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TOPIC:
Elements of the theory of
matrices and determinants.
Matrix analysis of the
International trade market



Application of matrices

Matrices are applied for various disciplines such as
Business, Economics, Management, Tourism, statistics and so
on.

Let's discuss how various situations in business and
economics can be presented using matrices.

This can be done using the following examples.

Example 1. Number of staff in the office can be represented
as follows:

Vi I Peon ]
4 Clerk
3 Typist
1 Head clerk
1 | Office superintendent
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Application of matrices
Example 2. An automobile company uses three types of steel

¢, , “2 and ¢ for producing three types of cars S; , S,
and S3. The steel requirements (in tons) for each type of car is
given below:

“1 2 °3 cars
S, 2 3 4 (2 3 )
S 1 1 2
2 steel |1 1 2
S3 3 2 1 3 2 1)
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Application of matrices
Example 3.

But first. let’s discuss how various situations in business and economics can be
represented using matrices. This can be done using the following examples.

[. Annual productions of two branches selling three types of items may be
represented as follows:

Branch Item A ltem B Item C

/

i 2000 2876 2314

7542 3214 2969
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Application of matrices
Example 4.

3. The unit cost of transportation of an item from each of the three factories to each
of the four warehouses can be represented as follows:

Warehouse
Fact ory Wi W- W- W

"Iz 12 17 1@
Il

53 96 11 19
I

[16 15 18 11
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Lecture plan

1. A definition and types of basic matrices.
2. Basic operations with matrices and
properties of these operations.

3. A definition of a determinant, rules of
calculation and properties of determinants.
4. Minors and cofactors.

5. Laplace’ theorem of decomposition of a determinant in
Its rows or columns

6. Notion of an inverse matrix
7. Application Laplace’ theorem of the decomposition of the
determinant and the 5-th property of determinants
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1. A DEFINITION AND TYPES OF BASIC
MATRICES
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Definition

« Matrix / maTtpuus
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Definition. A matrix is a two-dimensional arrangement of numbers in rows
and columns by a pair of square or round brackets in the form shown below.

d1 A
a a .o a

ol I 1
| 8m1 Amp Amn
(&1 &y . gy
a a .o a

Sl DN 7
\dm1  m2 - amn)
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Definition

« Matrix / maTtpuus

/QD « Row / psifok

* Column / ctoBneub
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The above figure shows an m x n matrix of m rows and n columns.
Here
m is a number of rows; n is a number of columns; m x n is the size;

dii . : : :
'J'is an element of the matrix A and represents the entry in the matrix A on
the i-th row and j-th column.

For example,

d17 - elementinrow 1, column 1:

d12 - elementin row 1, column 2:

dmn - element in row m, column n.
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\aml

am2
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We usually denote matrices with capital letters, such as A, B, C, and so on.

A11 A12 . A
A S— a21 a22 — aZn Iows

anl anZ amn

L Py

columns

A:= A matrix is denoted by an uppercase letter.
a= A matrix entry is denoted by a lower case letter.
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Definition

« Matrix / maTtpuus
 Row / psagok
 Column / ctoBneub
* Order / nopsgok

e Size / po3mip
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Definition. The size m ¥ n of a matrix is called its order.

The order is
(number of rows) x (number of columns).

Notation. Matrices are denoted by the capital letters A, B, C
and so on.
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The size of a matrix Is

(number of rows) x (number of columns)

Mxn

3x4
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Example 1. Consider the matrix:

(2 4 3 -1
A=| 3 1 5 2
-10 7 6,

Question 1. Define the size.
Question 2. Define the 2-nd row.
Question 3. Define the 3-rd column.
Question 4. Define the element A3
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Example 1. Consider the matrix:
(2 4 3 -1
A= 3 1 5 2

-1 0 7 6)

Answer 1. Its size 3 x 4,
Answer 2. The 2-nd rowis (3 5 2)

Answer 3. The 3-rd column is

~N 0w

Answer 4. The element is 855 =5
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Types of basic matrices
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Definition

* Rectangular matrix /
NPAMOKYTHA MaTpuuA

* Square matrix /
KeadpamHa Mmampuus
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Type 1. A matrix is called rectangular matrix, if M # N

(a; ap .. ap
A_| %21 G2 - @
\Am1  8m2 - Amn/mxn

(1 [ 2 9]
A=
9 2 7 1), ,
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Type 2. A matrix is called square matrix, if M=n, The number
of rows Is considered to be the order of this matrix.

