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1. Definition of a vector, types of vectors
Let a rectangular Cartesian coordinate system be defined in

space. Then a position of any spatial point is defined by its coordinates

x, y, z.
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Names of axes

X-axis        or     absciss

Y-axis        or     ordinate

Z-axis        or     applicata

(0; 0; 0)      or    origin
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Definition. A directed segment (or an ordered couple of points

A and B) is called a vector (geometrical). A vector is denoted by

or         . 

Let the point be an origin of the vector and 

the point be its terminus. Coordinates of 

the vector are defined as

AB a

 AAA zyxA ,,

 BBB zyxB ,,

AB

 ABABAB zzyyxxAB  ,,
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It is known that any vector in space can be presented as 

orkajaiaa zyx   zyx aaaa ,,

where are projections of the vector on the axes Ox,

Oy, Oz respectively; are unit vectors (orts) whose directions

coincide with the direction of the coordinate axes ,

, .

zyx aaa ,, a

kji ,,

 0,0,1i

 0,1,0j  1,0,0k
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A plane
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kajaiaa zyx   zyx aaaa ,,or
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Every of the vectors is perpendicular (orthogonal)

to the both others. These vectors form a so called orthonormalized

basis. The projections are coordinates of the vector

in the orthonormalized basis.

Definition. So called the null vector whose origin coincides with

its terminus also relates to vectors:

kji ,,

zyx aaa ,,

 0,0,00 
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Definition. Vectors located on the same or parallel straight lines are

called parallel or collinear.

Example 1. Vectors are collinear,

vectors are collinear.

cba ,,

CBBDAC ,,
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Definition. Vectors are called complanar if there exists a plane which

they are parallel to.

Definition. Two vectors should be considered equal if they are

collinear, equally directed and have equal lengths.
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2. Basic operations with vectors and 

properties of these operations

Linear operations with the vectors

Property 1: a sum or difference of vectors are determined according

to the formulas:

 zzyyxx babababa  ,,

Vectors are added and subtracted according to the rule of triangle or

parallelogram:
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The operations of vector addition (subtraction) satisfy the 

following laws:

1)                                    is a commutative law;

2)                                                       is an associative law;

3)                              , where        is a null vector,            is the opposite 

vector relative to a vector :                    

abba




   cbacba




 a


  0 aa


0
a


  aa

 1

PhD Misiura Ie.Iu. (доцент 

Місюра Є.Ю.)



Economic EXAMPLE
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Property 2: a multiplication of a vector by a number is determined 

according to the formula:

 zyx aaaa   ,,

If , then and are parallel (collinear) and directed to

the same side

0 a


a

if , then to the opposite sides.0
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Let the vectors and be defined by their coordinates, i.e.

and , then the vector

equality is equivalent to three numerical ones:

a b

 zyx aaaa ,,  zyx bbbb ,,

ab 

xx ab  yy ab  zz ab 


z

z

y

y

x

x

a

b

a

b

a

b

Rule: thus vectors are collinear if their coordinates are

proportional.
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Example 2. Two vectors                             and                             

are given. Determine the projections on the coordinate axes of 

the following vectors: 

1)                                                       2)

3)                                                       4)

Solution. By the rule of vector addition and vector multiplication by

a number we have:

 6,2,3 a  0,1,2b

ba  ba 

a2 ba 32 

      6,1,106,12,23,,  zzyyxx babababa

      6,3,506,12,23,,  zzyyxx babababa

        12,4,662,22,322,2,22  zyx aaaa

 2 3 2 3 ,2 3 ,2 3x x y y z za b a b a b a b     

        12,7,120362,1322,2332 
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3. Formulas of division of a segment in the 

given ratio
Let us assume that the point divides a segment 

between the points                                   and                                    

in the ratio     , that is 

Task. Let’s get formulas for coordinates of the point M.

