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Straight line on a plane



PhD Misiura le.lu. (aoueHT Mictopa €.10.)

Economic examples

Solving Models with Graphs
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Figure. Supply and Demand Graph. The

equations for Qd and Qs are displaved

graphically by the sloped lines.
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Economic examples

Demand curve:

Example 1

Let us assume that the demand curve is described by the following line
q = mp + b. Find its equation given the following information: a promoter
discovers that the demand for theater tickets is 1200 when the price is $60, but
decreases to 900 when the price is raised to $75.

Solution :

The form of the equationq = mp + b indicates that the price p, is the
independent variable (like x), and the quantity q, is the dependent variable (like
y). The problem allows us to deduce two points of the demand line: the points
(60S, 1200) and (75$, 900). We must identify the slope and the y —intercept of
the line.

Slope :
Aq q;—q, 900-1200 -300
N = gy = = — =-20
P P2—D 75— 60 15
The equation must therefore take on the following form: ¢ = —20p + b. It is

necessary to find the y -intercept using one of the two points.
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Economic examples

y-intercept:
since (60$%, 1200) is a point on the demand curve, it must satisfy the following
equation : g = — 20p + b. By substitution, we obtain
1200 = — 20(60) + b
1200 = — 1200+ b
b = 2400
As aresult, sincem = — 20 and b = 2400, the equation of the demand line is

q = —20p + 2400
It is interesting to note that once this line is found, we can evaluate what the
demand is whatever the price. For example, the demand when the price is at $40

would be obtained by calculating the variable q :
q = — 20(40) + 2400

qg = —800 + 2400

q = 1600

We could also obtain the price needed for a demand of 1000 tickets.

1000 = — 20 p + 2400

20p = 2400 — 1000

20p = 1400

p=708%
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Example 2
The equilibrium quantity and the equilibrium price of a product are determined

by the point where the supply and demand curves intersect. For a given product,
the supply is determined by the line

Gsupply = 30p - 45
and for the same product, the demand is determined by the line

Gdemana = —15p + 855.

Determine the price and the equilibrium quantity and trace the supply and
demand curves on the same graph.
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Economic examples

Example 2
The equilibrium quantity and the equilibrium price of a product are determined

by the point where the supply and demand curves intersect. For a given product,
the supply is determined by the line

Gsuppty = 30p - 45
and for the same product, the demand is determined by the line
Gdaemana = —15p + 855.

Determine the price and the equilibrium quantity and trace the supply and
demand curves on the same graph.

Solution :
We must determine the coordinates of point (g,p), situated at the intersection of
the two lines. This point must therefore satisfy both the supply and the demand

equations. The solution to this problem is to solve :

q = 30p - 45

q = —15p + 855
Thus,
30p — 45 = —15p + 855
45p = 900
p = 20
and

q = 30(20) — 45 = 555

The equilibrium price and quantity are therefore $20 and 555.
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Supply and demand curves

2000
1500

1000 +

= Supply
. Demand

500

In economics, it is usual to graphically represent the supply and demand curves
by placing the price (p) on the ordinate and the quantity (g) on the abscissa.
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Straight line (linear) demand curve

A straight line demand curve will have a different elasticity at each point on it.
The price elasticity of demand can also be measured at any point on the demand curve.

If the demand curve is linear (straight line), it has a unitary elasticity at the midpoint. The total revenue is maximum at
this point. Any point above the midpoint has elasticity greater than 1, (Ed > 1).

Here, price reduction leads to an increase in the total revenue (expenditure). Below the midpoint elasticity is less than 1.
(Ed <1). Price reduction leads to reduction in the total revenue of the firm. Now the question arises, why does a straight
line demand curve have different elasticity at each point? The value of PED falls as price falls.

The reason is that low priced products have a more inelastic demand than high priced products, because consumers
are not that price sensitive when the product is inexpensive, Similarly the value of PED is higher when the prices increase
because consumers are more sensitive to price change when the good is expensive. A mathematical explanation can be
given as follows. As we seen in diagram below
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On a linear demand curve, elasticity decreases as the price
falls and the quantity demanded increases. Demand is unit
elastic at the midpoint of the demand curve [elasticity is 1). At

prices above the midpoint, demand is elastic; ot prices below
the midpoint, demand is inelastic.
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What the Slope Means

The concept of slope is very useful in economics, because it measures the relationship between two variables. A positive slope means
that two variables are positively related—that is, when x increases, so does y, and when x decreases, y decreases also. Graphically, a
positive slope means that as a line on the line graph moves from left to right, the line rises. We will learn in other sections that “price”
and “quantity supplied” have a positive relationship; that is, firms will supply more when the price is higher.
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Flgure 1. Posltive Slope
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A negative slope means that two variables are negatively related; that is, when x increases, y decreases, and when x decreases, y
increases. Graphically, a negative slope means that as the line on the line graph moves from left to right, the line falls. We will learn that
“price” and “quantity demanded” have a negative relationship; that is, consumers will purchase less when the price is higher.
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Flgure 2. Negative slope
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A slope of zero means that there is a constant relationship between x and y. Graphically, the line is flat; the rise over run is zero.
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Straight line on a plane

Lecture plan

1. An equation of a straight line on a
plane.

2. Geometric relationship of two
straight lines. Distance from the
point to a given straight line.
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1. An equation of
a straight line on a plane
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1.1 Equation of a straight line passing through
the point |\/|0(Xo, yo) with the given normal

(perpendicular) vector n=(A;B) to this straight line

Let's take the point MO(XO, YO) and pass the line | through it.

After this we choose any point M (x, y) on this line and plot
the vector N = (A B) which is perpendicular to this line I.