(81 a8 .. a)
a a —C
A_|d21 22 2n
\anl an2 ann)nxn

( j
A_
2% 2
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Diagonals of a square matrix

(87 @ .. @
a a e d
A — 21 22 2N
\Gn1  p2 ann/nxn

are elements of the main diagonal of
A11,A29;-- -5 Anp .
the matrix

are elements of the secondary

A, A 14...,a
1n»®2n-1 "1 diagonal of the matrix
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Definition

* Main diagonal /
rOfiloBHa AlaroHarnb

« Secondary diagonal /
nobiyHa giaroHanb
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Type 3. A matrix-row is called a matrix consisting of the
only row:

A:(all dip .. aln)lxn

A:(_4 / 2)1><3
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Type 4. A matrix-column is called a matrix consisting of
the only column:

(ag;) -
A — d o1 A=|2
- \3/3x1
\aml/mxl
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Definition

* Diagonal matrix /
alaroHanbHa MaTpuus

« Unit (identity) matrix /
OOUHUYHa MmaTpuus

« Zero (or null) matrix /
Hynboga Mampuusi
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Type 5. A square matrix is called diagonal if all its elements
except diagonal ones are equal to zero and denoted by:

d, 0 .. 0

0 d .. 0
D — 22
0

(0 0 . dy)
(2 0 0)

D=0 -1 O
\O 0 3/3><3
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Type 6. If all the diagonal elements of the diagonal matrix are
equal to 1 then the matrix is called a unit (identity) matrix and
designated as E:

(10 .. 0

1 0 0
S E=/0 1 0
00 1),
0 0 .. 1)
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Type 7. A matrix is called zero (or null) matrix if all its elements are
equal to zero and designated by:

0 0 .. 0)
O 0 .. O
O =
0 0 .. 0,
‘0 0 0 0O
O—OO O=/0 0 0 O
_OOZXZ B
\OOOOJ3X4
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Definition

« Upper triangular matrix
| BEPXHSA TPUKYTHA
MaTpuus

* Lower triangular matrix
| HIXKHA TPUKYTHA
MaTpuua
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Type 8. If all the elements of a matrix located below (above)
the main diagonal are equal to zero then the matrix is called an
upper (lower) triangular matrix

Upper Triangular
Matrix

dq1 A4 A3 Aqg
0 a, a;; a,,
0 0 az ay

d
000444::4
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Type 8. If all the elements of a matrix located below (above)
the main diagonal are equal to zero then the matrix is called an
upper (lower) triangular matrix

Lower Triangular
Matrix

di1 0 0 O
dp1 d22 0 0
d3q d3zd33 0
dg1 Q42 43 44|,

PhD Misiura le.lu. (aoueHT
Mictopa €.10.)



2. Basic operations
with matrices and
properties of these operations

PhD Misiura le.lu. (aoueHT
Mictopa €.10.)



Basic arithmetic operations
with numbers
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Basic arithmetic operations
with numbers
Addition (+)
Subtraction (-)
Multiplication (*)
Division(:)
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Basic arithmetic operations
with numbers

Addition / gopaBaHHSA (+)
Subtraction / BigHIMaHHS (-)
Multiplication / MmHOXeHHSA ((+) or (%))
Division / gineHHa (:)
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Operation 1. The addition and subtraction matrices. Matrices that
have the same order can be added together, or subtracted. The
addition, or subtraction, is performed on each of the corresponding
elements. Suppose that both matrices A and B have m rows and n
columns. Then we write and call this the sum (or difference) of the two

matrices A and B.

/all aln\ (bll bln\
Cimxn = Amxn £ Bmxn = E SN D=
\dm1 " 9mn Kbml bmn/
TR THEEE- TR
kaml—bml amnibmn/
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13 30
Example 2. Matrices A and B are givenby A= [ g lSj and

7 35
B = 8 4 .Find A+B and A-B.
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13 30
Example 2. Matrices A and B are givenby A= [ g lSj and

7 35
B = 8 4 .Find A+B and A-B.

Solution. Matrices A and B have the same order 2x2, therefore, we can
add them together, or subtract:

13 30) (7 35 13+7 30+35 20 65
C=A+B= + = =
8 15 8 4 8+8 15+4 16 19

c_AB_ 13 30} (7 35) (13-7 30-35) (6 -5
- |8 15) (8 4) |8-8 15-4) (0 11
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Example 3. We do not have a definition for “adding” the matrices A
and B, because matrices have the different order.

5 4 12 7 13 30
“lon s ul oo
0o 12 9 14),, 8 15),.,

!
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The operations of matrix addition (or
subtraction) satisfy the following laws:

A+B=B+A
(A+B)+C=A+(B+C)

A+O=A
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Operation 2. The multiplication of a matrix by a scalar
value. A matrix can be multiplied by a specific value, such
as a number (scalar multiplication). Scalar multiplication
simply involves the multiplication of each element in a
matrix by the scalar value. Suppose that the matrix A has
m rows and n columns and ¢ R (iIs any non-zero
number).

