3MICTOBUM MOJY.JIb 2
EJIJEMEHTU MATEMATHYHOT O AHAJII3Y

MudepenuiajbHe ynciaeHHss GyHKLii ogHIET 3SMiIHHOL

Ioxinna ¢pynkuii B Touni. Mexaniuauii 3MicT moxiaHoi

[Tounemo 3aHATTSA 3 HeckJagHOI (i3MYHOI 3a7adi. Po3riisiHeMo marepialibHy
TOYKY, fKa PYXA€ThCS MPSIMOJIHINHO, 31 3MIHHOIO (HEMOCTINHOIO) IIBUAKICTIO
(MOXHA TIpEJCTaBUTH ii pyX ympoJioBxk oci adbciuc Ox — puc. 1). Hexait B MomeHT
qacy ¢, BIACTaHb BIlJ IIOYaTKy BIMJIIKy JOpIBHIOE x(f,), TOOTO X(f,) — €
KOOPJIMHATOIO0 MaTeplaabHOl TOUKH. Yepe3 Aeskuil yac, Mo3HaYuMo Horo yepes3 Af,

KOOpAUHATa TOUKH Oyae Bxke x(f,+Af).

0 x(ty) x(t,+At) X

Pucynox 1 — Koopnunatu MarepianbHOi TOYKK Ha oci Ox
[Ipoiinenunii TOYKOO NIISAX 32 yac A¢ BIAMOBIAHO Oy/ie JOPIBHIOBATH PI3HUIIL:

3BIIKM CepelHs IUBUAKICTh PyXy TOUKH, IpU MOJOJAHHI BiacTaHi Bix x(Z,) 10

x(t,+A?):

cep A / .
AJ'IG AK BU3HAUUTU MI/ITT€By HIBI/II[KiCTB y caM MOMCHT qacy tO ? Yum MCHIINM

MU OysieMo oOupaTH mpupicT At, TUM «OMK4Ye» MH OyIeMO 0 TOYHOTO 3HAUYCHHS

MUTTEBOI mBHUAKOCTI. Crpsimyemo Af 10 HyJs Ta 3alUIIEMO TPAHUIIO IS
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00YMCIIEHHS MUATTEBOI IIIBUIKOCTI:

v~ lim x(t0+At)—x(t0).

MU At 0 At

L1 rpaHuLs HA3UBAETHCS WBUOKICMIO Y OGHUL MOMEHmM Yacy t.
B 3aranpHOMY BUMAKY, AKIIO PO3TISHYTH QyHKLIIO V= f(x) (3aMicTh x(¢) y

pO3TNSHYTIA (i3UUHIA 3a7adi), MOXKHA CKa3aTH, II0 TaKa T'PAHUL XapaKTEepHU3ye

WBUOKICMb 3MIHeHHS PYHKYII 8 3a0aHitl mouyi:

lim f(x0+Ax)—f(xO).
Ax—0 Ax

[lepeiinemMo 10 cTPOroro 03Ha4yeHHs NOX1AHOT QYHKLIT B TOYII.

O3nauvenns. Hexail ¢ynkuis y = f(x) Bu3HaueHa B neskomy okom U(x,)
TOYKH X, 1 IpuUpicT apryMeHTy Ax = (0 Takumii, mo Touka (X, +Ax) TEK HAICKUTH

BKa3aHOMY okoiy: (x, +Ax) eU(x,). Toal, KO iCHYe CKIHUEHHA IPAHULIS

i S CA) — £ ()
Ax—0 Ax

b

TO BOHA HA3UBAETHCA HNOXIOHOIO QYHKyii y = f(X) 6 mouyi X, Ta IMO3HAYAETHCS

f'(x,), TOOTO:

: . (xg+AY) — f(x)
= lim .
S (%) am Ax
YucenpHuk npody  f(x,+Ax)— f(x,) Ha3uBa€TbCA npupocmom Qyukyii, a
3HaAMEHHUK AX — npupocmom apeymermy. | 4acTo roBOpSATS, 10 NOXIOHA € PAHUYETO
BIOHOWEHHS NpUpocmy QYHKYIi 00 npupocmy apeymenmy, Npu YMo6i, Wo npupicm

apeymeHmy npsamye 00 HyJs.
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JI71s1 mo3HAYeHHSA MOXIAHOI BUKOPMCTOBYIOTH JEKiJIbKa CHMBOJIB (KOXHUN

3a iM’SIM HaYKOBIIS ):

y' abo f'(x,) — Jlarpamx;

Ay o df(x)

— JleioniIr;
dx dx

Dy a6o Df (x,) — Koui.

B mopanemomy mif BUpa3zoM «(yHKIIS Ma€ MOXIJHY» MU 3aBXIU OyIaemMo
PO3YMITH 1CHYBAaHHS CKIHUYEHHOI TOXIJHOi, SKIIO HE OTOBOPEHO MPOTHUIIEKHE.

Onmneparrist 00uucIeHHS MOX1THOT GYHKIIIT HA3UBAETHCS onepayicio ougepenyito8anHts.

Exonomiunuii 3MicT noxigHoi

HaliBa)xIMBIIIMM HAmpsIMOM 3aCTOCYBaHHS JH(PEPEHLIATBHOIO YHUCIEHHS B
€KOHOMIIIl € BBEJEHHS HOro came 3a JIOMOMOTOI0 TOHSTTS eracmuuynocmi. Te, mo
el TepMiH € 0a30BUM B Cy4YaCHOMY €KOHOMIYHOMY aHaii31l, CTajo 3aCIyrol0 OJHOrO
3 HaWBUJATHIIIMX E€KOHOMICTIB Anb(pena Mapmanna, skuid BBIB 1II€ MOHATTS B
ekoHOMIuHMI aHami3. [loka3HuKy, SKHil J03BOJISIE 3pOOUTU OLIHKY BIUIMBY 3MIHU
I[IHK Ha MONUT Mapiiamn JaB Ha3BY eldcmuyHicms nonumy Ta BU3HAUYUB MOTO SIK
BIOHOULEHHS MIJIC BIOHOCHOIO 3MIHOI NONUMY MA 8I0HOCHOI 3MIHOTO YIHU.