 MMM zyxM ,,

 
111

,,1 MMM zyxM  
222

,,2 MMM zyxM



2

1

MM

MM

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In this case the following formulas should be used to find 

the coordinates of the point M:










1

21 MM
M

xx
x










1

21 MM
M

yy
y










1

21 MM
M

zz
z

PhD Misiura Ie.Iu. (доцент 

Місюра Є.Ю.)



In the particular case, if the point M bisects the segment   

then

21MM

2

21 MM
M

xx
x




2

21 MM
M

yy
y




2

21 MM
M

zz
z



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4. A module of the vector, its properties. 

The angle between the vectors. 

The distance between the vectors.
The distance between an origin and a terminus of a vector is called 

its length or module and designated by       or        .

The module of a vector       is calculated according to the following 

formula: 

a AB

a

222
zyx aaaa 

The module of a vector        is calculated according to the following

formula: 

AB

     222
ABABAB zzyyxxAB 
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Direction cosines are called cosines of the angles between the vector 

and positive directions of the corresponding coordinate axes and 

defined as follows:

a

222
cos

zyx

xx

aaa

a

a

a




222
cos

zyx

yy

aaa

a

a

a




222
cos

zyx

zz

aaa

a

a

a




They are related to the equality

1coscoscos 222  
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Angles between the vector 

and positive directions
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Angles between the vector 

and positive directions
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Example 3. Find the direction cosines of the vector if

the points and are given.

AB

 0,2,1A  2,1,3 B

Solution. The coordinates of the vector are calculated in

this way:

AB

     2,1,202,21,13;;  ABABAB zzyyxxAB

Its length is

           222222 212ABABAB zzyyxxAB

39 

The direction cosines are

3

2
cos 

a

ax
3

1
cos 

a

ay


3

2
cos 

a

az
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Nonlinear operations with vectors
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Scalar product
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Scalar product. The value is called a scalar 

product of the vectors         and        .

cos baba


a


b


If the vectors and are given by their coordinates then their 

scalar product is as follows:

a


b


zzyyxx babababa 

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Types of angles between vectors
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It is obvious that if vectors are perpendicular then their scalar product 

is equal to zero, i.e. 

The basic properties of a scalar product:

1)                                   

2) a length of the vector is defined by means of a scalar product as

3) the cosine of an angle between the vectors        and      is calculated

as

090coscos  оbababa




0ba


0 zzyyxx bababa

abba



a


aaa 
 2

aaa




a


b


222222
cos

zyxzyx

zzyyxx

bbbaaa

bababa

ba

ba









 



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A scalar product
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Properties of a scalar product
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Properties
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Economic EXAMPLE

PhD Misiura Ie.Iu. (доцент 

Місюра Є.Ю.)

PhD Misiura Ie.Iu. (доцент Місюра Є.Ю.)



PhD Misiura Ie.Iu. (доцент Місюра Є.Ю.)



Example 4. Find the angle between the vectors                 

and                          

 2,1,2 a

 4,3,0b

Solution. Let’s use the formula:       

222222
cos

zyxzyx

zzyyxx

bbbaaa

bababa

ba

ba









 




We have   

    11423102 ba


    39414212
222 a



525430 222 b


15

11

53

11
cos 











ba

ba





15

11
arccos 
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Example 5. The vectors     and form an angle               ,

,          . Find a scalar product of the vectors    and 

a


b


o60

3a


2b a


b


Solution.