/a.all a.aln\
men :a'Amxn —

\aaml aamn)
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The operation of matrix multiplication by
some number satisfies the following laws:

(a-pIA=a(p-A)
(o £ B)A=aA+ BA

a(A+B)=aA+aB
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2 —4 1
Example 4. Calculate the matrix C =3B — 2A, If A=( j

3 0 7
andB:512.
3 6 -1
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2 -4 1
Example 4. Calculate the matrix C =3B — 2A, If A=( j

3 0 7
andB:512.
3 6 -1

Solution. Matrices A and B have the same order, therefore, we can
obtain C. The entry 2A is multiplication the matrix A by 2:

op_ 2:2 2:(-4) 21) (4 -8 2
2.3 20 27) 6 0 14
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2 -4 1
Example 4. Calculate the matrix C =3B — 2A, If A=( j

3 0 7
andB:512.
3 6 -1

Solution. Matrices A and B have the same order, therefore, we can
obtain C. The entry 2A is multiplication the matrix A by 2:

op_ 2:2 2:(-4) 21) (4 -8 2
2.3 20 27) 6 0 14

Let's calculate 3B like 2A:

o (35 31 32 (15 3 6
(33 36 3(-1)) |9 18 -3
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2 -4 1
Example 4. Calculate the matrix C =3B — 2A, If A=( j

3 0 7
andB:512.
3 6 -1

Solution. Matrices A and B have the same order, therefore, we can
obtain C. The entry 2A is multiplication the matrix A by 2:

o 2:2 2:(-4) 21\ (4 -8 2
23 20 2.7) \6 0 14
Let’s calculate 3B like 2A:
o 35 31 3.2) (15 3 6
(33 36 3(-1)) |9 18 -3
Then
15 3 6 4 -8 2 11 11 4
C=3B-2A= _ -
(9 18 —3) (6 0 14) (3 18 —17j
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Operation 3. Multiplication of a matrix by a matrix

et two matrices A:(aij )mxn and B:(bij )pxq be given and the

number of columns at the first matrix be equal to the number of
rows of the second one, i.e. M=P | In this case we can define the
operation of multiplication of the matrix A by the matrix B. The matrix

C of the size mxQ , which elements are calculated according to the
following rule:

n
c,J:Zaik-bkj=ai1-blj+...+ain-bnj I
k=1

C=A-B=(a )mxn °(bi1)p><q i )qu
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Operation 3. Multiplication of a matrix by a matrix
A:(aij )mxn B :(bij )pxq i

n=p J

C=A-B= (aij )mxn '(bij )pxq ( i )qu

n
Cij = Zaik bkj :ai]_'b_l_j +...+ g, bnj
k=1

Il
[
3

The rule «row by columny: in order to get an element standing in
the row I and the column j of the matrix C equal to the product of the
matrices A and B it is necessary to multiply elements standing in the
row | of the first matrix by the corresponding elements of the
column | of the second matrix and then summarize the obtained
products.
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Operation 3. Multiplication of a matrix by a matrix

Multiplication of Matrices

A . B
mXn nxp

-

Equal
Y Y

Dimensions of AB
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The operation of multiplication of a matrix by
a matrix satisfies the following laws:

a(AB)=(cA)B = A(aB)
(A+B)C=AC+BC

C(A+B)=CA+CB AO=0A=0

A(BC)= A(BC) AE =EA=A
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Example 5. Multiply the following matrices:

and

1
2
0
3

4
3
—2
1
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Example 5. Multiply the following matrices:
(1 4
and B= 3
0 -2
3 1

Can you multiply these matrices?
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A=

(2 4 3 -1
3 15 2
107 6




Example 5. Multiply the following matrices: A= 3 1 5 2

1 4 -1 0 7 6)
and |3=2 3

0 -2

3 1

Solution. Note that A is a 3x4 matrix and B is a 4x2 matrix and
the number of columns of the matrix A is equal to the number of rows of
the matrix B, so that the product C is a 3x2 matrix.

Let us calculate the product

11 12
C=A-B= (aij )3><4 . (bU )4><2 - (Cij )3><2 |1 22
€31 €32

PhD Misiura le.lu. (aoueHT
Mictopa €.10.)



Consider first of all ¢y;. To calculate this, we need the 1-st row of A
and the 1-st column of B.

(1 x

2 4 3 -1 (c17 X
2 X

C=|x x x x| —| X X
0 x

X X X X X X
3 x

From the definition of the product of the matrix A by the matrix B,
we have

crp =81 Dy +agp Doy +ag3 -y +ay,-byy =
=2-1+4-2+3-0+(-1)-3=2+8+0-3=7
(multiply elements standing in the row 1 of A by the corresponding

elements of the column 1 of B and then summarize the obtained
products).

PhD Misiura le.lu. (aoueHT
Mictopa €.10.)



Consider next ¢;, . To calculate this, we need the 1-st row of A and
the 2-nd column of B.

x 4

243—1 XC]_Z
X 3

C=|x x x x| —|x X
X —2

X X X X X X
><1/

From the definition of the product of the matrix A by the matrix B,
we have

C1p =311 Dy +a9p Doy + A3 -Bgp +314-0yp =
=2-4+4-3+3-(-2)+(-1)-1=8+12-6-1=13

(multiply elements standing in the row 1 of A by the corresponding
elements of the column 2 of B and then summarize the obtained
products).
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Consider next c¢,; . To calculate this, we need the 2-nd row of A and
the 1-st column of B.

