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Notions of a regression and a correlation are

related. A correlation analysis estimates a

strength of a stochastic correlation (зв’язки), a

regression analysis investigates its form. Both

types of analysis are used for explanations of

cause-and-effect relations between phenomenons

and for defining a presence or an absence of a

correlation.
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Regression analysis is a statistical tool for the
investigation of relationships between variables.
Usually, the investigator seeks to ascertain the
causal effect of one variable upon another—the
effect of a price increase upon demand, for
example, or the effect of changes in the money
supply upon the inflation rate. To explore such
issues, the investigator assembles data on the
underlying variables of interest and employs
regression to estimate the quantitative effect of the
causal variables upon the variable that they
influence. The investigator also typically assesses
the “statistical significance” of the estimated
relationships, that is, the degree of confidence that
the true relationship is close to the estimated
relationship.
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Let Y denote the “dependent” variable

whose values you wish to predict.
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let X denote the “independent” variable from

which you wish to predict it
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There are such types a correlation and a

regression:

1)relative to a character of a correlation and

regression we have a positive or negative

correlation and regression. A positive value means

that an increase (decrease) of an argument x is

related to an increase (decrease) of a functional

factor y. A positive value means that an increase

(decrease) of an argument x is related to a

decrease (increase) of a functional factor y.
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Example
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Example
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Example

PhD Misiura Ie.Iu. (доцент 

Місюра Є.Ю.)

9



There are such types a correlation and a

regression:

2) relative to a number of variables: a pair or

multiple correlation and regression.
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Example

A pair regression is  xfy 
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Example

A pair regression is

A multiple regression is

 xfy 

 4321 ,,, xxxxfy 
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There are such types a correlation and a 

regression:

3) relative to a correlation form: a linear or 

nonlinear correlation and regression.
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BASIC TYPES OF EQUATIONS
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Linear equation:

xbby x 10
~ 
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Power function:

1
0

~ b
x хby 
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Exponential function:

x
x bby 10

~ 
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Hyperbolic function:

хbb
y x




10

1~
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Linear regression analysis is the most

widely used of all statistical techniques: it is

the study of linear, additive relationships

between variables.
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A pair regression is an equation of

two variables Y and X.
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The equation of a linear regression

where b0 and b1 are parameters of the

equation.

xbby x 10
~ 
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The equation is called the regression

equation of Y upon X, and the function

the regression of Y upon X, and its graph is the

regression line of Y upon X.

We can use the other equation: . It is

the regression equation of X upon Y.

 xfy x 

 xf

 yx y 
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LEAST    SQUARES    METHOD

The condition of a minimization of the

given function is reduced to a solving a

system of equations. Results of this

system are

2221
xx

yxxy
b

x

xy









xbyb  10
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The equation of a linear regression

Results of this system are

where

is called the coefficient of the covariation.

1

1 n

xy i ixy xy x y xy
n

    

2221
xx

yxxy
b

x

xy









xbyb  10
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The equation of a linear regression

Results of this system are

where

is called the variance of x

2 22 2 2

1

1 n

x ix x x x
n

    

xbyb  102221
xx

yxxy
b

x

xy









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The equation of a linear regression

Results of this system are

where

is called the mean value of x

1

1 n

iх x
n

 

xbyb  102221
xx

yxxy
b

x

xy









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The equation of a linear regression

Results of this system are

where

is called the mean value of y

1

1 n

iy y
n

 

xbyb  102221
xx

yxxy
b

x

xy









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Example
The dependence between variables X and Y is

obtained on the base of the experiment and it is

given as the following table:

Supposing the linear dependence

between X and Y

.

.

xbbyx 10ˆ 

PhD Misiura Ie.Iu. (доцент 

Місюра Є.Ю.)

29



Example 
Let’s fill in this table:

.

.

PhD Misiura Ie.Iu. (доцент 

Місюра Є.Ю.)

30



Example 
Let’s calculate:

.

.

2
5

10
x 47,2

5

35,12
y

5,4
5

5,222 x

06,5
5

3,25
xy

.

1525,6
5

7625,302 y
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Example 
Let’s calculate:

.

.