Jlns  BupimeHHS 3ajadi  BUBYCHHS  B3a€EMO3AJICKHOCTEH  IMOKA3HHUKIB
€KOHOMIYHHMX [MPOIIECIB BUKOPUCTOBYIOTh amapar MaTeMaTHYHOIO aHali3y, SKUN
HAJa€ MOXJIHMBICTh JOCTIAUTH (PYHKIIOHAIBHI 3aJIEKHOCTI MIK IOKa3HUKAMH.
[ToximHa cTae y Haroji MpH 3HAXOMKEHH1 IMIBUJIKOCTI 3MIHU JIEIKOTO €KOHOMIYHOTO
MOKa3HUKA IO BiJHOIIEHHIO /IO 1HIIIOTO.

- «B sxkoMy HampsMKy 3MIHUTBCS JOXiJl KpaiHU TIPH 3pOCTAaHHI MOJATKIB a0
MIPU BBEJCHHI 3aKOPJOHHUX MHUT?»

- «3poCTe UM 3MEHIIUTHCS BUPYYKA MiANPUEMCTBA MpU 301TBIICHH] IIHU HA
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HOTO TIPOTYKITIIO?»

Jlis po3B’s3aHHs MOAIOHMX 3a/1a4 MOBUMHHI OyTH MOOYAOBaHI Ta MOCIIIKEHI
(GyHKINT, SKI BU3HAYAIOTh 3B’SI30K MDK JIOCTIKYBAaHUMH XapaKTepUCTUKaMu. Tak,
MOHSATTS e1acmuyHocmi yHKyii BUHUKAE TIPU BUPIIICHH] TUTAHHS, K NpU 3A0aHill

@yHKYyionanvri 3anedxchocmi y = f(x) oonozo ¢pakmopa y 6i0 iHui020 X, BUMIPSITH

«UYTJIMUBICTHY» 3aJeKHOI 3MIHHOI ) Bil X. OJIHUM 3 MOKA3HUKIB «UYTIUBOCTI» €
noxijiHa (QyHKII p, 10 MOKa3y€e IIBUJIKICTh il 3MiHU. AJie B €KOHOMIIl BOHA HE €
3py4HOI0, 00 3HAWICHWIA TAaKUM YUHOM TOKA3HHK 3JICKUTH B BHOOPY OIWHUIIH
BUMIPSIHHS BEJIMYHMH X Ta . TOMY B €KOHOMII TIPU BUMIPSHHI «9YTIUBOCTI» 3MiHU
@DYHKYIT 00 3MIHU apeyMeHmy O0CIIOHNCYIOMb 38 130K He AOCONOMHUX 3MIHEHb, d iX
BIOHOCHUX BETUUUH.

O3HavyeHHs. I[JBI I[OCJ'IiI[}KeHHH HpOIIGCiB B GKOHOMiHi 34CTOCOBYIOTD IIOHATTA

enacmuunocmi ¢yukyii E}, AK€ IOKa3ye TpPaHMII0 BiJHOMIECHHS BiJHOCHOTO

Ay : o Ax
npupocty ¢yHKuli y = f(x) — | — | A0 BIAHOCHOTO MPUPOCTY 3MIHHOI X — | — |,
y X
mpu Ax — oo
g
EY — lim = fim XY X i Y X
Ax—0 y - y A0 Ax y

Ol

Enacmuunicme pynxyii — mokaszye BeIUYUHY 3MIHEHHS (DYHKIIT B MPOIEHTAX, SKIIO
3HAYEHHS apIryMEHTY 3pOCTa€ Ha OJMH MPOILICHT.

OOGuuCIeHHS €TaCTUYHOCTI Ja€ MOKJIUBICTh BU3HAUUTU PEAKIliI0 CIOKHUBa4a
Ha 3MIHY IiHM, MIATOTYBaTH BHPOOHULTBO JO 3MIHM TMOMUTY, 3A1MCHUTH
peryitoBaHHs puHKY. [HdopMmalis MNpo eJacTUYHICTh TMOMUTY MOXKE TaKOXK
BUKOPUCTOBYBATUCS TIPU BCTAHOBJICHHI PIBHS aKIM3y, MPUUHATTS PIlIEHb II00
BIJIMOBIIHOT MapKETHUHTOBOI TOJITUKU (PIpMH, BHUKOHAHHS PI3HUX ONEpaiiii Ha
30BHIIIHBOMY PHUHKY (€KCIOPTHO-IMIIOPTHUX ONepalliii, omnepauiid 3 BaJlOTHUMH

KypcaMHu TOILIO).
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Po3pi3HsAI0Th NEKITbKA 8UAI6 eacmuyHOCmi:

— enacmu4Hicms nonumy 3a YiHol (npsma) — TIOKa3y€e€ TPOICHTHE 3MIiHEHHS
BEJIMYMHM MOMUTY Ha AKech OJlaro npu 3MiHi Horo miHu Ha 1% (xapakTepusye
peaKIliio CIoKMBAYiB Ha 3MIHY I[1H Ha MPOAYKTH);

— elacmuyHicme nonumy 3a 00X000M — XapaKTepU3ye BITHOCHE MPOLICHTHE
3MIHEHHS BEJIMYMHU MOMUTY Ha SIKECh 0Jaro mpu 3MiHi JOXOJY CIIOXHBaya Ha
1% (nonaTHa eacTUYHICTh BU3HAYAE AKICHI TOBApH, Bi/I’€MHA — HESIKICHI);

— yiHoBa enacmuyHicms pecypcié — TIOKa3y€e€ BIIHOCHE 3MIHEHHS BEIMYWHU

MOMUTY Ha AKUICH pecypc (HApUKIIa, Tpya) MpH 3MiHi Horo minu Ha 1%.