A-(x=x0)+B-(y-yp)=0  n

formula 1
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Example

Form a straight line through the point (_ 1,4) perpen-

dicular to the vector N = (—2,7)
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1.2. General equation of the straight line

Let’'s remove the brackets of the previous equation:
A-(x=x0)+B-(y-yp)=0
A-X—A-Xg+B-y—-B-yg=0

A-X+B-y—=A-Xg—B-yg=0

C
Let's denote the difference as C and obtain:

AX-I—By-I-CZO,if A2_|_BZ_¢O

formula 2

N[0 or n=+vA2+B2 %0
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1.2. General equation of the straight line

Az + By+C =0

[t ("=0, then the equation of a straight line becomes Az + By = 0 and determines a
straieht line passing through the oriem

[t B=0and A0, then the equation of a straieht line becomes Az + (' = 0 and
determines a straieht line paralle] to the axis O}

[t A=0and B 0, then the equation of a straieht line becomes By + (' = 0 and
determines a straieht line paralle] to the axis O
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Example

Use the previous example and get the
general equation.

PhD Misiura le.lu. (aoueHT
Mictopa €.10.)



1.3. Straight line equation passing
through two points Ml(X1’Y1) and I\/I2(X2,y2)

We take two points Ml(x1’Y1) and |\/|2(X2,y2) on the

straight line and choose any point M(x, y) -

|
Y—=Y1 X=X

M(x.y) yZ—Y1:X2—X1

formula 3

M>(x2,Y2)

M1(xq, 1)
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Example

Form a straight line passing through two points |\/|1(3,_]_)

and M 2(— 2,5) .
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1.4. Equation of a straight line with
the given intercepts on the axes

This straight line intersects the x-axis at the point |\/|1(a; 0) and

the y-axis at the point M 2(0; b) , I.e. this line passes through two
points M1 and Mo.

Let’s substitute coordinates of these points into the previous formula:

A y X Y
y_yl — X—Xl I _+E:1
- a

Yo—=Y1 Xo—X
M5 (0; b) formula 4
Here X1 =a
y1 =0
Xo =0 M1(a; 0)
o
y2 — b PhD Misiura le.lyn {ooueHT
Mictopa €.X].)




Example

Use the previous example and get an equation of a straight
line with the given intercepts on the axes
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1.5. Equation of the straight line passing
through the point Mo(Xo, YO) and the vector a = (ax,ay)
parallel to this line

We take any point M (X, ¥) on this line I and plot the vector MgM

Let’s obtain the vector MM

MoM =(x—=Xg;¥—Yp)

formula
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Example

Form a straight line through the point M (2,_5) parallel

to the vector a — (4,—3) .
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1.6. Parametric equation of a straight line
We introduce an arbitrary parameter t into an equation of a straight
line | passing through the point MO(XO, yO) and the vector a = (ax, ay)
parallel to this line as a coefficient of proportionality:

y—YO :X_XO —t

ay a,
Let’s transform this expression as
Y=Y0 _¢+  and X=X0 _q
Ay dy
We express x and y:
y:ayt+y0 and x:axt+x0
The obtained expressions are written as
y =ayt+Yg t is a parameter
3
_ formula 6
A= axt T X0 PhD Misiura le.lu. (aoueHT

Mictopa €.10.)



Example

Use the previous example and get a parametric equation of
this straight line
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1.7. Equation of a straight line passing through

the point Mo(Xo, yo) with the given angular coefficient k

We plot
this straight line and

the point My (Xo ' Yo )
belonging to it.

Let’s look at this picture.

We have

the right triangle M gEM

with the right angle Z/E = 90°

PhD Misiura le.lu. (aoueHT
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Let's find tgo ME  opposite leg

tgp = =
o7 MoE adjcent leg

ME -
gp=—-— =270
MoE X—=Xg

Y—Y0o

y—yo =k-(x=xp)

— formula 7
k tg¢ O S (0 S ﬂl;hD Misiura le.lu. (goueHT
Mictopa €.10.)



Example

Form the straight line passing through the point M (5,—1)

and forming 45° angle with the axis OX.
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1.8. Equation of a straight line with the slope

Let us transform the previous equation and remove the brackets:
y—Yo =K-(X—Xgp)

y =kx—kXg + Yo
b

Yy =kX+D, where b=—kX0 + Yo
formula 8 K=1tgg

0<p<rx

PhD Misiura le.lu. (aoueHT
Mictopa €.10.)




Particular cases:

y=kx+Db

x=0 y=0
A A
y y
b
I
0 > x 0
PhD Misiura le.lu. (aoueHT
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1.9. Normal equation of a straight line

Let's multiply a general equation of a straight line AX+ By+C =0
1

==
\/A2+B2

opposite to the absolute term C sign, and obtain a normal equation of
a straight line:

X-coSa+Yy-Sina—p=0

formula 9 YA

by a normalized multiplier which sign is

where p is the length of ]
perpendicular dropped from

the beginning of coordinates

to the straight line, ¢« is an angle
obtained from this perpendicular

with the positive direction of 0

OX axis. PhD Misiura le.lu. (qoueHT
Mictopa €.10.)