3
2

1
660cos23cos  obaba 


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Vector (cross) product 
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Vector product. The vector product of the vectors       and

is the vector      which satisfies the following conditions:

1) it is perpendicular to both the vector-multiplicands      and    

2) it is directed in such a way that, looking from its terminus, 
the shortest turn on the angle    from         to       occurs 
anticlockwise, i.e. the triple of vectors      , , is 
right-hand triple,

3) the length of this vector is equal to 

a


b


с

a


b


 a


b


a


b


ba




sin bac

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за годинниковою стрілкою

clockwise
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проти за годинникової стрілки

anticlockwise
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Right-hand triple of vectors and 

left-hand triple of vectors
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The vector product of the vectors          and         is designated by

or                    .

a


b


bac


 ],[ bac



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A module of a vector product is numerically equal to the area of a 

parallelogram constructed on the vectors        and        :a


b


sin babacS

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PROPERTY
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The basic properties of a vector product:

1) . the sign of the vector product changes on opposite if the factors are 
transposed

abba 

2) 0 aa
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The vector product through the coordinates of the vector-multiplicands 

is expressed as it follows:

zyx

zyx

bbb

aaa

kji

ba





If two vectors are collinear then their vector product is equal to zero, i.e. 

their coordinates are proportional or equal:

0ba

z

z

y

y

x

x

a

b

a

b

a

b

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Properties
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Example 6. Vectors and are given.

Calculate the area of the parallelogram constructed on these vectors.

Solution. The area is calculated by the formula:

The vector product of the vectors  and  is equal to:

 0,5,4 a  3,4,0 b

baS 

a b





 120016015

4

5

0

4

340

054 jikkji

jikji

ba




kji


161215 
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Calculate the area of the parallelogram:

(sq. units)25625161215 222  baS
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Mixed product
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Mixed product of vectors. The mixed product of the vectors ,  

and is equal to the value obtained after scalar-multiplying one 

vector by a vector product of two others:

a


b


c


     cbacbacba


,,

If the vectors are given by their coordinates:                               ,

and then their mixed product can 

be found according to the formula:

 zyx aaaa ,,

 zyx bbbb ,,  zyx сссс ,,

 
zyx

zyx

zyx

ccc

bbb

aaa

cba 


,,
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Denotation of a mixed product 
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From the definition of a mixed product it follows that the condition of

complanarity of vectors is equality to zero of their mixed product:

The module of the mixed product is equal to the volume of 

the parallelepiped constructed on three vectors, i.e.

  0,, cba


0

zyx

zyx

zyx

ccc

bbb

aaa

 cbaV


,,
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The volume of a tetrahedron is equal to  cbaV


,,
6

1


 DCDBDAV ,,
6

1

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Properties

The law of a circular permutation:
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To get the formula for the mixed product!!!
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Right-hand triple of vectors if
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Left-hand triple of vectors if
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TASK 1
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Example. Let the following apexes of a pyramid , ,     

, be given. Calculate the pyramid volume and

the length of the altitude put down from the apex D.

Solution. The volume of the pyramid is equal to:

or

 1,3,2A  2,1,4 B
 7,3,6С  2,4,5 D

hSV 
3

1

 DCDBDAV ,,
6

1

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Let’s find         ,            and             :DA DB DC

        1,7,721,43,52,,  DADADA zzyyxxDA

        4,5,922,41,54,,  DBDBDB zzyyxxDB

        5,7,1127,43,56,,  DСDСDС zzyyxxDС

Then

  





7

5

7

11

9

7

5711

459

177

,, DCDBDA

         59774715117911147557

2603151965563308175 
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Thus (cubed units) 
3

130

6

260
260

6

1
,,

6

1
 DCDBDAV

Find the area of triangle ABC:

 jikkji

jikji

ACAB




120801212

0

2

4

2

604

322

kji


82412 

     3,2,212,31,24,,  ABABAB zzyyxxAB

     6,0,417,33,26,,  AСAСAС zzyyxxAС
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Let’s find the area of triangle ABC:

     222 82412
2

1

2

1
ACABSABC

14
2

28
784

2

1
 (square units)

Thus, let’s calculate the length of the altitude put down from 

the apex D:

(units of length)

7

65

14

3

130
3

33











ABCS

V

S

V
h
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Projection of the vector       on the x-axisс

cos сcсpr xx
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Projection of the vector     on the vector     :a b

b

ba
apr

b



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Conclusions
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Economic EXAMPLE
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