
Theme: Differential calculus of 

functions of many variables. 

Application of the gradient vector 

in the linear model of international 

trade. Integral calculus of 

functions of one variable

Part 1. Analysis of the function of 

several variables
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Lecture plan

1. Function Definition Domain. 

2. Partial Derivatives of Functions of Several 

Independent Variables

3. Gradient of the function

4. Extremum of Function of two independent 

variables
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1. Function Definition Domain
The variable is called a function of independent variables

if for each set of values  of these variables from the given 

domain of their variations one or more values of  are established 

according to some rule or law. The notation: 

The domain of the definition of a function can be represented 

as the whole plane domain XOY or as its part including the boundary 

or not.

The domain of the definition of a function is defined according to 

the general mathematic requirements: the expression under the root in 

an even degree must be not negative, under the sign of logarithm it must be

positive, the denominator of the fraction is not equal to zero etc.

z yx,
 yx,

 yxfz ,
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Example 1. Find the domain of the definition of the function

Solution. The logarithm is defined for positive values of its argument 

only and, therefore,

There are no other restrictions on the arguments x and y.

In order to show the domain D geometrically, let us, at first, 
find its boundary

 244ln yxz 

044 2  yx

244 yx 

244 yx 

)1(42 xy 
PhD Misiura Ie.Iu. 12



The obtained equation defines a parabola. The parabola divides 

the whole plane into two parts, namely internal and external parts 

relatively to the parabola. For points belonging to one of its parts 

the inequality 

is valid, for the other part

)1(42 xy 

xy 442 

xy 442 

on the parabola

xy 442 
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In order to understand which of these two parts is the domain of 

the given function, i.e. satisfies the condition

xy 442 

we should check this condition for any

point not lying on the parabola. For 

example, the point of origin     

lies inside the parabola and satisfies 

the necessary condition

 0,0O

04402 

Therefore, the domain D consists of the points inside the parabola.

As the parabola does not belong to the domain D we mark

the boundary of the domain on the figure (the parabola) with

a dotted line.
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2. Partial Derivatives of Functions of Several 

Independent Variables
A partial derivative of the function with respect to

the variable x is defined corresponding to the formula

 yxfz ,

   
x

yxfyxxf
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00

calculated at the constant y.
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A partial derivative of the function                            with respect to 

the variable y calculated by the formula

 yxfz ,

   
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calculated at the constant x.
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ECONOMIC PROBLEM
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TASK. Find the partial derivatives of the function

2 23z x y x y   
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TASK. Find the partial derivatives of the function

2 2 4 8z x xy x y   
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Example 2. Find the partial derivatives of the function

Solution. Let’s find the partial derivatives:

 y const

     






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






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22

2
02
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 yxz  2ln
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     















yyy yx
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z
z 2

2

2 1
ln

 
yxyx 





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1
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1

 x const
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Partial derivatives of the second order are partial derivatives 

obtained from the derivatives of the first order.

2

2 xx

x

z z z
z

x x x x

      
     

      

2

2 yy

y

z z z
z

y y y y

      
     

      
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z z z
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      
     

       
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z z z
z
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      
     

       PhD Misiura Ie.Iu. 27



If mixed partial derivatives are and continuous

then they are equal.

2z

x y



 

2z

y x



 

yxxy zz 
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TASK. Find the partial derivatives of the function

2 2 4 8z x xy x y   
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If mixed partial variables are and continuous

then they are equal.

2z

x y



 

2z

y x



 

Example 3. Find the partial derivatives of the second order of

the function

 yxz  2ln

Solution. Let’s the second order partial derivatives:

 

   

22 2

2 2 2
2 2

2 2 2 2 2

x

x y x xz z y x

xx x y x y

      
   

    

 y const
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 
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2 2
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z z

yy x y

  
   

   

 x const

   
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                  
 

 x const
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 

2

2
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y x y x y

  
    

    

 y const
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3. Extremum of Function of 

two independent variables
The necessary condition in investigation of an extremum of 

the function at the point                                    is an equality to zero of 

the first partial derivatives

 000 , yxM

Such points are called stationary. Not any stationary point is

a point of extremum, thus let's formulate sufficient conditions.