I'eomeTpu4HUii 3MiCT MOXIAHOI

Osnavenns. Hexaii Ha riiockiit KpuBiit y 3amaHo Touky M. O6epemo 11e oy
TOUKY, BIIMIHHY BiJ M, Ha 11l KpuBii Ta no3Hauumo ii M . [Iposenemo ciuny MM,
SIkimo npu npsiMyBaHHI TOUku M, 1o Touku M ciuHa MM, mparHe 3aiiHATH IIEBHE

IIOJIOKCHHA, TO IIpsAMa T. , JdKa 3HAXOOUTBLCA B LbOMY HOJ'IO}KCHHi, Ha3nBa€TbHCA

oomuuHo0 00 kpusoi y B Toulll M (puc. 2).

M
Pucynox 2 — Jloruuna 7' 10 kpuBoi y B Toutti M

O3nauennsi. Kymom naxuny 0o oci abcyuc npsamoi I, sika iepeTUHae 110 och B
ToUIll P, Ha3UBAETHCA KYT, BIAKIAJICHUHN BiJl JOJATHOTO HAIPSIMKY oci Ox 10 mpsiMoi /
(na puc. 3 — kyt « ). Skumo npama / napanenabHa oci abcuuc (ado criBNnajgae 3 HEK),

TO BKa3aHUH KYT JOPIBHIOE HYJIIO.
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0 P X

Pucynok 3 — Kyt Haxumy 1o oci abcruc npsmoi /

[epeiineMo 10 reOMETPUYHOTO 3MICTY MOX1THO].

Y
feo+a| M,
T ) = £ ()
f(xo) ---------------- - S : N
\,3 o Ax
0 X0 Xy + Ax X

Pucynok 4 — I'eomeTpuaH#it 3MICT TTOX1THOT

Ha pucynky 4 npexacraBineHo rpadik ¢yHkmii y = f(x), sika BHU3HaYeHa B
nesikomy okom U(x,) touku x,. Touxa M(x,, f(X,)) HanexuTb KpuBii rpadiky
¢ynkuii y= f(x). OOepemo mpupict aprymeHty Ax=0 Takuii, mo0 TOUKa
(x, +Ax) Tex Hanmekanga BKazaHOMy oOkomy: (x,+Ax)eU(x,), Ta BIAMITUMO Ha
rpadiky (yHKIIT BITNOBIAHY TOUKY M, (X, + Ax, f(x, +Ax)).

OO6uKCIMMO KyT HAXWITy & 110 OC1 a0CHUC MPSMOT, 1110 TPOXOJIUTh YEPE3 TOUKH

M (x,, f(x)) Ta M,(xy + Ax, f(xy +Ax)):

=M J0rb0 =)

M Ax
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Cropsimyemo Touky M, no Touku M . ['paHMuHE IMOJIOKEHHS CIYHOI HAa/lacTh
HaM J0TH4YHY 7, 1 BIANOBILAHO KyT HaXWiy ¢ cidyHoi MM, Oyzae npsMyBaTu 10 KyTa

Haxwiy £ notuunoi 7' B Touui M (x,, f(x,)):

p- liy LSS )

(M—>M)

e, Ik 0auuMo, IpaBa YaCTHHA B TOYHOCTI € MOX1IHOI (PyHKIIT y = f(Xx) B TOYL X, .

Takum unHOM, AKIO QyHKIIA y = f(Xx) Ma€ NOXiAHY B TOYIl X,, TO TAHI'€HC
KyTa Haxuwily 1O ocl a0cuuc AOTHYHOI B Toull (X,,f(X,)) (KyToBUI KOe(ILi€HT
JIOTHYHOI) B TOYHOCTI gopiBHIOE moximmii: f'(x,)=tgf. 1 eeomempuunuii 3micm
noxionoi MOXHa COPMYITIOBATH HACTYITHAM YHHOM: moxigHa f'(x,) mopiBHIOE
KYTOBOMY KoOe(illieHTY TOTUYHOI, AKa MpoBeaeHa 10 rpadiky pyHkuii y = f(x)

B TOo4Li (X, f(x,)).

OcHoBHi npaBuia qudepeHuiloBaHHsA

1. C'=0,C=const e R

2. (C-f)=C-f";

3. (ffg)=/"xg"

4. (f-g)=1"g+f-g"

5. [ij :f,'g_zf'g,,ﬁmuo g(x)#0.
4 g

Tadanus NoXiIHMX OCHOBHUX eJIeMEeHTAPHUX (PYHKILiH

1

C'=0,C=const € R (ctgx) = ———
sin” x
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(X”) =pu-x"",ue R (arcsinx)’ = 1
1—x?
X ' X ’ 1
(a ) =a'Ina (arccosx)’ =—
1—x?
(ex) =e* (arctgx)' = 5
1+x
1
log x)=— arcctgx) = —
(log, x) ha (arccigx) 5
, 1
(Inx) = (shx)' = chx
(sinx)' =cosx (chx)' = shx
(cosx)' =—sinx (thx)' = N
1 1
tex) = cthx) = —
(1gx) cos® x ( ) sh’x

Ipukaaa. 3HaiiT NOXIIHI BKa3aHUX (DYHKIII:

X

1
a) y=7x5+5x—\/x+5; 0) y= ©
1gx

Po3se’saz3anns

4

a) y'=(7x5+%x—x/;+5j =

!
!

{ckopucmaemocw npasunom 3: (ftg) =f"tg'}= (7x5) + (% x) - (\/;) +(5) =
{6 nepwux 0sox oooankax 3a npasuiom 2: (C- f) =C- f' eunecemo xoncmanmu;

@DYHKYII0 6 MpemboMy 000AHKY nepenuuiemo y Oiibid 3pYUHOMY GUNIA0L 015

no0aIbLULO20 3ACMOCYBAHH MAOIUYL NOXIOHUX, OCIMAHHIU 000AHOK NOKU 3ANUUUMO

He3MIHHUM }
4 1 ' l ' '
=7-(x%) + - () _[xz] +(5) =
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{na ypbomy kpoyi 3acmocyemo 0o 8upasis 3 nepuiux mpbox 000AHKI& hopMYIy 3

maoauyi NOXiOHUX: (x” ) = u-x*"', a ona wvemeepmozo — popmyny: C' =0}

6) i =(fgx] =

{ckopucmaemocwv npasuiom 5: [1J = /g _2f & )
g g
f !’
——
e | _ (&) tgx—e"-(1gx) _
gx (gx)*
——

g

{05 0bUUCIEHHA NOXIOHUX BUKOPUCMAEMO POPMYIU 3 MAOIUYIL:

!

