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Straight line on a plane

Lecture plan 

1. An equation of a straight line on a 

plane.

2. Geometric relationship of two 

straight lines. Distance from the 

point to a given straight line. 
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1. An equation of 

a straight line on a plane

PhD Misiura Ie.Iu. (доцент 

Місюра Є.Ю.)



1.1 Equation of a straight line passing through 

the point                        with the given normal 

(perpendicular) vector                  to this straight line

Let's take the point                            and pass the line l through it.

After this we choose any point                   on this line and plot 

the vector                        which is perpendicular to this line l.
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formula 1



Example

Form a straight line through the point                     perpen-

dicular to the vector                          .

 4,1M

 7,2n
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1.2. General equation of the straight line

Let’s remove the brackets of the previous equation:

Let’s denote the difference as C and obtain:

    000  yyBxxA
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0 CByAx

formula 2
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1.2. General equation of the straight line
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Example

Use the previous example and get the

general equation.
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1.3. Straight line equation passing

through two points                     and 

We take two points                       and                       on the 

straight line and choose any point                 .

 111 , yxM  222 , yxM
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l

PhD Misiura Ie.Iu. (доцент 

Місюра Є.Ю.)

12

1

12

1

xx

xx

yy

yy










formula 3



Example

Form a straight line passing through two points

and .

 1,31 M

 5,22 M
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1.4. Equation of a straight line with 

the given intercepts on the axes

This straight line intersects the x-axis at the point                       and 

the y-axis at the point                      , i.e. this line passes through two

points           and           .

Let’s substitute coordinates of these points into the previous formula:
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by 2 PhD Misiura Ie.Iu. (доцент 
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Example

Use the previous example and get an equation of a straight

line with the given intercepts on the axes
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1.5. Equation of the straight line passing 

through the point                      and the vector  

parallel to this line

We take any point                  on this line l and plot the vector

Let’s obtain the vector
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 yxM , MM0
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 000 ; yyxxMM 
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l
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Example

Form a straight line through the point parallel

to the vector .

 5,2 M

 3,4 a
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1.6. Parametric equation of a straight line
We introduce an arbitrary parameter t into an equation of a straight

line l passing through the point                      and the vector 

parallel to this line as a coefficient of proportionality:
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The obtained expressions are written as
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formula 6
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Example

Use the previous example and get a parametric equation of

this straight line
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1.7. Equation of a straight line passing through 

the point                     with the given angular coefficient 000 , yxM k

 000 , yxM

EMM0
о90E

We plot 

this straight line and

the point                   

belonging to it.

Let’s look at this picture. 

We have 

the right triangle     

with the right angle                      
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Example

Form the straight line passing through the point

and forming 45° angle with the axis OX.

 1,5 M
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1.8. Equation of a straight line with the slope

Let us transform the previous equation and remove the brackets:

k

)( 00 xxkyy 
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Particular cases: bkxy 
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1.9. Normal equation of a straight line

Let’s multiply a general equation of a straight line

by a normalized multiplier which sign is

opposite to the absolute term C sign, and obtain a normal equation of 

a straight line:

0 CByAx

22

1

BA 



0sincos  pyx 

where  p is the length of 

perpendicular dropped from 

the beginning of coordinates 

to the straight line,       is an angle

obtained from this perpendicular 

with the positive direction of 

OX axis.



formula 9
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Example

Reduce the equation                                          to a normal 

straight line equation.

060512  yx
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2. Geometric relationship of two 
straight lines: an intersection of 

straight lines; conditions of 
parallelity and perpendicularity 

for straight lines; angle between 
two straight lines. Distance from 
the point to a given straight line

PhD Misiura Ie.Iu. (доцент 

Місюра Є.Ю.)



A tangent of the angle between two straight lines

and is calculated with the help of the formula:

This formula defines

the acute angle between

the straight lines.