  0
00 ;


yххz  
0

00 ;


yхyz
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4. Extremum of Function of 

two independent variables
The necessary condition in investigation of an extremum of 

the function at the point                                    is an equality to zero of 

the first partial derivatives

 000 , yxM

 0 0;
0

f x y

x






 0 0;
0

f x y

y






Such points are called stationary. Not any stationary point is

a point of extremum, thus let's formulate sufficient conditions.
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Let be the stationary point. Let’s compose

where

 000 , yxM

2AC B  

 2
0 0

2

;f x y
A

x






 2
0 0;f x y

B
x y




 

 2
0 0

2

;f x y
C

y





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Let be the stationary point. Let’s compose

where

 000 , yxM

2AC B  

 00 ; yхxxzA   00 ; yхxyzB 

 00 ; yхyyzС 
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Then if 












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
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requiredisioninvestigatfunctionfutherto
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CA
extremumisthere
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0,0min,

0,0max,
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Example. Investigate the extremum of the function

2 2 3 6z x xy y x y.    
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Task. Investigate the extremum of the function

2 2 3 6z x xy y x y.    

 0;3 9minz z  
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Task. Investigate the extremum of the function

3 2 27 9 3 12z x x xy y x y      

 1;2 19.maxz z 
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Example. Investigate the extremum of the function

Let’s define the coordinates of stationary points from the necessary

condition:

Solution. Let’s the first order partial derivatives:

3 3 6z x y xy  

23 6
z

x y
x


 



23 6
z

y x.
y


 



0,

0;

z

x

z

y







 


2

2

3 6 0,

3 6 0

x y

y x

  


 

2

2

2 0,

2 0.

x y

x y

  


 
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From the first equation                            we find  and substitute it into 

the second one: 

2

2

x
y 

2
2

2 0
2

x
x

 
  
 

Then 

48 0x x   38 0x x . 

The equation solution is: 

1 0x  3
2 8 2x  
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Then              ,              . We have two critical points                     ,

. Let’s find the second order partial derivatives:

1 0y  2 2y   1 0;0M

 2 2;2M

2

2
6

z
x

x






2

6
z

x y


 

 

2

2
6

z
y.

y






For the point  1 0;0M

6 0 0    6   6 0 0C .  

We calculate
2AC B  

 
2

0 0 6 36 0.       

Thus there is not extremum at the point 1M
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For the point 

We calculate

 2 2;2M

6 2 12    6   6 2 12C   
2AC B  

 
2

12 12 6 108 0      

We have                and                 , the function has the minimum 

at the point

0  0A 

2M

  3 32;2 2 2 6 2 2 8minz z       
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Economic problem 1
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Economic problem 1
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Economic problem 1
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Economic problem 1
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Economic problem 1
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Economic problem 1
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Economic problem 1
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Economic problem 1
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Economic problem 1
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Economic problem 2
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Economic problem 2
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Economic problem 2
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Economic problem 2
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Economic problem 2
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Economic problem 2
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Economic problem 2
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Economic tasks 3 and 4

(pages 8 – 11) 
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Gradient of the function
The gradient of the function                            at the point

is called vector from the point :

 ,z f x y  ,M x y
 ,M x y

j
y

z
i

x

z
zgrad











The gradient shows the direction of the fastest function increasing

at the point

Example 3. Find the gradient of the function

at the point

 ,M x y
22 yxz 

 5;3M
Solution. We find the values of the partial derivatives at

the point  5;3M

    















xxx yх
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x

z
z 22
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2

1
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    

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
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1
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222222 2

2
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2

1

yх

x
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x
x

yх 








5 5

425 9M

z

x

 
  

  
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    







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



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yyy yх
yх

yх
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2

1
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222222 2

2
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1
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y
y

yх 










3 3

425 9

z

y

  
   

  
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Let’s substitute these values into the equation

and obtain:

j
y

z
i

x

z
zgrad











5 3

4 4
gradz i j 
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