2
5

10
x 47,2

5

35,12
y

5,4
5

5,222 x

06,5
5

3,25
xy

.   5,025,4 2222  xxx
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5

7625,302 y
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Example 
Let’s calculate:

.

.

2
5

10
x 47,2

5

35,12
y

5,4
5

5,222 x

06,5
5

3,25
xy

.   5,025,4 2222  xxx

1525,6
5

7625,302 y
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Example 
Let’s calculate:

.

.

2
5

10
x 47,2

5

35,12
y

5,4
5

5,222 x

06,5
5

3,25
xy

.

71,05,02  xx 
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Example 
Let’s calculate:

.

.

2
5

10
x 47,2

5

35,12
y

5,4
5

5,222 x

06,5
5

3,25
xy

.

1525,6
5

7625,302 y
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Example 
Let’s calculate:

.

.

2
5

10
x 47,2

5

35,12
y

5,4
5

5,222 x

06,5
5

3,25
xy

.

1525,6
5

7625,302 y
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Example 
Let’s calculate:

.

.

2
5

10
x 47,2

5

35,12
y

5,4
5

5,222 x

06,5
5

3,25
xy

.

12,047,2206,5  yxxyxy
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Example 
Let’s calculate:

.

.

2
5

10
x 47,2

5

35,12
y

5,4
5

5,222 x

06,5
5

3,25
xy

.

24,0
5,0

12,0
21 

x

xy
b





1525,6
5

7625,302 y
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Example 
Let’s calculate:

.

.

2
5

10
x 47,2

5

35,12
y

5,4
5

5,222 x

06,5
5

3,25
xy

.

24,0
5,0

12,0
21 

x

xy
b





99,1224,047,210  xbyb

1525,6
5

7625,302 y
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Example 
Let’s calculate:

The sought equation has the form:

.

2
5

10
x 47,2

5

35,12
y 5,4

5

5,222 x

06,5
5

3,25
xy

.
xbby x 10

~  xy x 24,099,1~ 
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Example

Let’s mark the empirical points and plot the sought

theoretical regression line

.

.

.

xŷ

0

1

2

3

1 2 3 х 

х 

у 

у 
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Example 2

Let’s check this equation:

.

.

.

05,03,235,21 

01,06,259,22 

Deviations:

35,299,15,124,05,1 xy

59,299,15,224,05,2 xy
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Example 

The theoretical regression equation is

Explanation: the coefficient shows

the increasing X by 1 unit gives the

increasing Y by 0,24 units.

24,01 b

xy x 24,099,1~ 
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A sign of a regression coefficient and a sign

of a covariation coincide: the sign of b1 is

«+» then there is a positive regression, the

sign «–» means a negative regression.
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A correlation coefficient, its properties 

and explanation
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Since a correlation moment (a covariation)

is a dimensional characteristic, then one

introduces an additional nondimensional

characteristic (a correlation coefficient) as a

coefficient of a strength (тіснота) of a linear

correlation:

xy

yx

xy
xyr





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Properties of a correlation coefficient:

1) If random variable X and Y are linearly

independent, then (since ).

2) random variable X and Y are linearly

dependent, then .

3) ,

4) according to the definition

0xyr 0xy

1xyr

1xyr 11  r

yxxy rr 
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Example 
We get:

2
5

10
x 47,2

5

35,12
y 5,4

5

5,222 x

06,5
5

3,25
xy 1525,6

5

7625,302 y
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Example 4
We get

The correlation coefficient:

12,047,2206,5  yxxyxy

71,05,02  хх 

2272,00516,02  yy 

7471,0
2272,071,0

12,0








yx

xy
xyr




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Values of r
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Example 
The correlation coefficient:

Since this coefficient r is greater than 0.7, then this

linear correlation is strong (сильна кореляція).

7471,0
2272,071,0

12,0








yx

xy
xyr




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The mean error of the approximation

The limit of the mean error will be allowable

(допустима помилка) if it equals 8-10%.

%100
~1

1




 


n

i i

ii

y

yy

n
А
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EXAMPLE
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EXAMPLE

The mean error equals

It’s the allowable limit.