Example

Reduce the equation 12X — 5y +60=0 toanormal

straight line equation.
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2. Geometric relationship of two
straight lines: an intersection of
straight lines; conditions of
parallelity and perpendicularity
for straight lines; angle between
two straight lines. Distance from
the point to a given straight line
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A tangent of the angle between two straight lines Y = kX + b (Il)
and y =k, X +b, (|2) is calculated with the help of the formula:

k2_kl

tao =
Y Kk,

This formula defines
the acute angle between
the straight lines.
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A tangent of the angle between two straight lines is calculated with the
help of the formula:

lll Alx + Bly 2B Cl = 0, lgi Agl’ = v Bgy 3 R Cg =0

AB, ~AB
AR +BB,

gy =

This formula defines
the acute angle between
the straight lines.
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A cosine of the angle between two straight lines is calculated with the
help of the formula:

lll Alx + Bly 2B Cl = 0, lgi Agl’ = v Bgy 3 R Cg =0

AA +BB,
JA?+B2 A + B

COS @ =

This formula defines
the acute angle between
the straight lines.
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Condition for straight lines to be parallel
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If equations of the straight lines are given as

li: Aiz+ Biy+C; =0; ly: Asz + Boy+Cy =10,
B C

A_B G

A B C

then we obtain the collinearity condition of
these straight lines.

2

If |1 H |2 then the angle between these lines equals ¢ = 0.
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If equations of the straight lines are given
as y 12

y=kix+b  (I)

y =Kk, x+Db, (I2)

then we obtain the collinearity condition of
these straight lines.

If |1 H |2 then the angle between these lines equals ¢ = 0.
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k2_kl

tao =
Y Kk,

kKo —kq

tg0=0=
1+ k1k2

k2 —K1 Yy
1+ k1(2

k2 — K1 = 0
Collinearity condition of two straight lines is:
Ko =k by = b
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EXAMPLE

The straight hmes 32+ 4y 4 =0 and 3/22 4 2y + 6 = 0 are parallel smce the followne
condition 15 satisfed: :

)

s
G
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Condition for straight lines to be
perpendicular
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If equations of the straight lines are given as

y
Ii: Ajg+By+Cy=0; Uy Az +Byy+Cy =0, A h

A-A+B-B =0 l,

then we obtain the perpendicularity

condition of these straight lines.

it b L1 thenthe angle between these lines equals & = 90°
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If equations of the straight lines are given as

y=kix+b  (I) A h

y=kx+b, (Ip) I

then we obtain the perpendicularity

condition of these straight lines.

it b L1 thenthe angle between these lines equals & = 90°
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et - K, — K, ctoa - 1+ kqko
1+ klk2 k2 —kl
ctg90° =0
1+ k1(2 _0
ko —kq
1+ k]_(z _0
Ko —kq
1+ k1(2 =0

Perpendicularity condition of two straight lines is:

k1k2 — —1
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EXAMPLE
The Imes 374y~3=0and r-3y+5=(are perpencicular smee they satisfy condation
A+ BBy =3 141:(-3) =0
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Condition for straight lines to
coincide
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For two straight lines given by slope-intercept
equations to coincide, it iIs necessary and sufficient
that

ki=ky, by=b

If the straight lines are given by general equations,
then a necessary and sufficient condition for them
to coincide has the form

Ay By (O

Ay By

Remark. Sometimes the case of coinciding straight
lines is considered as a special case of parallel
straight lines
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Point of intersection of straight lines

Suppose that two straight lines are defined
by general equations and consider the system of
two first-order algebraic equations:

Ayz+ Byy+Cy =0,
Asz+ Boy+C5 =0,

Each common solution of equations determines a
common point of the two lines:

_-1.1 BJ.

A, B = A1 B> - A By #0,
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Point of intersection of straight lines

Ayr+ Byy+Cy =0,
Asz+ Boy+C5 =0,

Each common solution of equations determines a
common point of the two lines:

Ay By

A B = 41 6B,— A By #0,

then the system is consistent and has a unique solution;
hence these straight lines are distinct and nonparallel and
meet at the point  A(xq, ). , wWhere

_BG-B,Gy . _ CiAy-CyA
T A By - A3By 0= A1By - A2 By
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Point of intersection of straight lines

A, B,
Ay B

=A41B- 4By =0,
This condition iIs often written as

A1 _ By
A, 0 By
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EXAMPLE

To find the pomt of mtersection of the straight Imes y = 22~ [ and y = ~42 4, we solve
system
Ir-y-1=0

“dr-y43=0,
and obtam 2 = 1,y = 1. Thus the mtersection pount has the coordinates (1, 1),

PhD Misiura le.lu. (aoueHT
Mictopa €.10.)



Example

Find the angle between two straight lines:

3X+2y—-7=0 and 3X+2y+15=0
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Distance between parallel lines

The distance between the parallel lines
given by equations

Aiz+Biy+Cy=0 and Az +Biy+C=0
can be found using the formula

|Cp — )

d = — 3
1:1I+EI
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An angular coefficient of a straight line

IS calculated as:

yg_yl
X=X

or k:
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An area of a triangle
|f A(XY,) » B(X,;Y,) and C(x,y,) are
apexes of the triangle ABC, then the area of

the triangle Is calculated by the formula:

Xy 1
S:J_rlx2 Y, 1 or s:il IR PR f
2x3 y, 1 2% =% Y3 Y

The sign "+" or "-" is chosen according to this condition: S will be positive.
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Remark
The condition that three points

1
1

A(XY,) B(X,:Y,)
lie on the same plane is
]
X2 y2
X3 y3

1

C(X;:Ys)

=0

(the area of the corresponding triangle equals zero)
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Distance d from point |\/|0(Xo, YO) to
the straight line AX+By+C =0
IS calculated according to the formula:

i Axg+Byy +C
VA? + B2
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Distance d between two points

A(x,Y,) and  B(X,.Y,)
Is calculated according to the formula:

d =, = %)+ (¥, - ¥,)°
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Example

Find the distance between two parallel straight lines:

3X+2y—7=0 and 3x+2y+15=0
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Task