11 bxky   1l

22 bxky   2l
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A tangent of the angle between two straight lines is calculated with the
help of the formula:

This formula defines

the acute angle between

the straight lines.

1 2 2 1

1 2 1 2

A B A B
tg
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A cosine of the angle between two straight lines is calculated with the
help of the formula:

This formula defines

the acute angle between

the straight lines.

1 2 1 2

2 2 2 2

1 2 2 2
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Condition for straight lines to be parallel
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If equations of the straight lines are given as

then we obtain the collinearity condition of 

these straight lines. 

0 x

y 2l

1l

If                then the angle between these lines equals            .21 ll 0
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If equations of the straight lines are given 

as

then we obtain the collinearity condition of 

these straight lines. 

11 bxky   1l

22 bxky   2l

0 x

y 2l
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If                then the angle between these lines equals            .21 ll 0
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Collinearity condition of two straight lines is:
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EXAMPLE
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Condition for straight lines to be 

perpendicular
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If equations of the straight lines are given as

0 x

y

2l

1l

then we obtain the perpendicularity

condition of these straight lines.

21 ll  o90If then the angle between these lines equals .

1 2 1 2
0A A B B   
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If equations of the straight lines are given as

11 bxky 

22 bxky 

 1l

 2l
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then we obtain the perpendicularity

condition of these straight lines.

21 ll  o90If then the angle between these lines equals .
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Perpendicularity condition of two straight lines is:
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EXAMPLE
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Condition for straight lines to 

coincide
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For two straight lines given by slope-intercept
equations to coincide, it is necessary and sufficient
that

If the straight lines are given by general equations,
then a necessary and sufficient condition for them
to coincide has the form

Remark. Sometimes the case of coinciding straight
lines is considered as a special case of parallel
straight lines

PhD Misiura Ie.Iu. (доцент 

Місюра Є.Ю.)



Point of intersection of straight lines

Suppose that two straight lines are defined

by general equations and consider the system of

two first-order algebraic equations:

Each common solution of equations determines a

common point of the two lines:

PhD Misiura Ie.Iu. (доцент 
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Point of intersection of straight lines

Each common solution of equations determines a

common point of the two lines:

then the system is consistent and has a unique solution;

hence these straight lines are distinct and nonparallel and

meet at the point , where

PhD Misiura Ie.Iu. (доцент 

Місюра Є.Ю.)



Point of intersection of straight lines

This condition is often written as
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EXAMPLE
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Example

Find the angle between two straight lines:

and .0723  yx 01523  yx
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Distance between parallel lines

The distance between the parallel lines

given by equations

can be found using the formula
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An angular coefficient of a straight line

is calculated as:

or
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k
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An area of a triangle
If , and are

apexes of the triangle ABC, then the area of

the triangle is calculated by the formula:

or

The sign "+" or "–" is chosen according to this condition: S will be positive.

1 1
( ; )A x y
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3 3
( ; )C x y

1 1

2 2

3 3

1
1

1
2

1

x y

S x y

x y

  2 1 2 1

3 1 3 1

1

2

x x y y
S

x x y y

 
 

 

PhD Misiura Ie.Iu. (доцент 

Місюра Є.Ю.)



Remark
The condition that three points

lie on the same plane is

(the area of the corresponding triangle equals zero)

1 1
( ; )A x y 2 2
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Distance d from point                      to 

the straight line 

is calculated according to the formula:

 000 , yxM
0 CByAx
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Distance d between two points

and

is calculated according to the formula:
1 1

( , )A x y
2 2

( , )B x y

2 2

2 1 2 1
( ) ( )d x x y y   
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Example

Find the distance between two parallel straight lines:   

and0723  yx 01523  yx

PhD Misiura Ie.Iu. (доцент 
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Task

The coordinates apexes of a triangle ABC are given as

Using methods of the analytical geometry do the

following:

1) find the distance between point A and point B ; 