%36,5%1000536,0%1002679,0
5

1
А
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A determination coefficient
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The coefficient of determination, denoted

R² or r² and pronounced R squared, is a

number that indicates the proportion of the

variance in the dependent variable that is

predictable from the independent variable

PhD Misiura Ie.Iu. (доцент 

Місюра Є.Ю.)

57



PhD Misiura Ie.Iu. (доцент 

Місюра Є.Ю.)

58



EXAMPLE

Let’s continue to solve EXAMPLE 

It means that 55,82% of the total variation in y

can be explained by the linear relationship

between x and y (as described by the

regression equation). The other 44,18% of the

total variation in y remains unexplained.

7471,0xyr

5582,07471,0 222  xyrR
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A statistical method that explains how much

of the variability of a factor can be caused or

explained by its relationship to another factor.

Coefficient of determination is used in trend

analysis. It is computed as a value between 0 (0

percent) and 1 (100 percent). The higher the

value, the better the fit. Coefficient of

determination is symbolized by r² because it is

square of the coefficient of correlation symbolized

by r. The coefficient of determination is an

important tool in determining the degree of linear-

correlation of variables ('goodness of fit') in

regression analysis.
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F-test (Fisher test) for

verification of 

a statistical significance 

(статистична значущість)

and

a reliability (надійність)
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Let’s make the assumption

(hypothesis H0) about a statistical

nonsignificance (insignificance) of an

equation and an indicator of a

correlation strength (гіпотеза про

статистичну незначущість рівняння і

показника тісноти зв’язку).

PhD Misiura Ie.Iu. (доцент 

Місюра Є.Ю.)

63



We compare the tabular value

for the corresponding significance level

with the empirical value:

tablF

 2
1 2

2




 n
r

r
F

xy

xy
emp
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We compare the tabular value

for the corresponding significance level

with the empirical value:

 2
1 2

2




 n
r

r
F

xy

xy
emp

 21; kkFtabl
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We compare the tabular value

for the corresponding significance level

with the empirical value:

 2
1 2

2




 n
r

r
F

xy

xy
emp

 2;1 nFtabl
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If

then the hypothesis H0 is rejected, a

statistical significance and a reliability

of a regression equation is accepted.

emptabl FF 
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If

then the hypothesis H0 is accepted, a

statistical nonsignificance of an

equation is accepted.

emptabl FF 
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Example

Let’s calculate:

 2
1 2

2




 n
r

r
F

xy

xy
emp
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Example

Let’s calculate:

 2
1 2

2




 n
r

r
F

xy

xy
emp

  79,325
7471,01

7471,0

2

2




empF
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Example

Let’s calculate:

  79,325
7471,01

7471,0

2

2




empF
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Example

Let’s compare with the tabular value:

       3;125;12;1; 21 tabltabltabltabl FFnFkkF 

  79,325
7471,01

7471,0

2

2




empF
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Example

Let’s compare with the tabular value:

      1,103;12;1; 21  tabltabltabl FnFkkF

  79,325
7471,01

7471,0

2

2
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empF

PhD Misiura Ie.Iu. (доцент 

Місюра Є.Ю.)
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Example

Let’s compare with the tabular value:

We get:

    1,103;12;1  tablFkktablF

emptabl FF 

  79,325
7471,01

7471,0

2

2




empF

PhD Misiura Ie.Iu. (доцент 

Місюра Є.Ю.)
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Example

Let’s compare with the tabular value:

Conclusion:

emptabl FF 

79,31,10 

PhD Misiura Ie.Iu. (доцент 

Місюра Є.Ю.)
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Example

Let’s compare with the tabular value:

Conclusion: the hypothesis H0 is accepted,

i.e. the statistical nonsignificance of this

regression equation is accepted with 95 %.

emptabl FF 

79,31,10 

PhD Misiura Ie.Iu. (доцент 

Місюра Є.Ю.)
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t-test (Student test) for

verification of 

a significance of

a regression equation and

a correlation 

PhD Misiura Ie.Iu. (доцент 

Місюра Є.Ю.)
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Let’s make the assumption

(hypothesis H0) about a random

character of model parameters or

correlation coefficients.