The coordinates apexes of a triangle ABC are given as

A-2-2)  B(4)) C(0,4)

Using methods of the analytical geometry do the
following:

1) find the distance between point A and point B ;

PhD Misiura le.lu. (aoueHT
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1) find the distance between point A and point B

AB =[x s ) = (4= (-2)P +(1-(-2) =

= (4422 +(1+2)° =62 +32 =36+ 9 =/45 =35
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Task

The coordinates apexes of a triangle ABC are given as
A(-2,-2) B(4,1) C(0,4)

Using methods of the analytical geometry do the
following:

2) form equation of the sides AB and AC ;
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2) form equations of the sides AB and AC ;

Y=Ya _ X=Xa Y=YA _ X=Xa
YB = Ya Xg—Xa Yc = Ya Xc —Xa
y-(=2)_x-(-2) y-(-2)_x-(-2)
1-(-2) 4—(-2) 4-(-2) 0-(-2)
yZ%X—l kAB:% y=3X+4 kAC:3
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Task

The coordinates apexes of a triangle ABC are given as
A(-2,-2) B(4,1) C(0,4)

Using methods of the analytical geometry do the
following:

3) form equation of the altitude dropped from the apex C
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3) form equation of the altitude CN
dropped from the apex C

Y=Y =Ken (X—Xc)

o 1
Ken -Kag =1 K AR
1 1
kABZE y—4=—1/—2(X—0)
y=-2X+4
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Task

The coordinates apexes of a triangle ABC are given as
A(-2,-2) B(4,1) C(0,4)

Using methods of the analytical geometry do the
following:

4) find the inner angle of the triangle at the apex A;
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4) find the inner angle of the triangle at the apex A

Kac —Kap

Qo = =
1+3-1/2| |5/2

3-1/2 ‘ ‘5/2

T
a = arctgl=—
J 4
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Task

The coordinates apexes of a triangle ABC are given as
A(-2,-2) B(4,1) C(0,4)

Using methods of the analytical geometry do the
following:

5) calculate length of the altitude CN dropped from the
apex C;

PhD Misiura le.lu. (aoueHT
Mictopa €.10.)



5) calculate length of the altitude CN
dropped from the apex C

yzax—l X—2y—-1=0

C(0,4)

_ Xc—2-yc -2 :\0—2-4—2\ :\0—8—2\ 10

JZe(2?  Vi+a NG

CN
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Task

The coordinates apexes of a triangle ABC are given as
A(-2,-2) B(4,1) C(0,4)

Using methods of the analytical geometry do the
following:

6) find the area of the triangle ABC,;
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6) find the area of the triangle ABC

SMBcngB-CN:%-B\@-E:lS
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Task

The coordinates apexes of a triangle ABC are given as
A(-2,-2) B(4,1) C(0,4)

Using methods of the analytical geometry do the
following:

7) form equation of the median CM dropped from the
apex C,;
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/) form equation of the median CM
dropped from the apex C

_XpatXg  —2+4 2

X 1
M 2 2 2
y _yA+yB_—2+1__l
M 2 2 2
(1)
Y=¥m _ X~ Xm y_\_Z/ x—1
Ye—YMm Xc —Xwm A (1) 0-1
\ 2)
9
=——X+4
y 2
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Task

The coordinates apexes of a triangle ABC are given as
A(-2,-2) B(4,1) C(0,4)

Using methods of the analytical geometry do the
following:

8) draw the triangle ABC
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8) the picture

AY

PhD Mssiura le.lu. (aoueHT
Mictopa €.10.)



TASK 1

Find the distance from the point A(4; 3) to
the straight line: x = 3+ 2t, y = -4 + 5, feR.

t:'\:":'\’:4:5(.\'—3)=2(_\’+4)4:>5.\°—2_\'—23:()
1 e R B (
oA, 0)=34-2:3-B_ 9
VP +(=2)> V29
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TASK 2

Write down the equation of the straight line

passing through the point M(-6; 12/5) and forming

the triangle with the area equal to 30.

X \ : 2N & :
i g e T Ny —( SR = 2*§' 60 = ):
gt =1ex+15y-30=0; (2) S+—5=112x+5y+60=(

4 X y
R A —15 )=(): LTI 4 B —5v+30=0
- | & 4x—-15y+6( (4)—1()+6 | & 3x-5y+3
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TASK 3

Three points A(-1; 4), B(5;1) C(5; 6)
are given. Find:

a) COoOoro
projection of t

Inates of the point D as the
ne point C on the side AB;

b) coorc

Inates of the point E as the

symmetrical point C relative to the side AB.
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Curves of the second order
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Lecture plan

1. Curve of the second order. A general
eguation

2. Circle. The canonical equation of circle

3. Ellipse. The canonical equation of ellipse

4. Hyperbola. The canonical equation of
hyperbola

5. Parabola. The canonical equation of
parabola
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1. Curve of the second order.
A general eguation
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Definition. Curve of the second order on a
plane is called a set of points which coordinates
are of the same system as the Cartesian

coordinates satisfy the following equation

Ax* + Bxy + C‘yz +Dx+Ev+F =0

where A B,C,D,E,F are any numbers,

and , , ,
A +B“+C”#0
PhD Misiura le.lu. (aoueHT
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According to the sign of the value AC — B?

the curves of the second order are divided
by three types:

1) ellipticif AC-B? >0
2) hyperbolicif AC-B® <0
3) parabolicif ACc_-B2=0
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Example 1

What type Is It?

X +y2 —4x+38y—-16=0
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Example 2

What type Is It?