 2,2 A  1,4B  4,0С

PhD Misiura Ie.Iu. (доцент 
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1) find the distance between point A and point B 

          
2222

2124ABAB yyxxAB

    5345936362124 2222
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Task

The coordinates apexes of a triangle ABC are given as

Using methods of the analytical geometry do the

following:

2) form equation of the sides AB and AC ;

 2,2 A  1,4B  4,0С
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2) form equations of the sides AB and AC ;
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Task

The coordinates apexes of a triangle ABC are given as

Using methods of the analytical geometry do the

following:

3) form equation of the altitude dropped from the apex C

 2,2 A  1,4B  4,0С
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3) form equation of the altitude CN 

dropped from the apex C

)( CCNC xxkyy 

1 ABCN kk
AB
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k

k
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1
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1
4  xy

42  xy
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Task

The coordinates apexes of a triangle ABC are given as

Using methods of the analytical geometry do the

following:

4) find the inner angle of the triangle at the apex A;

 2,2 A  1,4B  4,0С
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4) find the inner angle of the triangle at the apex A

3 1/ 2 5/ 2
1

1 1 3 1/ 2 5/ 2
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Task

The coordinates apexes of a triangle ABC are given as

Using methods of the analytical geometry do the

following:

5) calculate length of the altitude CN dropped from the 

apex C; 

 2,2 A  1,4B  4,0С
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5) calculate length of the altitude CN 

dropped from the apex C
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Task

The coordinates apexes of a triangle ABC are given as

Using methods of the analytical geometry do the

following:

6) find the area of the triangle ABC; 

 2,2 A  1,4B  4,0С
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6) find the area of the triangle ABC
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Task

The coordinates apexes of a triangle ABC are given as

Using methods of the analytical geometry do the

following:

7) form equation of the median CM dropped from the

apex C;

 2,2 A  1,4B  4,0С
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7) form equation of the median CM 

dropped from the apex C
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Task

The coordinates apexes of a triangle ABC are given as

Using methods of the analytical geometry do the

following:

8) draw the triangle ABC

 2,2 A  1,4B  4,0С
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8) the picture
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TASK 1

Find the distance from the point A(4; 3) to

the straight line: x = 3+ 2t, y = −4 + 5t, tєR.

PhD Misiura Ie.Iu. (доцент 
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TASK 2

Write down the equation of the straight line

passing through the point M(−6; 12/5) and forming

the triangle with the area equal to 30.

Write down the equation of the straight line

passing through the point M(−6; 12/5) and forming

the triangle with the area equal to 30.
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TASK 3

Three points A(−1; 4), B(5;1) C(5; 6)

are given. Find:

a) coordinates of the point D as the

projection of the point C on the side AB;

b) coordinates of the point E as the

symmetrical point C relative to the side AB.

PhD Misiura Ie.Iu. (доцент 

Місюра Є.Ю.)



Curves of the second order
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Lecture plan 

1. Curve of the second order. A general 

equation

2. Circle. The canonical equation of circle

3. Ellipse. The canonical equation of ellipse

4. Hyperbola. The canonical equation of 

hyperbola

5. Parabola. The canonical equation of 

parabola

PhD Misiura Ie.Iu. (доцент 
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1. Curve of the second order. 

A general equation
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Definition. Curve of the second order on a

plane is called a set of points which coordinates

are of the same system as the Cartesian

coordinates satisfy the following equation

where are any numbers,

and

FEDCBA ,,,,,

0222  CBA
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According to the sign of the value

the curves of the second order are divided

by three types:

1) elliptic if     

2) hyperbolic if 

3) parabolic if 

2BAC 

02  BAC

02  BAC

02  BAC
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Example 1

What type is it?

2 2
4 8 16 0x y x y    
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Example 2

What type is it?

2 2
9 4 18 8 23 0x y x y    
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Example 3

What type is it?

2 2
4 6 16 11 0x y x y    
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Example 4

What type is it?