(ex) =e" Ta (tgx) = coiz x}

e -1gx-cos’ x —e*
x 2 x
cos” x _ cos’ x _e'tgx-cos’x—e" _

e’ tgx—e" -

(tgx)* tgz‘bc - tg’x-cos” x

X sin x 2
. ) e -cos” x—1
e -ligx-cos” x—1 COSX

_e"(sinx-cosx—1)

tgzx .cos” x tgzx .cos” x tgzx .cos” x
(1.
e | —sm2x—1 . (.
_ 2 _e*-(sin2x~-2)
- 2 2 o 2 2
tg°x-cos” x 2-tg°x-cos” x

HudepenniroBanns ckiaaanoi pynkuii (f(g(x)))' = f'(g(x))-g'(x).
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Ipukaan. 3HaiiT TOXiIHI BKa3aHUX (DYHKITIH:
. 2. - 2
a) y=sinx’; 0) y=sin” x.

Po3e’s13anns

B mpuxitani HaBMUCHO HaJaHi IB1 CX0X1 (PyHKIIIT — 11 TOTO, 00 HArOJIOCUTH
Ha Ba)XJIMBOCTI TOYHOTO BHW3HAYCHHS CKJIAMHOI (YHKINi, a came, BH3HAUYCHHI, fKa
GyHKIIS € BHYTPINIHBOIO, a sKa — 30BHINIHBOIO. 3aCTOCOBYBaTH MPaBUIIO

auQepeHLiioBaHHs ckiIagHoi PyHKIIT MOTPiOHO TyKe YBaKHO.

a) 3rajgaeMo paBuiIo JUGEPEHIIIOBAHHS CKIIATHOT (PYHKITIT:
(f(g(x)) = f'(g(x))- g'(x).

Sk Gaynmo, TIpU BUKOPHUCTAHHI IILOTO TMPaBHJIa HEOOXITHO CIOYATKYy OOYUCIUTH

MOX1IHY 30BHIIHBOT QyHKIII f(u)= f(g(x)), a MOTIM NOMHOXHUTHU ii HA MOXITHY
BHYTpIIIHbOI PyHKIIT g(x). Tomy mepea TuM, K OOYMCIIOBATH MOXIJHY (PYHKIII
y =sin x*, BU3HAYMMO, sika QyHKIs BucTynae sk f (1) = f(g(x)), a sxa — 1k g(x).
B ¢ynkmii
y =sin x*
CIIOYaTKy HaM MOTPiOHO 3acTocyBatm ¢yHKIiI0 g(x)=x°, i JMme moTiM 10
apryMeHty x> 3actocyBatH (yHKuito f(u)=sinu, abo e MOXHaA 3alHCcaTH
fw) = f(g(x))=sin(x*), TOOTO 30BHINTHBOIO byHKIIIEIO BHUCTYTIA€
TpuroHoMerpudHa f(u) =sinu, (u = g(x)), a BHyTpillIHBOIO — cTerneHeBa g(x) = x~.

!
)
V' = (smx ) =
{3acmocosyrouu npasuno ougepenyito8anHs cki1aoHoi QYHKYIL MU NOBUHHI

oouucaumu noxiony @yukyii' f(u) =smu, npu ybomy He 3MIHIOIOYU APSYMEHM

2 . e . 2
u=Xx", i nomMHoMcumu ii Ha NoxXioHy Qynkyii apeymenmy g(x)=x"}
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S'(g(x) g'(x)
K_J%

= (cos ﬁ )-(2x) =2x cosx>.

He
"uinaemd'
6 HYMPIWHIO
@ynxyioll!

0) B dynkuii
y =sin® x = (sin x)*
CIoYaTKy HaM NOTpiOHO 3acTocyBaTH (QyHKIIO g(x)=smx, 1 JHUIIE MOTIM 0
apryMeHTy sinx 3acrocyBaTH OYHKIiO f(u)=wu>, ab0 Ie MOXHA 3alliCaTH

f(w)= f(g(x))=(sinx)*, TOOTO 30BHIIIHBOI (YHKI[i€I0 BUCTYIIA€ CTCICHEBA

dynkiis f(u) =u’,(u = g(x)), a BHyTpIilIHBOIO — TPUTOHOMETPUYHA g(X) = sin x .

!’
N2
V' = ((sm x) ) =
{3acmocosyrouu npasuno ougepenyito8anHs ckiaoHoi QYHKYII MU NOBUHHI
. 2 .
ooyucaumu noxiony @yuxyii f(u) =u", npu ybomy He 3MIHIOIOUU APSYMEHM
u =sin x, i noMHONCUmu ii Ha NOXioOHy QyHKyii apeymenmy g(x) =sinx }

f(g(x) g'(x)
T
=2. sinx -COSx=sin2x.
—

He
"uinaemd'

6HYMPIUHIO
Gyrnkyiolll

Ax Gaunmo 3 mpuUKIAMy, NB1 pi3HI, alie AyXKE CXOXI 3a 3amucoM, (PYyHKINi
. 2 ) e . .
y=sinx" Ta y=sin"x mnpu OOYUCICHHI iX TMOXITHUX MOTPEOYIOTH HYITKOTO

PO3YMIHHS, siKa (PYHKLIS € 30BHIIIHBOIO, & sIKa BHYTPILIIHBOIO.