OX” +4y° —18x—8y—23=0
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Example 3

What type Is It?

x2—4y2+6x+16y—11:0
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Example 4
What type Is It?

2y2 +X—-8y+3=0
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Basic formulas:

(x=x0)* +(y—yo)* =R? (Y=Yo)" =2p(x=%)
(X—>2<o)2+(y—bé’o)2 _1 (x—x0)2:2p(y—y0)
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2. Circle.
he canonical equation of circle
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Ax° +ZBxy+Cy2 +2Dx+2Ey+F =0

f A=C and B =0, we have an equation of circle.

Definition. Circle is a geometrical place of points
equidistant from a certain point called centre.
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Definition. Circle I1s a geometrical place of points
equidistant from a certain point called centre.

M(X,y)

O(a, b)

v
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O(a,b) is the center; M (X, Y) is any point of the circle
R iIs radius;

M(X,y)

O(a, b)
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O(a,b) is the center; M (X, Y) is any point of the circle
R iIs radius;

(x—a)* +(y-b)* =R’

It Is the desired equation of a circle. If the center is the
origin of coordinates, then we have the following equation of
a circle:

X2 +y2 = R?
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Example 5

Find coordinates of centre O and radius R
of circle If the second order equation Is
known as

2x? +2y2—8x+5y—4=0
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Example 5

Find coordinates of centre O and radius R
of circle If the second order equation Is
known as

2x? +2y2—8x+5y—4=0

2
5 121 5 11
x—2F +| y+2| =252 O(Z,——j R—=_"
( ) (y 4) 16 4
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3. Ellipse.
The canonical equation of ellipse
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Definition. Ellipse Is a geometrical place of the
points which sum of distances to two certain
points called focuses Is constant (usually
considered equal to 2a ) greater than the

distance between focuses.
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4(-a.0), 4,(a.0), B;(0.-b), B,(0.b)
are called apexes of an ellipse
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IMF,| +|MF,|=2a (2a > 2c)

2C is the distance between the focuses
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Proofing

We have Y\
M(x,y)
M + F5M =2

F(-c,0) O F(c0) *
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Proofing

We have M +FM =2a 7

M (x,y)

F(-c,0) O F(c0) *

Vixtel +3% +(x—c) +37 =2a
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Proofing

We have M + F>oM =2a Y
M (x,y)

Vixtel +3% +(x—c) +37 =2a

w'll[ﬁr — .:*)2 + _1‘2 =2a- '-.,_[T + -:‘)2 + .1‘2 \

F(-c,0) O F(c0) *
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Proofing

We have FM +FyM =2 7

M(x,y)

Vixtel +3% +(x—c) +37 =2a

2 2

AN

*\,"II[.T — .:*)2 +yv =2a- ‘\.[T + -:‘)2 + 37

Fy(-¢,0) O

(x—c)* +v? =4a® —4a\/(x + )" + »?

.' 2 2 2
= 4av(x+c) +yv" =4a" +4ex
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Proofing M(x)

7 7
— az(:rz +2cx+c” + J'z): a* +2aex+c*x* o

2 2
= a?x? +a*c? -|—n2_1“‘ —a*+c%x? o

F(-c,0) O F(c0) ¥
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Proofing M(x)

2.2 _.

7 7
— az(xz +2cx+c” + J'z): a* +2aex+c*x* o
2 2
= a?x? +a*c? -|—n2_1“‘ —a*+c%x? o

Fy-¢,0) O F(c,0) X

2 2
— (ﬁz—rz)r +nzl1'3:nl(n2—r2]:> a-—c =b —>

2 2 - ¥V
— E:-lx“+ﬂ“j'l=ﬂ'lf?l = 2 ' 1.
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Its equation is called a canonical equation of an ellipse
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X2 y2
—2 + —2 :1
a~ b
Its equation is called a canonical equation of an ellipse

28 is the length of major axis of an ellipse

2b is the length of minor axis of an ellipse
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a>0 b>0

are called the major and minor semi-axes of an
ellipse. They are connected by the following equality:

2 a7y s a? b2
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Ratio of half of focal distance to the length of half of a
major axis is called eccentricity of an ellipse

i_-

e=—
a
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COD<e<l



D<e<]

Ratio of half of focal distance to the length of half of a
major axis is called eccentricity of an ellipse

.- _ 20
— e:ix-"ﬁz—hz.ezzl—[gl ‘
\a )

a
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A GENERAL NOTE: STANDARD FORMS OF THE EQUATION OF AN ELLIPSE WITH CENTER (0,0)

The standard form of the equation of an ellipse with center (0, 0) and major axis parallel to the x-axis is

2 2
Yy 4
2t a1 !

where

-a>Db

e the length of the major axis is 2q

« the coordinates of the vertices are (+a, 0) B:

e the length of the minor axisis 2 p

» the coordinates of the co-vertices are (0, +b)

* the coordinates of the fociare  Fy: Fy € OX where a®* —b* =c*

F1(-c: 0), Fx(c: 0)
e an eccentricity is e=c/a dz Y d,

b
e directrices are
a a / Fw\
e e _é_, K_f/ »
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A GENERAL NOTE: STANDARD FORMS OF THE EQUATION OF AN ELLIPSE WITH CENTER (0,0)

The standard form of the equation of an ellipse with center (0, 0) and major axis parallel to they -axis is

2

x y? " y 4
o e B
where
- b>a
e the length of the major axisis 2b
« the coordinates of the co-vertices are (+a,0)
« the length of the minor axisis 2a
e the coordinates of the vertices are (0, +b)
 the coordinates of the fociare Fi; F2 € Oy where B2 _ a2 — o2
F1(0; ¢), F2(0: -¢)
2
f)
= d
e an eccentricity is e=c/b 2
e directrices are b b 2
dl:yz—, d2:y=—; =
K @
e
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Example :Find the vertices of ellipse having the equation

X2 y2 5
36 25 '
Solution:
X2 y2
The given equation of the ellipse is -+ =1.
3 25
Comparing this with the standard equation of the ellipse
x2 y2
2 + 2 _ =1we have a2 =36, b? = 25.
a2 b2

Hence we havea =6, and b = 5.