1 x

X X X X X X
2 X

C:3152 :C21X
0 x

X X X X X X
3 x

From the definition of the product of the matrix A by the matrix B,
we have

Co1 = apy -Dyg +apy -Dpy +ap3 b3y +ay, by =

=3-1+1-2+5-0+2-3=3+2+0+6=11

(multiply elements standing in the row 2 of A by the corresponding
elements of the column 1 of B and then summarize the obtained
products).
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Consider next c,, . To calculate this, we need the 2-nd row of A and
the 2-nd column of B.

x 4
X X X X X X
X 3
C:3152 :XCZZ
X —2
X X X X X X
x 1

From the definition of the product of the matrix A by the matrix B,
we have

Cop = a1 "Dy +a9p Doy + 893 Dgy +a94 -0yy =
=3-4+1-3+5-(-2)+2-1=12+3-10+2=7

(multiply elements standing in the row 2 of A by the corresponding
elements of the column 2 of B and then summarize the obtained

products).
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Consider next c¢31 . To calculate this, we need the 3-rd row of A and
the 1-st column of B.

1 x

X X X X X X
2 X

C=| x x x x| = X X
0 x

_1076 CSlX
3 X

From the definition of the product of the matrix A by the matrix B,
we have

C31 =gy by +agy -0y +agz Dy +ag, by =

=(-1)-1+0-2+7-0+6-3=-1+0+0+18=17

(multiply elements standing in the row 3 of A by the corresponding
elements of the column 1 of B and then summarize the obtained

products).
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Consider next c3, . To calculate this, we need the 3-rd row of A and
the 2-nd column of B.

x 4

X X X X X X
X 3

C=| x x x x|- —|x X
X —2

—1076 XC32
x 1

From the definition of the product of the matrix A by the matrix B,
we have

C3p =agq -Dyp +ag) - Dyy +a33 D3y +A34 "Dy =

=(-1)-4+0-3+7-(-2)+6:1=—4+0-14+6=-12

(multiply elements standing in the row 3 of A by the corresponding
elements of the column 2 of B and then summarize the obtained

products).
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Therefore we conclude that

C

A-B=

1 4
2 4 3 -1

2 3
3 1 5 2| =

0 -2
-1 0 7 6

3 1
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C21
C31

C22
€32

7 13
11 7
17 -12,



Example 6. Consider the same matrices in example 5:

(2 4 3 -1 1 47
-1 0 6 0 -2
3 1

Can you multiply these matrices?
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Example 6. Consider the same matrices in example 5:

14 (2 4 -1
0 -2 -1 0 6
3 1

Note that B is a 4x2 matrix and A is a 3%4 matrix, so that we do not
have a definition for the product B-A , because the number of
columns of the matrix A is not equal to the number of rows of the matrix
B.

B-A= (bU )4><2 ' (aij )3><4 #A-B= (aij )3><4 . (blj )4><2 - (cij )3><2
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Operation 4. Transposition of a matrix. Consider the mxn matrix A.
By the transposed A" of A, we mean the transposed matrix A

obtained from A by transposing rows and columns.

all a.12 a.ln all a21 anl
a a e a
a.21 a.22 azn AT _ (a ) ) _ 12 22 n2
A= aij — Wnxm
mxn
a a |
aml am2 amn m 2m nm

To get a transposition of a matrix, usually written as AT , the rows and

columns are swapped around, I. e. row 1 becomes column 1 and
column 1 becomes row 1, etc.
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(2 4 -1
Example 7. Considerthe matrix A=| 3 1 5 2 | . Then
-1 0 6
Al =
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(2 4 -1
Example 7. Considerthe matrix A=| 3 1 5 2 | . Then
-1 0 6
2 3 -1
AT _ 4 1 0
3 o5 7
-1 2 6
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(2 4 -1
Example 7. Considerthe matrix A=| 3 1 §5§ 2 | .Then
-1 0 6
(2 3 -1
T[4 10
3 5 7
-1 2 6,

Note that A is a 3x4 matrix and A' is a 4x3 matrix.
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Operation 5. Raising to power. For the nxn matrix and
a positive integer m, the m-th power of is

AT =A-A- A

o /

m copfés of A

A =E
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Operation 5. Raising to power. For the nxn matrix and
a positive integer m, the m-th power of is

AT =A-A- A

o /

m copfés of A

A =E
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Operation 5. Raising to power. For the nxn matrix and
a positive integer m, the m-th power of is

AT =A-A- A

o /

m copfés of A

2 copies of A
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Operation 5. Raising to power. For the nxn matrix and
a positive integer m, the m-th power of is

AT =A-A- A

o /

m copfés of A

A =E

A= A-A-A

3 copigs of A
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Operation 5. Raising to power. For the nxn matrix and
a positive integer m, the m-th power of is

AT =A-A- A

o /

m copfés of A

A =E

A= AAA A= A2 A= A. A2

3 copigs of A
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4

Example. A matrix is given: A :(
-2

Find A® and A’
Can you find?
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Example. A matrix is given: A:( 4 1)
-2 0

Find A* and A’
This operation can be applied to the square matrix!!!
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Example. A matrix is given: A:( 4 1)
-2 0
Find A and A

A= A-A
—
2 copies of A

A2_AA_4 1 (4 1)
- =2 0/ l=2 o)

( 4-4+1(-2)  41+1.0) (14 4
(-2-440-(-2) -2-1+0-0) |-8 -2
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A= A-A-A
%/_J
3 copies of A