2
2 8 3 0y x y   
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Basic formulas:
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2. Circle. 

The canonical equation of circle

PhD Misiura Ie.Iu. (доцент 
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If                  and                , we have an equation of circle. 

Definition. Circle is a geometrical place of points

equidistant from a certain point called centre.

0222 22  FEyDxCyBxyAx

СA  0B
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Definition. Circle is a geometrical place of points

equidistant from a certain point called centre.

R

x

y

)b,a(O

)y,x(M
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is the center; is any point of the circle

R is radius;

R

x

y

)b,a(O
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is the center; is any point of the circle

R is radius;

),( baO ),( yxM
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It is the desired equation of a circle. If the center is the

origin of coordinates, then we have the following equation of

a circle:
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Example 5

Find coordinates of centre O and radius R

of circle if the second order equation is

known as

045822 22  yxyx
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Example 5

Find coordinates of centre O and radius R

of circle if the second order equation is

known as
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3. Ellipse. 

The canonical equation of ellipse

PhD Misiura Ie.Iu. (доцент 
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Definition. Ellipse is a geometrical place of the

points which sum of distances to two certain

points called focuses is constant (usually

considered equal to ) greater than the

distance between focuses.
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are called apexes of an ellipse
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с2 is the distance between the focuses

 ca 22 
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Proofing

We have
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Proofing
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Its equation is called a canonical equation of an ellipse
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Its equation is called a canonical equation of an ellipse
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is the length of major axis of an ellipsea2

b2 is the length of minor axis of an ellipse
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are called the major and minor semi-axes of an

ellipse. They are connected by the following equality:

0a 0b
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Ratio of half of focal distance to the length of half of a

major axis is called eccentricity of an ellipse
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● directrices    are   
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The lines are called directrixes of an ellipse.
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TASK 2

Reduce the given equation

to a canonical form and draw the curve.
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TASK 2

Reduce the given equation

to a canonical form and draw the curve.

2 2
16 25 32 50 359 0x y x y    
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TASK 2

Reduce the given equation

to a canonical form and draw the curve.

2 2
16 25 32 50 359 0x y x y    
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TASK 2

Reduce the given equation

to a canonical form and draw the curve.

2 2
16 25 32 50 359 0x y x y    
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4. Hyperbola. 

The canonical equation of hyperbola

PhD Misiura Ie.Iu. (доцент 

Місюра Є.Ю.)



Definition. Hyperbola is a geometrical

place of points which absolute difference

of distances to two certain points called

focuses is constant (usually considered

equal ) less than the distance between

focuses.
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is the distance between the focuses2c
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Proofing

We have
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Its equation is called a canonical equation of hyperbola

1
2

2

2

2


b

y

a

x

PhD Misiura Ie.Iu. (доцент 

Місюра Є.Ю.)



Its equation is called a canonical equation of an ellipse

is the length of real axis of hyperbolaa2

b2 is the length of imaginary axis of hyperbola
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are called apexes of hyperbola
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The ratio of half of focal distance to the length of half real

axis is called eccentricity of hyperbola.
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If ,

then a hyperbola is called 

rectangular.
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The lines are called asymptotes of hyperbolax
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Task 3

Reduce the given equation 

to a canonical form and draw the curve.
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5. Parabola. 

The canonical equation of parabola
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Definition. Parabola is a geometrical

place of points equidistant from one

certain point called focus and a certain line

called directrix.
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We have

PhD Misiura Ie.Iu. (доцент 

Місюра Є.Ю.)



Proofing

We have

PhD Misiura Ie.Iu. (доцент 

Місюра Є.Ю.)



Proofing

We have

PhD Misiura Ie.Iu. (доцент 

Місюра Є.Ю.)



pxy 22  pyx 22 

PhD Misiura Ie.Iu. (доцент 

Місюра Є.Ю.)