BasxuBuM 3ayBaskeHHSIM pu OOYMCIICHH] TTOXITHOT CKJIaHOT (DYHKIIIT € TaKk
3BaHa «HEJOTOPKAHICTh» BHYTPIIHBOI (YHKIII, NOpU OOYMCICHHI MOXIJHOI

30BHIIIHBOI (PYHKIIT, 1 JIUIIE TOTIM OKpPEME MOMHOKEHHSI Ha MOXIJIHY BHYTPIIIHbOI

byHKIIii.
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JudepeHUilOBAaHHS CTeNEHEBO-NIOKA3HUKOBOI PyHKILIl

Po3risiHeMo cTeneHeBO-MOKa3HUKOBY (YHKIIIO, TOOTO (PYHKIIIIO HACTYITHOTO

BUTIISIY:

y= (u(x))v(x) ,u(x)>0.

Haxanp, Bimomi Ham mpaBwia Ta (GOpPMYId HE HAJAlOTh MOXIMBOCTI Biapasy
0OYHCIIUTH MOXIJIHY Takoi (PYHKIIIT, TOMY 3pOOHMMO JIeKl TOTOXXH1 IMePETBOPEHHS ISl
MPUBEACHHS (QYHKII 0 Takoro BHUAY, 00 MoOXHa OyJIO 3acTOCyBaTH BiJIOMi
paBuIa.

Jlst mpuBenieHHst PYHKINT IO 3pyYHOTO BUTIISALY CKOPUCTYEMOCH TOTOXKHICTIO:

(u(x))' ™ = )

3a JIONOMOTroK BJIACTUBOCTI JorapumiuHoi (yHKIIT npuBenaemMo (YHKIIO A0

HAaCTYIIHOI'O BUAY:

y= (u( x))v(x) — ) _ v Inux)

I y takomy 3ammci ¢yHKIIIO BkKe MOXXHA JAUQPEPEHINIOBATU, K CKIAAHY (DYHKIIIO

BUY

y=f(gx)),

ne 3oBHImHS  ¢QyHKIiIT  f(w)=e” — T1OKa3HWKOBa, a BHYTPIIIHI —
w=g(x)=v(x)-lnu(x) — neska ckiagHa (QYHKIISA, 10 OOUMUCICHHS IOXIJIHOI SIKOT

MOYKHa 3aCTOCYBaTH B1JIOMI MpaBuia Ta Gopmyiu. A came:

yr — (ev(x)-lnu(x)) _ ev(x)-lnu(x) . (V(X) .In M(X)), —

ux

= 't Inul0) (v'(x) ‘Inu(x) +v(x)- % u'(x)j :
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Jlorapu¢gmiyna noxiaHa

Hexait ¢yHkiis y = f(x) BiamiHHa Big HyJIs Ta TH(EpEHINiioBaHa B JCAKIM

touri. Tomi B I TOYII ICHYE TOXimHA (QYHKITIT ln‘ f(x)|, fka Ha3UBAETHCSA

noeapugpmiunoro noxionoro @yukyii y = f(x). 3a mpaBuigoM audepeHIitOBaHHS
CKJIaJIHOI (PYHKIIIT cripaBeyIMBa PiBHICTh

’ 1 ,
(In[ £ ()]) = RS

3Bigku, skmo f(x)#0, moximay ¢yHKMOii y = f(X) MOXHa 3HAWTH HACTYITHUM

YUHOM:

700 = () ([ £ ) .

IloxigHa HesiBHO 3a1aHOI PYHKIIT

Hexait ¢ynkmis y=y(x) 3amana HesBHO F(x,y)=0, 1 HEMOXIUBO

pPO3B’sI3aTH  PIBHSAHHA BiZHOCHO 3MIHHOI X. ToOTO MM HE MOXKEMO «IIPSIMOY

obuncautn moximHy )'(x). Mg Toro, mo0 3HAWTH M0 MOXIiAHY 3aCTOCYEMO
HacTynHuil miaxig.  Jomycrumo, mo  ¢yHKuOiss  y=y(x) BU3HAY€Ha Ta
nudepeHiiioBana Ha Jgesakomy iHTepBami (a,b). Tomi mnpu dopmambHOMY
nudepenIitoBadHi  piBHOCTI  F(x,y(x))=0 3a 3MIHHOI X OTPUMAEMO JIiHIIHE
BITHOCHO )'(X) PIBHSHHS, 3 IKOTO MOKHA 3HAWTH BHpa3 1€l moxiaHoi. Po3’scHumo

11¢ Ha MPUKIIAII.

Mpuxaan. PiBasaans y° —2xy +4 =0 BusHauae Qynkmio y(x). 3Haiitn )'(x)

HESBHO 3a/1aHO1 (QDYHKIIII.
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Po3zé’azanns
JndepermiroeMo piBHiCTE y> —2xy+4=0 3a 3MiHHOIO X, BPaXxOBYIOUH, IO

y = p(x) (pyHKIIS BIT X):
2y-y' =2y +x-y)=0.
Po3B’spkeMo oTpuMaHe PiBHSHHS BIJTHOCHO IIYKAHOT MOXITHOT V' :
y-y=y-xy'=0,

Y(y—-x)=y,

Judepenuiaa pyHKIii

Osznavennsi. Bupaz  f'(x,)-Ax  Ha3uBaerbcs Ougepenyiarom  QyHryii

v = f(x) 6 mouyi x, Ta no3Hayaethcs dy abo df(x,):
df (xo) = f"(xp) - Ax,
dy =y Ax.