From this we can derive that the vertex of the ellipse is (+a, 0) =
(+6, 0).

Therefore, the vertices of the ellipse are (+6, 0), (-6, O).
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a

b

0

v
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: (l . . :
Thelines X =+ — are called directrixes of an ellipse.

&
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TASK 2

Reduce the given equation

16x° +25y° —32x+50y—359 =0

to a canonical form and draw the curve.

PhD Misiura le.lu. (aoueHT
Mictopa €.10.)



TASK 2

Reduce the given equation

16x° +25y° —32x+50y—359=0
to a canonical form and draw the curve.

A-C—-B?%=16-25—0° =400>0
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TASK 2

Reduce the given equation
16x° +25y° —32x+50y—359=0
to a canonical form and draw the curve.

16(x2 —2x+1)—16+25(y2 12y +1)—25—359 )
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TASK 2

Reduce the given equation

16x° +25y° —32x+50y—359=0

to a canonical form and draw the curve.

2 2
(x—1) +(y+1) o
25 16
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4. Hyperbola.
The canonical equation of hyperbola
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Definition. Hyperbola I1s a geometrical
place of points which absolute difference

of distances to two certain points callec

focuses Is constant (usually considered

equal 2a ) less than the distance between

focuses.
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MF,| - |MF,| = +2a

2C is the distance between the focuses
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We have

i+l +y

Proofing

JG+o)
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Proofing

’,‘r

We have Vx+ 'i‘}z ty - ’u"'(f — -i‘)z + ,1‘3 =12a,

xh."l(r + -:‘}2 + _1‘2 = %."I(.T —-:‘}2 + _TE +2a.

[.*ur—l—-:‘jl2 + .1'2 = (1‘—-:‘}2 + .1'2 + 4:11.":[.1’—::*)2 —|—_*|.‘2 +4a* =

— 4ex—4a® =+4a wun'll[.T—-:‘}z—l—}'E —

= *x* —2a’cx+a = nz(x‘z —2cx+ct + _1'2) —

P 707 ).

s 2 2 2 2 P 2
— (c‘z—nz).*r —a'y =a [rl—nz):}

c-—a~- =b"

—_—

b

- T

2 2
7 X 1%
— b-fl_ﬁl},}i :ﬁ}lbl — 5 . 5 —1
PhD Misiura le.lu. (ddueHT b
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2 2
X Yy 1

a’? b?

Its equation is called a canonical equation of hyperbola
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2 2
X
z_yz =1
b

a

Its equation is called a canonical equation of an ellipse

28 is the length of real axis of hyperbola

2b is the length of imaginary axis of hyperbola

c? =a’ +b?
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A(-a0), 4,(a.0)

are called apexes of hyperbola
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c
e =—

a
e > 1

The ratio of half of focal distance to the length of half real
axis is called eccentricity of hyperbola.
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If a="Db,
then a hyperbola is called
rectangular.

PhD Misiura le.lu. (aoueHT
Mictopa €.10.)



The lines y=+—X are called asymptotes of hyperbola
a
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. : : . (l
For this hyperbola equations of directrixes are X =+ —

&
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For this hyperbola equations of directrixes are
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Task 3

Reduce the given eguation
Ox” —4y2 +18Xx+8y—-31=0

to a canonical form and draw the curve.
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5. Parabola.
The canonical equation of parabola
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Definition. Parabola Is a geometrical
place of points equidistant from one
certain point called focus and a certain line

called directrix.
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p=>0

MF| =|MN|
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We have
|I y w.
| 2 [' ‘_E '
\f”‘ +||1. >

Proofing

||
n
o [
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|

P
F(O’Z)

M(x,y)

} P/2

P

s
B(x,—5)



We have
|'I ( )\
\lez +L ) _}E | :J'+§
pl N pl
X"+ —p*L-I-T:*l. +p1—|—j,
2 =2py.

Proofing
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We have
|'I ( )\
\lez +L ) _}E | :J'+§
pl N pl
X"+ —p*L-I-T:*l. +p1—|—j,
2 =2py.

Proofing
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y2=2px x2:2py
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This parabola has the focus F(O; gj and the directrix y = —

PhD Misiura le.lu. (aoueHT
Mictopa €.10.)



This parabola has the focus F(O; gj and the directrix y = —
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[ S J

BASIC VARIANTS

o’", ‘
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BASIC VARIANTS

yz ==) X

1™
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Task 4

Reduce the given eguation

y2+8y—2x+44:0

to a canonical form and draw the curve.
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Conditions on eccentricity for various sections

=1 P arabola
e<l1 Ellipse
e>1 Hyperbola
e=0 Circle
€ =00 P air of Straight Lines
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Reduction of equations to
the canonical forms of curves of
the second order
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Let’s allocate the perfect square:

ar’ +br+c=alx + E—E’E]E — E’E::“

%< 4+ Bx-T
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A general equation of
the second order curve

Ax? + Bxy + Crz +Dx+Ev+F =0

where A B,C,D,E,F are any numbers,
and A2 +B°+C%#0
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A general equation of
the circle

Ax? + Bxy + erz +Dx+Ev+F =0

Here |4=C . B=( and

Ax” + fI_TE +Dx+Ev+F =0
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A canonical equation of a circle

