t dt

We have

   

 
 

3 2 6 46
5

6 23

5 3 5 5 3

26 2

6
11

1 1
6 6 .

11

x x x t t t
dx t dt

t tx x

t t t t t t
dt dt

tt t

   
  



   
 



 

 



Let’s consider integrals of the form:

а)      

b)        

c) 

 2 2,R x a x dx

 2 2, ,R x a x dx

 2 2, .R x x a dx
Such integrals are found by the substitution:

а)                           or    

b)                           or     

c)                           or

x a sint x acos t

x atgt x actgt

a
x

cos t


a
x

sin t