Jns mpupocty Ax BHUKOPUCTOBYETHCS MO3HAYCHHS dX, MPU I[LOMY 3aBXKIU
noTpiOHO po3yMiTH, Ae y 3anuci audepeHiian ¢yHKIi, a ae came TPHUpICT
He3ajexHol 3MiHHOI. ToOTO B HOBHX IIO3HAYEHHSX MOJXKHA 3aIlllCaTH, 110

nudepeHiiian GyHKIIi JOPIBHIOE:
dy=y'-dx,

1 came 1IeHl BapiaHT 3anucy AuQepeHiiiary BUKOPUCTOBY€EThCA HaifuacTIIe.
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3 os3HaueHHs AudepeHIliary BUIUIMBAIOTh MpaBuUjia OOYHCICHHS, SKi

MOBTOPIOIOTH TIpaBrjIa OOYMCIICHHSI TOX1THO.
IIpaBuaa nudepeHniroBaHHA:
l. d(c-f)=c-df;
2. d(f+g)=df +dg;
3. d(f-g)=f-dg+g-df;

o o)

g g’

Ta6nuusa nudepenuianiB eneMeHTapHUX (YHKIIH TOBTOPIOE TAOJHMIIO

MOXITHHUX 3 JOJATKOBUM MHOKHUKOM dX .

Ipuxaan. 3Haiity qudepennian GyHKIT y = rg’x.

Posze’saz3anns

3a ¢popmyoro nudepeniian GyHKIII T0PiBHIOE
dy=y'-dx.
O6uncimumo noxinHy GyHKIil y =g x:

, 2igx

cos’x
3Binku qudepenttian GyHKITii:

2tgx

COS2 X

-dx.

dy=y'-dx=
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IoxinHi BUIIMX NOPAIKIB

Hexaii ¢pynkmis y = f(x) mae Ha NpoMDKKY X CKIHYEHHY MOXiaHY. SKII0 B
Touli x, € X Bxke QyHKis f'(X) Takok Mae MOXiIHY, TO L0 MOXiJHY Ha3MBAIOTh
NOXIOHOI0 OpY2020 NopsAOoKy abo Opyeoro noxionow @yukyii y = f(x) 6 mouyi x, Ta

[MO3HAYAOTH OJHUM 3 CUMBOJIIB

2
" d

V'—=5D7y, f'(x), & f(x‘))
dx*

,D? f(x)).

Tak camo, skmo Bxe Y= f(x) Mae Ha NPOMDKKY X CKIHUYEHHY JApYTY
HOX1HY, TO 1l NOXIAHA B TOYIl X, HAa3UBAETBHCS HOXIOHOIO MPEmvo20 nopsioxy ado

mpemwvoro noxionorw yukyii y = f(x) 6 mouyi x, Ta M03HAYAIOTh OJHUM 3 CUMBOJIIB
d’ d’ f(x
”,,—':):,D ,fm( 0) f( O) D f(x())
dx
TakuM ke YMHOM Bl mpemboi noxioHoi MEPEXOaUMO JI0 uemeepmoi 1 Tak
Jani.
Osnavenns. Hexaii ¢ynkmis y= f(x) mae Ha TpoMiKKy X CKIHYEHHI
moximmi f'(x), f"(x), ..., £V (x). SIxmo B Toumi x, € X icHye moxigHa dyHKIii
" V(x), To il Ha3MBAIOTL noxionow n-nopsdxy @Gyuxyii f(x) & mouyi X, Ta

nosuagaots £ (x,) a6o y"(x,).

Takum uymHOM, SKIIO (QYHKLIS Ma€ B TOULl X, MOXIJHI 10 A-TO TMOPAIKY

BKJIIOYHO, TO

SO =" ).

O3nauenHst. QYHKIIIIO, KA Ma€ Ha JIEIKOMY IMPOMDKKY X TOXiAHI 70 7-TO
MOPSIIKY BKJIIOYHO, HA3WBAIOTh # pasiB AUGEpeHIIHOBaHOO Ha MHOXHHI X .

OyHKII0, siKa HA MHOXHHI X Mae TOXigHI OyAb-SKOTO TOPSIKY, Ha3WBalOTh
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HeCKIHYeHHO OUughepeHyitioBaH00 Ha MHONMCUHI X .

3ayBaskeHHsI. 3py4HO BBa)KaTH, L0 MOX1/HA HYJILOBOTO MOPSIKY CHIBIAJIAE 3

camo10 (PYHKITI€r0, TOOTO

SO)=f).
be3snocepennbo 3 03HaAYEHHS BUIUIMBAIOTH HACTYIHI BIACTUBOCTI MOXITHUX:
Lo (e f)" =c- /7 (x),
2. (f()+g()™ =" (x0)+g" (),

ne f(x) ta g(x) — pyHkii, IKi MaFOTh TIOXIIHI JI0 72-TO TIOPSIKY BKJIFOYHO.

JAudepenuian n-ro nopsiaky
O3nauennsi. Hexaii pynkuis y = f(x) Mae B ToUIli X CKiHYCHHY TOXITHY 7 —
ro nopsiaky " (x). ®yukuis £ (x)dx" 3miHHOI dx” HasMBaeThCS Oughepenyianom

n-20 nopsioxy gyuryii f(x) 6 mouyi x Ta mo3HadaeTbes d” f(x) ado d"y .

JociigkeHHs pyHKuin
1. MonoToHHIiCTH QyHKLII HA IHTEepBaJIi

Teopema (Kputepiii HecTporoi MoHOTOHHOCTI). /Jlughepenyitiosana Ha
inmepsani (a,b) @ynxkyia f(x) He cnadac moodi i minbku mooi (<) Koau
Vx e(a,b): f'(x) >0 (pyuxyia f(x) ne spocmae mooi i mineku mooi (<) Koau

Vx e (a,b): f'(x)<0).

Teopema (JdoctatHss ymoBa CTPOroi MOHOTOHHOCTI). Axwo 0na

oughepenyitiogaroi na (a,b) ynxyii f(x) 6 KooicHil mouyi inmepseany UKOHYEMbCA
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nepisuicmv  Vx €(a,b): f'(x)>0, mo (=) f(x) 3spocmae wna (a,b) (AKiIO
Vx e (a,b): f'(x)<0, mo (=) f(x) cnadac na (a,b)).
[HTepBan MOHOTOHHOCTI (PyHKIIi BiTOKPEMIIIOIOTh OJWH BiJ OAHOTO abo

TOYKH, JI¢ TOXiJHAa JIOpIBHIOE HyJeBl, a00 TOYKW, JA€ TMOXiJHA JOPIBHIOE

HECKIHYEHHOCTI YU HE ICHYE.