AS=A%. A=A A°

The matrix a3 can be obtained by another way:

W ———. -

4 1)

L |=4
\—2:0,
2 I T
b - — A
\ )
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\—2:0)
(14 4] 48 14)
—8 =2\ )




. R S G, D A, SR AR S SR D D G .uD NG AN 'SR 4 ) S Sh .09 e

— 43




-----------q-qp-------o.-----







Question

Do you have operation of division?
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3. A definition of a determinant,
rules of calculation and
properties of determinants
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Definition

* Determinant /
OETEPMIHAHT,
BU3HAYHUK

* Property / BnacTuBiCTb

S

S
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Any square matrix can be associated with some value (number)
called its determinant and designated as det A , A\ or A (delta).
For example, a determinant of a matrix of the 2-nd order is

calculated according to the following formula:

A_all d12|
\ \— =dy1-dpy —dp1 A1

dp1 dpo

l. e. the product of elements of the main diagonal minus the product
of elements of the secondary diagonal. (1 2)

Example 8. Calculate the determinant of the matrix: 3 4

1 2
Solution. A:3 4:1~4—2~3:4—6:—2
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Greek Alphabet

English

English

Letters P Name Letters B Name
Aa a alpha Nv n nu
Bp b beta 4 X xi
Iy g gamma Oo 0 omicron
Ad d delta IIn p pi
Ee » epsilon Pp th, r rho
ZC z zeta L 0,6 s sigma
Hn - eta Tz t tau
©0 th theta Yv Y. u upsilon
It i iota Do ph phi
Kx k kappa Xx kh chi
AL / lambda ¥Yvy ps psi
Mu m mu Qo é omega
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A determinant of the 3-rd order is
ai; dip A3
‘A‘ =|dp1 dpp Qp3|=ay1 Ay -d33ztdy)d3p Aj31tdz) dyp do3z—

dizy1 d3p d33
—d13-dpp~d3) —dp1-dyp A3z —d3zp-dy3z-dyq

To memorize the last formula the rule of triangle (or Sarrus formula)
IS often used. It says: product of elements from the main diagonal and 2
products of elements forming in a matrix isosceles triangles with their
bases parallel to the main diagonal are taken with the sign plus and a
product of elements from the secondary diagonal and 2 products of

elements forming triangles with their bases parallel to the secondary
diagonal are taken with the sign minus:

+ PhD Misiura le.lu. (aoueHT
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Another way of memorizing of the rule of

triangle:

A=lay; ap

Y,

ds3
ass

+ +

\><5\i/ii
/ )< >\.d\d~

A1 A2
dpq Qpp =ajy-dyp-dzztdy) Az A3 td3z) Ao A3z —
d31 dzp

—dq3dpp-d3z) —dpq - dyp-d3z —d3p dp3z-dyq

We take the main diagonal and 2 parallel to it with plus sign and
the secondary diagonal with and 2 parallel to it with minus sign
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Another way of memorizing of the rule of
triangle: v+

\><5\i/ii
/ >< >\.H\U~

https://www.youtube.com/watch?app=desktop&v=x2vWqtYwZ1lg
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Example 9. Calculate the determinant of the matrix

(1 2 1
A=|0 -2 3
3 1 1

Solution. Calculate the determinant, using the rule of triangle:
+ +

\><5\i/:i
/ >< >\(,\(,A

~2 30-2=1-(-2)-1+2-3-3+0-1.1-1-(-2)-3-0.1.2-3.1.1=
3 1 13 1

=-2+18+6-3=19
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Example 9. Calculate the determinant of the matrix

1 2 1
A=10 -2 3
3 1 1

Solution. Calculate the determinant, using the rule of triangle:
1 2 1
0 -2 3=1.(-2-1+2-3-3+0:1-1-1-(-2)-3-0-1.-2-3-1-1=
3 1 1
=-2+18+6-3=19

Other way of application of the rule of triangle:

1 2 11 2

0 -2 30-2=1-(-2)-1+2-3-3+0-1-1-1-(-2)-3-0:1-2-3-1-1=
3 1 131

=-2+18+6-3=19
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Next way of application of the rule of triangle:

With the three elements the determinant can be written as a sum of 2x2 determinants.

ailxz ai2 a3

det A — - Qg2 G23 a1 G23
et A = |a91 a2 a93| = a1l — ai12
as2 ass asi ass
a3y asz2 ass
a1 Qa22
+ a13
asy as2
It is important to consider that the sign of the elements alternate in the following manner.
+ — +
- _|_ -
+ — +
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3.1. Basic properties of determinants
1. A determinant does not change its value at the transposition of

the matrix, I. e.