IS [T_T{])E ‘1‘(_1"—_1‘[])3 :Rz

where R Is the radius;
O (Xo; Yo) IS the center
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Let’s reduce the general equation to
the canonical form

We have

Ax* +A_1.-E +Dx+Ev+F =0
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Let’s reduce the general equation to
the canonical form

We have
Ax” + A_vz +Dx+Ev+F =0

Let's take out the common factor A and divide this equation
by it:
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Let’s reduce the general equation to
the canonical form

Let’s take out the common factor A and divide this equation

by it:
2+ +2x+Zyp+i =0
' A A A
D/A=2a
Let's denote fractions as: £ f A=2h
Fld=c
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Let’s reduce the general equation to
the canonical form

Let’s take out the common factor A and divide this equation

by it:
2+ +2x+Zyp+i =0
' A A A
D/A=2a
Let's denote fractions as: £ f A=2h
Fld=c

2 2
and get (..\“' + 2(7.\') + (_1."' ot 21))')-}- c=10
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Let’s reduce the general equation to
the canonical form

Let's denote fractions as: 1 / A=2a
E/A=2b
Fld=c

and get (..\‘2 + 2ax) + (.‘.,2 + 2[))’)-{- c=0

Let’s allocate perfect squares:

(I-I-::‘T)E—HE +(L1-’+b)2—b2 +c=0
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Let’s reduce the general equation to
the canonical form

Let’s allocate perfect squares:

(I-I-::‘T)E—Hz +(L1-’+b)2—b2 +c=0

and get (.’t‘ — X )E + (1 — Vo )E = RE

where xg=-—a, vg=-—Db, R:\/ﬁzﬂ-bz—c.’
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Let’s reduce the general equation to

the canonical form

andget (x—xo P +(v—yo P =R

where

Tﬂ:—ﬂ,}ﬂ:r{h}%:JnE+bz—f

Remark. Let’s use the formula for R and get the
following inequality:

a‘+b*—c>0
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Let’s reduce the general equation to

the canonical form

andget (x—xo P +(v—yo P =R

where

Xg=—a, vg=-—D, R:x/nz-i-bz—.—:

Remark. Let’s use the formula for R and get the
following inequality:

2 2 D/A=2a
a“~+b-—c>=0 E/d=2b
PhD Misiura le.lu. (qoueHT Fllf'lll .4 m— i
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Let’s reduce the general equation to

the canonical form

and get (.*r — X )E + (1 — ¥ )E = RE

where

Xg=—d, Vg =—bh R:’"ﬁ./f?z‘i'bz—{’

Remark. Let’s use the formula for R and get the
followina ineaualityv:

at+b*—c>0 D/4=2a

D2+ E2—44F >0 E/A=2b

{4 —
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EXAMPLE 1

Let’s reduce the general equation to the canonical
form

2 P
3xT+3y"+6x—-Ty+3=0 =
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EXAMPLE 1

Let’s reduce the general equation to the canonical
form

2 P
3xT+3y"+6x—-Ty+3=0 =
— 1‘2+j'2+21‘—;j‘+1:[} —

3
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EXAMPLE 1

Let’s reduce the general equation to the canonical
form

2 P
3xT+3y"+6x—-Ty+3=0 =
— 1“1+j'2+21‘—;j"+1:[} —

b
, .2
2 7\ 49
D Wx+1) '+ yv—=| ——=0=
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EXAMPLE 1

Let’s reduce the general equation to the canonical
form

2

3x° +37° +6x— Ty+3=0 =
— 1“1+j'2+21‘—;j"+1:[} —
3
) " 2
f i /
= (x+12 4+ y=L] -2 0=
- ﬁ i
. " 2
(2T 49
- (1+]) +L_1 GJ _16
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EXAMPLE 1

Let’s reduce the general equation to the canonical
form

— (1+1 +‘ ¥V ——]
\,
It's the canonical equation of the circle with the

radius R = 7/6 and the center at the point
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Transformations
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Nine canonical second-order curves

There exists a rectangular Cartesian coordinate system 1n which equations can be
reduced to one of the following nine canonical forms:

5

l“ Y-

1 a_~ + b_° = 1, an ellipse;
2 2_- ¥
2 I g = 1, a hyperbola;
3. u 2p1 a parabola;
4 —+ % = -1, an imaginary ellipse;
a2
S. ;—; - % = 0, a pair of intersecting straight lines;
0. Z—: + % =0, a parr of 1maginary intersecting straight lines;
7. x* —a® = 0, a pair of parallel straight lines;
8. 2% +a? = 0, a pair of imaginary parallel straight lines;
9.

2> = 0, a pair of commdmgp straight lines.
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According to the sign of the value Ac - B2

the curves of the second order are divided
by three types:

1) ellipticif AC—B? >0
(iIf A=Citis acircle)
2) hyperbolic if AC—B? <0

3) parabolic if AC—-B*=0
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Let’s consider examples if B =0

According to the sign of the value A-C
the curves of the second order are divided
by three types:

1) ellipticif A-C>0 (if A=Citis acircle)
2) hyperbolic if A-C<0

3) parabolic if A-C=0
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EXAMPLE 2

Reduce this equation

4x% —25y* —24x—50y -89 =0

to the canonical form and use transformations of
coordinates.
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EXAMPLE 2
4x% —25y% —24x—501—89=0

Let’s define the type of this curve:
A=4, C=-25 = 4-C<0
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EXAMPLE 2
4x% —25y* —24x—50y -89 =0