2. Ekcrpemymn GyHKIii

Teopema (HeoOxinHa yMoBa JIOKAJIBLHOI0 €KCTPEMYMY). K0 X, € MOUKOIO
BHYMPIUWHBbO2O JIOKATbHO20 eKcmpemym)y ougepenyivosanoi na (a,b) gyukyii f(x),

mo (=) 6 mouyi X, GUKOHAHE 0OHA 3 HACMYNHUX YMOG

1) 3f'(x)=0;
2) Ff(xy) =0;
3) 3f'(xp) -

OsnauenHs. Touku, B sskux a0b0 moxigHa (yHKINT gopiBHIOE HymO f'(x)=0,
a00 HeCKiHYCHHA, a00 HE ICHY€, Ha3UBAIOTHCS KPUMUYHUMU MOUYKAMU (Nepuioco
nopsoxy) gyuxyii f(x).

O3nauennsi. Touku, B sxkux moxigHa ¢yHKIi gopiBHIOE Hymo f'(x)=0,
HA3UBAIOThCS cmayioHapHumu moukamu Gyukyii f(x).

I'eomerpuyHo ymoBH TeopemH 03HA4arOTh, 110 Y KPUTHUYHIN TOYIl MEPIIOTO
MOpsIIKYy JNOoTUYHa abo mapanenbHa oci Ox (ymoBa 1) — Takli TOYKM HA3UBaIOThH
cmayionapnumu, ad0 TOTUYHA B TOYIll napainenbHa oci Oy (yMoBa 2) — Taki TOYKH

Ha3UBAIOTh MOYKamu GepmanHs, ab0 NOTUYHOI HE icHye (ymoBa 3) — Taki TOYKHU

Ha3nBArOTb Kymoeumu.
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Teopema ([locTaTHs yMOBa JI0KAJIBHOI0 €KCTPEMYMY B TepMiHaX Mepuioi
noxignoi). Hexau ¢ynxyia f:(a,b) >R, i icnye mouxa x,<(a,b) maxa, wo
BUKOHAHL HACMYNHI YMOBU:

1) Vxe(a,x,) U (x,,0) If'(x) € R, npu yvomy f(x) nHenepepsua 8 x,;

2) 36 >0 make, wo suxoHara 0OHAa 3 HACMYNHUX YMOB:

a) Vx e (x,—0,x,): f'(x) <0, p 0) Vxe(x,—0,x,): f'(x)>0,
a6o

. 4 . '
Vx € (xy,xy +0): f'(x)>0, Vx € (xy,xy +0): f'(x) <0,
mobmo npu nepexodi uepez mouxy X, noxiona f'(x) sminwe 3Hax.
Tooi (=) mouka X, € MOYKOI CMPO2020 JOKANbHO20 eKCMPEeMYMY (DYHKYIQ
f(x): y 6unaoxy 2a) — minimymy, a y 6unaoxy 20) — maxcumymy.
3ayBaskeHHs. SIKIII0 QYHKIlIS HE € HETIEPEPBHOIO B KPUTHUYHIHN TOYUIIl, TEOPEMY
HE MOXXHAa BHKOPHCTOBYBAaTH. BOHa TaKOXX HE 3aCTOCOBYETHCS, KOJH OYb-sKHit
MPOKOJIOTHI OKUT KPUTUYHOT TOYKU (DYHKIIIT MICTUTh HECKIHUCHHY KUJTBKICTh THIIIHX
il KpUTUYHHUX TOYOK, a MOXiAHA 1€l QyHKIIT He 30epirae BU3HAYEHOIro 3HaKy B Oy/b-

SAKOMY HaIliBOKOJII 3a3HaY€HO1 TOUKHU.

3. OnykJiicTh PyHKUII, TOUKH NEPEruHy

Osnavennsi. Oynkuiro f(x), Bu3HaueHy Ha (a,b), HA3UBAIOTH OMYKJIOK)

JAOHU3Y B I[bOMY IHTEpBaJIi, AKIIO Oyab-siKa ayra ii rpadiky JeKUTh HE BUILE XOPIH,
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mo crarye mo ayry. Oyskimio f(x), Bu3HaueHy Ha (a,b), Ha3UBAIOTh OMYKJIOK)
JAOTOPHM B LIbOMY IHTEpBadi, fAKIIO Oyab-siKa ayra ii rpadiky JeKHUTh HE HIDKYE

XOpAH, IO CTATYE L0 AYTY.

ys YA B
B/

O| az xg Ty b x

i
]
1
1
1
1
1
1
1
"

=Y

0O a T T3 3;'2 :
Teopema. Henepepsno oOugepenyitiosana Gynxkyia [(x), onykia OOHU3Y
(0ozopu) 6 inmepsani (a,b) mooi i ruwe mooi, koau epaghix it pyHKyii nexcumov He
Hudicue (He suuje) 6y0b-aK0i O0MUUHOL, NPoBedeHOi 00 Hb020 HA YbOMY IHMeP8ali.
Teopema (JocTaTnust ymoBa onykiocti pyukuii). Hexati pynxyis f(x) osiui
Henepepsho oughepenyitiosana 6 inmepsani (a,b). Todi (=)
1) skwo Vxe(a,b): f"(x)>0, mo epagix yici pyuxyii ¢ inmepsani (a,b)
ONYKAUU OOHU3Y,
2) axwo Vxe(a,b): ["(x)<0, mo epagix yiei gynuxyii 6 inmepsani (a,b)
ONYKIUL 0020DU.
O3navenns. Hexail Qynkuis f(x) BU3HaueHa B IEAIKOMY OKOJI TOYKH X, .
Touxoio nepecuny (yHKUII f(X) Ha3UBaIOTh TOYKY X,, Y SIKIM HalpsM OITyKJIOCTI

3MIHIOETHCS HA MPOTUIICKHUH.