&1 d1p 3| |11 dp1 83
8y1 8yp aog3(=|a;0 8y 83 or det A =det A
d3; d3p dg3| |d13 dpz 33
Example 10. Check the property:
3 2 5
4 1 8/=12+40-16+5-32-48=-39
-1 2 4
Let’s transpose rows and columns and obtain:
3 4 -1
2 1 2|=12-16+40+5-32-48=-39
5 8 4
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2. Transposing of two any rows (columns) the determinant changes its
sign on opposite one. For example,

aq 1
doq

Az

TR,
VY.
dsp

|3
A3
ds3

doq
ajq
dszq

VY.
ap 7
dz)

A3
|3
ds3

Example 11. Check the property:

5 1 0
2 5 6[|=-25+18+0-0+2-60=-65
3 2 -1

Let’s transpose the first row and the second one and obtain:

6
0|=—2+60+0-18+25-0=065
-1

w o1 DN
N B Ol
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3. If any row (column) of the determinant completely consists of zeros
then the determinant is equal to zero.

Example 12. Check the property:

—0+0+0-0-0-0=0

B~ NN W
w = O
o o O
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4. A common factor of all elements of a row (column) can be taken out
of the determinant. For example,

ka;, @, ap dj;  Qp Ay
ka,, a,, ay|=Klay ay a;
kag, a3 ag dy) dgp dg

where keR
Example 13. Check the property.

2 -1 3
4 2 1=16+60-6-36+16-10=40
6 5 4

The first column has a common factor 2. We take it out of
the determinant and obtain

2 -1 3 1 -1 3
4 2 1|=212 2 1:2(8+30—3—18+8—5)=2-20=40
6 5 4 3 5 4
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5. If we add to all elements of a row (column) of the determinant

the corresponding elements of other row (column) multiplied by
some number then the value of the determinant will not change, I. e.
ap+ka, ap ag| |8; ap ag
Qy tKay, @y 8p(=8y 8p ax
8 tKag, 8y ag| (8 8y A
Example 14. Check the property.

where k eR

3 -1 5
2 1 -4=9+20+4-5+6+24=58
1 2 3

For example, calculate this determinant by adding to all elements of
row 3 of the determinant the corresponding elements of row 1
multiplied by 2. Thus

3 -1 5 3 -1 5 3 -1 5
2 1 A= 2 1 -4 |=12 1 4=
1 2 3] [1+3:2 2+(—1)-2 3+5-2 (7 0 13

— 39 + 28 . 35 + 26 — 58 PhD Misiura le.lu. (aoueHT

Mictopa €.10.)




6. The determinant possessing two identical or proportional rows
(columns) is equal to zero.

Example 15. Check the property.
1 3 4
2 6 8/=18+8+120-120-18-8=0
5 1 3

The determinant is equal to zero, because the first row and the second
one are proportional rows:

dp; _ 9z _ dp3
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/. The determinant of the upper (lower) triangular matrix Is
equal to a product of elements of the main diagonal.

Example 16. Check the property.

1 3 4
0 6 8/=1-6-3=18
0 0 3
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4. Minors and algebraic cofactors
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Definition

e Minor / miHOp
~ * Algebraic cofactors /

| anrebpaiyHe
( [OMNOBHEHHS

S
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Definition. The minor Mj; of the element dij of the determinant of

n-th order is called the determinant of the (n - 1)-th order obtained from
the given one by crossing the row and the column on which
intersection the element a;; is located.

Definition. The algebraic cofactor A; (or the cofactor) of the element
d;j of the determinant is called the following value

Ai =DM
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Example. Find the minor Mi; and the algebraic cofactor A1 for

the matrix 1 1 2)
A= 3 0 3
-2 3 0,
Solution.
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Example. Find the minor Mi; and the algebraic cofactor A1 for

the matrix (1 1 2)
A= 3 0 3
-2 3 0,
Solution. ( R 2)
A= 3 0 3
-2 3 o
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Example. Find the minor Mi; and the algebraic cofactor A1 for

the matrix 1 1 2)
A= 3 0 3
Solution. 4 1111 __________ 2.\
A= 3 0 3
-2 3 o
M 03 0-9=-9
H3 o T T
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Example. Find the minor Mi; and the algebraic cofactor A1 for

the matrix 1 1 2)
A= 3 0 3
Solution. 4 1111 __________ 2.\
A= 3 0 3
-2 3 o
M —O 3—O 9=-9
H3 o T T

Ay = (-n™ My, = (1)’ (-9)=1 (=9)=-9
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Solution.

(1 1 2 h
503
\—2 3 0 )

Ao3
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M 23 A23

Solution. ( 1 1 2 A
Al 303,
\—2 3 0 )

1 1

M23:|_2 3|:3—(—2):5

Aoz = (D)™ My =(-1)°-5=-5
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EXAMPLE

Cofactor of a Matrix

C;=(-1)" |Mij|

A Find: A =72
ij 11 7
£ A21_ .
row column
1 -1 -1 1| -1 -1 1] -1 -1
A= 2 3 8 M. = 2| 3 8 M, = 2| 3 8
-3 2 1 -3 2 1 -3 2 1
Mgy = L] 308 =7 A21 = (-1)*"| 3 8 =7
L | 21
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5. Laplace’ theorem
(concerning decomposition of
a determinant in Its rows or
columns)
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Laplace’ theorem (concerning
decomposition of a determinant In Its rows
or columns). The sum of products of
elements of any row (column) by their
cofactors is equal to this determinant, I. e.