PhD Misiura Ie.Iu. (доцент 

Місюра Є.Ю.)
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We compare the tabular value

for the corresponding significance level

with the empirical values:

where are mean errors of a linear

regression.
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We compare the tabular value

for the corresponding significance level

with the empirical values:
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We compare the tabular value

for the corresponding significance level

with the empirical values:

tablt
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We compare the tabular value

for the corresponding significance level

with the empirical values:

where is the mean error of a

correlation coefficient.
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We compare the tabular value

for the corresponding significance level

with the empirical values:
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If

then the hypothesis H0 is rejected, a

statistical significance of model

coefficients is accepted.

emptabl tt 



If

then the hypothesis H0 is accepted, a

statistical nonsignificance of model

coefficients and a randomness of their

forming are accepted.

emptabl tt 



Student’s distribution  



Student’s distribution  



EXAMPLE



EXAMPLE

The variance of residuals (залишкова

дисперсія):
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EXAMPLE

The variance of residuals (залишкова

дисперсія):
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EXAMPLE

The variance of residuals (залишкова

дисперсія):
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EXAMPLE

The mean errors of parameters of the linear

regression:
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EXAMPLE

The mean errors of parameters of the linear

regression:
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EXAMPLE

The mean errors of parameters of the linear

regression:

195,0038,02 
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EXAMPLE

The mean errors of parameters of the linear

regression:
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EXAMPLE

The mean errors of parameters of the linear

regression:

195,0038,02 
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EXAMPLE (conclusions)

t-test for b0

      18,33252 05,005,005,0  ttnt



EXAMPLE (conclusions)

t-test for b0

Hypothesis H0 is accepted, i.e. the statistical

nonsignificance of the coefficient b1 is

accepted with 95%.

      18,33252 05,005,005,0  ttnt

  95,118,33 105,0  btt



EXAMPLE

The mean errors of parameters of the linear

regression:
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EXAMPLE

The mean errors of parameters of the linear

regression:
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EXAMPLE

The mean errors of parameters of the linear

regression:
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EXAMPLE

The mean errors of parameters of the linear

regression:
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EXAMPLE

The mean errors of parameters of the linear

regression:

195,0038,02 
residualsresiduals 
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EXAMPLE (conclusions)

t-test for b1

      18,33252 05,005,005,0  ttnt



EXAMPLE (conclusions)

t-test for b1

Hypothesis H0 is rejected, i.e. the statistical

significance of the coefficient b0 is accepted

with 95%.

      18,33252 05,005,005,0  ttnt

  624,718,33
005,0  btt



EXAMPLE

The mean error of the correlation coefficient:

7471,0xyr



EXAMPLE

The mean error of the correlation coefficient:
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EXAMPLE

The mean error of the correlation coefficient:

7471,0xyr
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EXAMPLE

The mean error of the correlation coefficient:
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EXAMPLE (conclusions)

t-test for r

      18,33252 05,005,005,0  ttnt



EXAMPLE (conclusions)

t-test for r

Hypothesis H0 is accepted, i.e. the statistical

nonsignificance of the correlation coefficient

is accepted with probability 95%.

      18,33252 05,005,005,0  ttnt

  95,118,3305,0  rtt



EXAMPLE (the built-in function LINEST 



Confidence interval with 

the confidence probability 

or significance level 






Confidence interval with 

the confidence probability 



Confidence interval with 

the confidence probability 



Confidence interval with 

the significance level 



Confidence interval with 

the significance level 



INTERVAL ESTIMATIONS

Here is the confidence probability (or level) ;

is the significance level.
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Confidence interval with 
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Confidence interval with 95%
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Confidence interval with 
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Confidence interval with 05,0



Confidence interval with 05,0



ELASTICITY

The elasticity coefficient is a number that

indicates the percentage change that will

occur in one variable (y) when the variable x

changes one percent.
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ELASTICITY

The elasticity coefficient indicates the

influence of X on Y.

%2,0
47,2

2
24,0E 1 

y

x
b



PhD Misiura Ie.Iu. (доцент 

Місюра Є.Ю.)

131