This parabola has the focus              and the directrix               .
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This parabola has the focus              and the directrix               .
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BASIC VARIANTS
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Task 4

Reduce the given equation 

to a canonical form and draw the curve.

2
8 2 44 0y y x   
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Reduction of equations to 

the canonical forms of curves of

the second order 
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Місюра Є.Ю.)



Let’s allocate the perfect square:
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A general equation of 

the second order curve 

FEDCBA ,,,,,where                                  are any numbers, 

and 0222  CBA
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A general equation of 

the circle 

Here                                    and
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A canonical equation of a circle

is

where R is the radius; 

O (x0; y0) is the center
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Let’s reduce the general equation to 

the canonical form

We have
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Let’s reduce the general equation to 

the canonical form

We have

Let’s take out the common factor A and divide this equation 

by it:
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Let’s reduce the general equation to 

the canonical form

Let’s take out the common factor A and divide this equation 

by it:

Let’s denote fractions as:
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Let’s reduce the general equation to 

the canonical form

Let’s take out the common factor A and divide this equation 

by it:

Let’s denote fractions as:

and get
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Let’s reduce the general equation to 

the canonical form

Let’s denote fractions as:

and get

Let’s allocate perfect squares:
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Let’s reduce the general equation to 

the canonical form

Let’s allocate perfect squares:

and get

where
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Let’s reduce the general equation to 

the canonical form

and get

where

Remark. Let’s use the formula for R and get the

following inequality:
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and get
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Let’s reduce the general equation to 

the canonical form

and get

where
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Let’s reduce the general equation to the canonical 

form
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EXAMPLE 1

Let’s reduce the general equation to the canonical 

form

It’s the canonical equation of the circle with the

radius and the center at the point
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Transformations
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Nine canonical second-order curves
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According to the sign of the value

the curves of the second order are divided
by three types:

1) elliptic if                            

(if A = C it is a circle)

2) hyperbolic if 

3) parabolic if 

2BAC 
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Let’s consider examples if B = 0

According to the sign of the value A·C
the curves of the second order are divided
by three types:

1) elliptic if A·C>0      (if A = C it is a circle)

2) hyperbolic if A·C<0

3) parabolic if A·C=0
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EXAMPLE 2
Reduce this equation

to the canonical form and use transformations of

coordinates.
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EXAMPLE 2

Let’s define the type of this curve:
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EXAMPLE 2

Let’s define the type of this curve:

It means that it is the hyperbolic type.
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EXAMPLE 2

Let’s group summands and allocate perfect

squares:
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EXAMPLE 2

Let’s group summands and allocate perfect squares:

Let’s use this formula

and get
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EXAMPLE 2
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EXAMPLE 2

Let’s get

and the new coordinates:
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EXAMPLE 2

We have the hyperbola

with the center and semiaxes
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EXAMPLE 3

Reduce this equation

to the canonical form and use 

transformations of coordinates.
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Let’s define the type of this curve:
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Let’s define the type of this curve:

It means that it is the elliptic type.
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Let’s get
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Let’s get

It will be the ellipse which is singulared
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EXAMPLE 4

Reduce this equation

to the canonical form and use 

transformations of coordinates.
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EXAMPLE 4

Let’s define the type of this curve:

It means that it is the parabolic type.
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EXAMPLE 4

Let’s group summands and allocate perfect

squares:
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EXAMPLE 4

Let’s group summands and allocate perfect 

squares:

It’s the parabola with the vertex

(it is symmetrical relative to O1Y) and the

parameter equals
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TASK 1

Get the canonical equation:

2 2
4 8 16 0x y x y    

PhD Misiura Ie.Iu. (доцент 

Місюра Є.Ю.)



TASK 2

Get the canonical equation:

2 2
9 4 18 8 23 0x y x y    

PhD Misiura Ie.Iu. (доцент 

Місюра Є.Ю.)



TASK 3

Get the canonical equation:
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Get the canonical equation:
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Basic formulas:
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