N
A= ay Ay
k=1

j=1n
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Questions

ne first order determinant.
ne second order determinant.
ne third order determinant.

> w e

ne forth order determinant and so on.
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/311 Y. 313\
A=|ay ay ap

831 dzp A3z

Let's decompose the determinant in the 1-st row:
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/311 Y. 313\
A=|ay ay ap

831 dzp A3z

Let's decompose the determinant in the 1-st row:

‘A‘ =ayy - Ay tagp - Ay + a3 Agg
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/311 Y. 313\
A=|ay ay ap

831 dzp A3z

Let's decompose the determinant in the 3-rd column:
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/311 Y. 313\
A=|ay ay ap

831 dzp A3z

Let's decompose the determinant in the 3-rd column:

A =ay3- A3+ ayg - Apg + dgz - Asa
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Example. Calculate the determinant on the base of the
rule of triangle and check the result using the theorem
concerning decomposition of the determinant in its 1-st
row.

Solution. Calculate the determinant, using the rule of
triangle:

~2 3=1.(2)-1+2-3-3+0-1-1-1-(-2)-3-0-1.2-3-1.1=

=—2+18+6-3=19
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Example. Calculate the determinant on the base of the rule
of triangle and check the result using the theorem concerning
decomposition of the determinant in its 1-st row.

Solution. Calculate the determinant, using the rule of
triangle:

-1-(-2)-1+2-3-3+0-1.1-1-(-2)-3-0-1.2-3-1-1=

=-2+18+6-3=19
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Let's use Laplace’ theorem and check the
determinant value by decomposing in the 1-st row:

0 -2 3=ay Ay+ap -An+tag A =1 (D" My +2- (<)M My, +

-2 3 0 3
+1- (-3 My =1-1- +2-(-1)-
(-1 13 ‘1 1+ 2 )‘3 . 3

0 -2
+1-1-

~2-(0-9)+(0-(-6))=-5+18+6=19
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Let’'s use Laplace’ theorem and check the determinant value
by decomposing in the 3-rd column:

~2 3=a3-Ag+ay - A t+ag Ay =1 (D) M3 +3- (=17 My +

-2

0 1 2
+1- (=137 Mgy =1-1- +3-(-1)-
(-1) 33 ‘3 1 (-1) ‘3 .

1 2
+1-1.

o _p=0-(8)-
-3-(1-6)+(-2-0)=6+15-2=19
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6. Notion of an inverse matrix
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Definition

e |nverse matrix /
obepHeHa MmaTpuuA
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Definition. The square matrix A is called nonsingular,
If det A=0 , otherwise it is called singular.

Definition. The matrix A" is called inverse relatively to
the square nonsingular matrix A if

A-AT=A1. A=E

where E is the unit matrix.
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An inverse matrix can be obtained according to the
following formula:

(Al_l AI_Z " Al_n\T /Al.l A21 e Aﬂl\
1A An e | 1A Ap e Ay

A A A (A A e A
where A; Is cofactor of the element dj; of the matrix A
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An inverse matrix can be obtained according to the

following formula:

(A A AgY ,
e RN
A1 Agpy Agz

(A
A

A3

Ao1
Aos
Ao3

Agy )
Agy
As3

where A; Is cofactor of the element dj; of the matrix A

PhD Misiura le.lu. (aoueHT
Mictopa €.10.)



Example. Find the inverse matrix for the following

matrix (1 1 2)
A= 3 0 3
-2 3 0,

Solution. Let’s find the determinant of the given matrix:

1 1 211
A=/3 0 3/ 3 0=1.0.0+1-3-(-2)+3-3-2—
-2 3 0/-23

-0-(-2)-2-3-3-1-3-1-0=0-6+18-0-9-0=3=0
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Its determinant is non-zero. Find the cofactors for the
elements of the matrix A: 1 1 9

A=|3 0 3|=3=0
~2 30

Az = (D"

3 0
~1.(9-0)=9
° Y100
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1 1 2
A=3 0 3|=320
-2 3 0
NS R
Agy = (-1)°*2 2—1( —(-4))=4
-2 0

Pgg = (1) _12 :1% =(-1)-8-(-2))=-5
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2
3/=3%0
0

1 1
=1.(0-3)=-3
o =1 )
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An inverse matrix can be obtained according to the
following formula:

.
. (A1 Ap Ag) .
-1
A ZW' Por Aoy Pgg :W'
A1 A Asz)
We obtain the inverse matrix:
. (A Ay Ay 1/—9 6
A_lzg' A2 P Ao -6 4
Az Ay Agg)

PhD Misiura le.lu. (aoueHT
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(A
A
A3

3) (-3
3 |=|-2

9 -5 -3) (3

Ro1
Aos
Ao3

2
4/3

Agy )
Agy
Ag3

1)
1

~5/3 -1,



We o

At
A

(A

| Ao

A3

Aoq
Aoy
Ao3

Agy )
Ag)

Ag3 )

(-9
-6
L9

Checking the condition A- Al=E

(1

6
A

otain the inverse matrix:

3 )
3

-5 -3,

1 2

(-3

2

A-Al=

3 0 3|

-2 4/3

1)
1

-2 3 0

.3

~5/3 -1,

(—-3-2+6 2+4/3-10/3
-9+0+9 6+0-5
\6—6+O —4+4+0

1+1-2 )
3+0-3
—2+3+O/
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(-3 2 1)
-2 4/3 1
3 -—-5/3 -1

1 0 0)

0 1 0|=E

\O 0 1



Example 2. Let’s find the inverse matrix:

5 -1 -1
A=l1 2 3
4 3 2
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Let’s calculate its determinant:

5 -1 -1
A=1 2 3|=5-2-2+4-3-(-1)+1-3-(-1)-4-2-(-D)-2-1-(-1) -
4 3 2

-3-3:5=20-12-3+8+2-45=-30=%0

Its determinant is non-zero. Find the inverse matrix by cofactors:
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Its determinant is non-zero. Find the inverse matrix by cofactors:

(ST R—Th
A=|1 2 3
14112 3 _(_ 12|11 3
A11=(—1)+ 3 2|=—5 Ao =(-1) 4 2|
113|112
(-1 — _
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Its determinant is non-zero. Find the inverse matrix by cofactors:

Po3

5 -1
A=|1 2
4 3

5 -1
4 3

(_1)2+3

—1)
3
2 )

=19
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Its determinant is non-zero. Find the inverse matrix by cofactors:

(5 -1 -1)
A=|1 2 3
an|-1 -1 o2 L
A31:(_1)+ 2 3|:_1 ASZ_( ) 1 3|_ 16
330 —1
=(-1 =11
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Let's substitute:

.
. (A Ar Ag) . (Aq Ay

1
A :W‘ Aoy Ay Ags :W‘ Ay Ay
A1 Asp Ags) Az Ags
(5 1
(-5 -1 -=-1) 30 30
At b |10 14 _16|=|_ 20 _14
- 30 30 30
\—5 -19 11) 5 19

.30 30

PhD Misiura le.lu. (aoueHT
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Agp )
Agy
As3 )

1 )
30

16

30
4
30 )




Let's check the condition

(5 -1
1 2
4 3

A-A1

(30 0 O
0 30 O
0

—1)

0 30,

3
2

\

A-A1T=E

(25+10-5 5+14-19 5-16+11)
5-20+15 1-28+57 1+32-33
\20-30+10 4-42+38 4+48-22)

1 0 0

0 1 0|=E

0 0 1,

(5 1 10
30 30 30

| 10 14 16 |_
30 30 30
> 1 U

(30 30 30
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7. Application Laplace’ theorem
of the decomposition of the
determinant and the 5-th
property of determinants

PhD Misiura le.lu. (aoueHT
Mictopa €.10.)



Exercise 18. Calculate the determinant using the theorem concerning
the decomposition of the determinant and the 5-th property.

Solution.

1 01 2 . - 1012
> 4 3 4 let's factorize 1. (=3) +[2] . @ ;
o — + _ .
=| by the third — _ i
-11 2 3 [M-(<2)+[@3] -3 1 0 -1
column |
3 .2 -11 - - [W+[4] 4 20 3
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let's factorize |
by the th|rd — 8.13 . A13 + a23 . A23 + a33 . A33 + a43 . A43 —
 column

1.(-1"*3.-3 1 -1/+0+0+0=]-3 1 -1=--3 1
4 2 3 4 2 3 4

PhD Misiura le.lu. (aoueHT
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~1 4 -2 -1 4 -2 |1 -4 2




let's factorize| | ] 1 0 O

=|bythe first |=|[1]-4+[2] |=-3 -11 5

| row | [M-(=2)+[3]] |-4 18 -5
~11 5

) P10 (-5)-18.5)=3s
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TASK 1

Matrix A Is given: 4 =(

N

Indicate 4A:

2
3

—1
— 2

|

|

2
3

|

8
12

—4
~3

J

|

8
12

-1
—2

J
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Matrices A and B are given: 4=

Indicate 3A-2B:

TASK 2

1 20 2
-4 2| B=| 3
0 1 | 2
-1 0" —1 4)
-6 2 -6 2
4 1) 4 3
—7 —4) —7 -4
-6 2 18 -10
4 1) —4 -3
"7 4
-18 10
PhD MisjuTa ‘ﬂe.lu. (%(o eHT
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TASK 3

Matrices A and B are given: 4=

Indicate possible operations:
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Matrix A and B are given:

TASK 4

(1 -2 2

A=3 0 =2

0 2 -2,
C=5H A4

Calculate the element c23
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TASK 5

Indicate correspondence for 4 - B

1 -1 2 4
A: :‘B:
3 -2 302)1,
r'*_l 1"'-.
2 -1 3
A= ,B=|3 -2
1 0 2
I -2)
2
A=[ J,B:(—z 3)

0 3
. B=
—2 0

0
_2 -
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(—4 ﬁ]
1

L2 =3

6 :::]
2

L0 4

1 2
3

L0 8

1 -1
4

3 -2

(2




HOMEWORK

Solve this system and find unknowns:

< 1% +a1pXy =by
(Qp1X +axXy =D,
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