Teopema. B mouyi nepecuny epaghix (ynxyii nepexooums 3 0OHi€i cMOpoHU
0omuyHoi Ha iHuy (0omuuna nepepizae spagix).

Teopema (HeoOxinHa ymoBa iCHyBaHHSI TOUKHU Neperuny). Jxuo @yHxyis

f(x) oughepenyitiosana 6 oesakomy oKoni MOUKU Nepecuny X, i 6 Hei iCHye CKIHYeHHA
opyea noxiona 6 mouyi x,, mo (=) f"(x,)=0.
[aTepBanu omykiocTi (QyHKIIT MOXYTh BIJJOKPEMJIIOBATUCH OJUH BiJl OJHOTO

a00 ToukaMH, A€ Jpyra moxijgHa (yHKIi JOPIBHIOE HYJIO, a00 TOYKaMH, Je JIpyra
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MOX1/THa TOPIBHIOE HECKIHUEHHOCTI, a00 TOYKamH, Jie Apyra MoxigHa He iICHYE.

OsnauvenHs. Touku, B sKuX JApyra mnoxigHa (QYHKIIi JOPIBHIOE HYIIIO,
HECKIHYeHHa a00 He ICHY€E, HA3UBAIOTHCS KPUMUYHUMU MOUKAMU OPY2020 NOPAOKY).

Teopema (Ilepma gocraTHs yMOBa iCHyBaHHSI TOUKH Neperuny). Hexau
Qyukyis  f(x) HenepepsHa 6 mouyi X,, Mae neputy i Opyey NOXiOHI 6 OesaKOMY
NPOKOAOMOMY OKONi MOYKU X,, A 6 Mouyi X, ICHYE CKIHYeHHA a0O0 HeCKiHYeHHA
noxiona f'(x,), mo (=)

1)  sxwo Opyea noxiona ["(x) 3miHioe 3HaK npu nepexoodi apeymeHmy X
uepe3 3HAYEHHs X, MO X, € MOUKoIo nepecuny ynxyii f(x);

n . .
2)  akwo 3Haxk f"(X) He 3MIHIOEMbCA Npu nepexooi uepes X,, Mo X, He €

mouKoi nepe2uny QyHxyii f(x).

4. AcumnrToTu rpagika pyHkuii

O3HaveHHsA. Acumnmomoro KpUBOi 3 HECKIHUEHHOIO TJIKOI Ha3MBAaIOTh TaKy
psMYy, IO BiAJMab BiJl TOYKA KPUBOI JI0 i€l MPsIMOI MpsSMY€E 0 HYJS, KOJU IIs
TOYKA BIJJAISETHCS B3JIOBXK HECKIHUEHHOI T'IJIKU Bl MOYATKy KOOPIMHAT.

A00 MOHa JENIO MO-1HIIIOMY 3alKCcaTH 1€ 03HAYCHHS.

O3naveHHs1. Acumnmomoro HeoOMEKEHO1 KPUBOI HA3UBAETHCA MPAMA, J10 SKOi
HaOJIMKAIOTHCS TOUKH KPUBOI, BIIJIAISIFOUMCH BiJl MOYATKy KOOPAMHAT.

[cHyIOTH TpH BUuIU acUMITOT TpadikiB GyHKIINA: 8epmuKanibHi, 20pU30HMAIbHI
Ta noxuji, MPUYOMY OCTaHHI JIBa BUJM MOXYTb OyTH SIK OJJHOCTOPOHHIMU, MPABUMHU
pu X — +00 a00 JIBUMH IIPU X —> —0, TaK 1 ABOCTOPOHHIMHU TIPU X —> 00, TOOTO 1
MpaBUMHU, 1 TIBUMU OJTHOYACHO.

Jani OyneMo BBakaTH, IO TOPU3OHTAIbHI ACUMOTOTH — I11€ YaCTHHHUM
BUMAIOK oxmwiux (mpu k =0).

Teopema. Illpava x=a € sepmukanvHolO acumnmomoro 2epagixa Qynkyii
y = f(x) mooi ti tuwe mooi (<), xoau f(a+0)==o00 abo f(a—0)==oo.

Teopema. [lpsma y=kx+b € npasow noxunow acumnmomoro epagixa
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@yuxyii y = f(x) mooi il nuwe mooi (<), Koau

i 7,

X—>+0o X

lim (f(x)—kx)=»b.

Y eunaoky nisoi mnoxunoi acumnmomu GopmynrosanHs GIOPIZHAEMbCA UULe

NPAMYBAHHAM X —> —00.

3aranbHa cxema J0CJaiAKeHHs PYHKIUII I 100y10BU rpagiky

1. BcranoBuTu 001acTh AOCTIIHKEHHS (QYHKUIT; TOCTIAUTA (PYHKIIIO HA MAPHICTb,
HEMapHICTh, NEPIOTUYHICTb.

2. 3Haxo/KEHHS TOYOK nepeTuny rpadiky QyHKIIT 3 OCSIMU KOOPIUHAT.

3. 3HaxoKEHHS TOYOK PO3PHUBY, iX Kiacu(ikallisl; 3HAXOJKEHHS BEPTUKATbHUX
aCUMIITOT.

4. 3HaxOIKE€HHA MOXUJIMX acUMNTOT (1 TOPU3OHTAJIBHUX), TOOTO JOCIIIKEHHS
GyHKUIi pu x —> too.

5. Tomyk KpUTHYHUX TOYOK (PYHKIIIT (MEPIIOTO MOPSIIKY), BUOKPEMIICHHS Cepet
HUX eKcTpemMyMiB. OOuMClieHHsS 3HauYe€Hb (YHKIlT B KPUTUYHUX TOYKaX,
BCTAHOBJICHHS IHTEPBAIIB MOHOTOHHOCTI (DYHKITi.

6. Ilomyk TOUOK TMepernHy Ta 3HAYCHb (PYHKIII B WX TOYKAX, BCTAHOBICHHS

IHTEpBaIIB OMYKJIOCTI (PYHKIII].
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