Let’s define the type of this curve:
A=4, C=-25 = 4-C<0
It means that it is the hyperbolic type.
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EXAMPLE 2
4x% —25y* —24x—50y -89 =0

Let's group summands and allocate perfect
squares:

4(x*—6x)—25(*+2y)-89=0=
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EXAMPLE 2
4x% —25y% —24x—501—89=0

Let's group summands and allocate perfect
squares:

4(x?-6x)-25(1*+2y)-89=0=>
— 4[(1'3 —2-3.r+9)—9] —2:-3[(;;“2 +2_1~+1)—1] —-89=0>

a2 (a2
:*4[.1‘—3)3—25(}‘4-1)2:1[}0:}(1 2:) 0 1]) —1
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EXAMPLE 2
4x% —25y* —24x—50y -89 =0
Let's group summands and allocate perfect squares:

Y Y
:34[.r—3)3—25[.1-+1"}3:100:»(" 2:) 0 :]) ~1

2 2
Let’s use this formula (X _ XO) _ (y B yO) —1
a’ b?

- . —
Xo=23:Y0=-—
and get X '[] " []PhD Misiura le.lu. (goueHT
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EXAMPLE 2
(x=3) (y+1)

=1
25 4
2 2
Let’s use this formula (X _ XO) — (y _ yO) =1
a’ b?

and get Xg=3;Vo="1
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EXAMPLE 2

=3P 041’ ) x-xl (y-vel

25 4 X b2

Letsget Xg=3;Vp = —1

-

and the new coordinates: ¥y —3=_\

y+1=Y
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EXAMPLE 2

~\2 2
c-3F 1P _
25 4
2 Fl
We have the hyperbola =3 - 1 =1

with the center [;,‘—] ) and semiaxes a=5, b

|
= i m
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EXAMPLE 3

Reduce this equation
2x% +3y% +16x—18y+59=0

to the canonical form and use
transformations of coordinates.
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EXAMPLE 3
2x% +33% +16x— 18y +59 =0

Let’s define the type of this curve:
A=2,C=3 = A4-C=0
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EXAMPLE 3

2x% +3y% +16x—18y+59=0

Let’s define the type of this curve:
‘1—;,6_"!' — .4.'(?::"0
It means that it is the elliptic type.
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EXAMPLE 3

2x% +3y% +16x—18y+59=0

Let's group summands and allocate perfect
squares:

2(x?+8x)+3(3?-6y)+59=0 =

= 2[(x+4)2 —16]+b[(y—3)2-9] +59=0 =

| CoaNE
:>2(.‘\‘+4)2+3(‘1'—3) -0 = (x+4) +(J 3)

3 2

S
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EXAMPLE 3

2x% +3y% +16x—18y+59=0

Let's group summands and allocate perfect
squares:

2(x?+8x)+3(3*—-6y)+59=0 =

= 2[(.\‘-!-4)2 —16]+3[(;-—3)2 —9] +59=0 =

3 7 a3
S 2(x+aP+3(y—3P =0 = x+4S  -3)

_ =) =
3 2 '
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EXAMPLE 3

2x% +3y% +16x—18y+59=0

Let's get
2(x% +8x)+3(1*-6y)+59=0 =

:j2kx+4ﬁ—¢§haky—3ﬁ—9]+59:0:j

(x+4) (y—3)

= 2(x+4)+3(y-3)=0 > 22 4 =0 =
I
- — ., 2 y2
_ r+4=1X = x 4 - 1; +}f _0
y=—3=Y = yg =3 3 2
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EXAMPLE 3

2x% +33% +16x— 18y +59 =0

Let’s get
1) )
:>2[.*r+4)3+3(_1'—3)3:0 — [‘Tt” +[-1L 2") =0 =
I
1— Vv _ . 2 y2
_ :r+:1 X = xo ﬂ4|:} X2,
I‘l'—:!:}“ —> Vg =2 3 2

It will be the ellipse which is singulared
at the point (— 4, 3)
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EXAMPLE 4

Reduce this equation
2
2x"—y—4x+8=0

to the canonical form and use
transformations of coordinates.
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EXAMPLE 4
2% —y—4x+8=0

Let’s define the type of this curve:
A=2,C=0 = A4A-C=0
It means that it is the parabolic type.
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EXAMPLE 4

2% —y—4x+8=0

Let's group summands and allocate perfect
squares:

v=2x2—4x+8 > y=2x* - 2x+1)-2+8 =
_ 2 , _afe 1) -
> y=2(x-1)+6=>y-6=2(x-1) = (x-1) ==(y-6) =

x—1=X = x5 =1
yv=—6=Y = vy =6

‘ — X2 :%Y — y=2Xx2.
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EXAMPLE 4
2% —y—4x+8=0

Let’'s group summands and allocate perfect
squares:

— (1-—1)3:%(;-—6) —
olEA ==l 2Ly o ooy
_1‘—6:} 3}';}26 2

It's the parabola with the vertex O, (1.6)

(it 1s symmetrical relative to O.Y) and the
parameter equals 1},-"4 (p= 1;"4)
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TASK 1

Get the canonical equation:

X +y2 —4x+38y—-16=0
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TASK 2

Get the canonical equation:

OX” +4y° —18x—8y—23=0
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TASK 3

Get the canonical equation:

x2—4y2+6x+16y—11:0

PhD Misiura le.lu. (aoueHT
Mictopa €.10.)



TASK 4

Get the canonical equation:

2y2+x—8y+3=0
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Basic formulas:

(x=x0)* +(y—yo)* =R? (Y=Yo)" =2p(x=%)
(X—>2<o)2+(y—bé’o)2 _1 (x—x0)2:2p(y—y0)
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