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Methodical recommendations are intended for foreign and English-learning
students of the preparatory direction "Management" for practical studies of “Ana-
lytic geometry” of the discipline "Higher and applied mathematics".

The sufficient theoretical material and the number of solved typical ex-
amples of each theme give students the possibility to master “Analytic geo-
metry” and apply the obtained knowledge in practice on their own.

Practical tasks for self-work and the list of theoretical questions which
promote improving and extending students’ knowledge of all the themes are
given.

It is recommended for foreign and English-learning full-time students of the
preparatory direction "Management".



Introduction

Methodical recommendations are intended for foreign and English-learning
students of the preparatory direction "Management" for practical studies of “Ana-
lytic geometry” of the discipline "Higher and applied mathematics".

Its aim is the practical application of mathematic apparatus to the prob-
lem solutions in “Analytic geometry”, which consists of the following themes:
Cartesian coordinates of a vector and a point, linear operations with vectors,
scalar, cross and mixed products and their properties, ways to define a
straight line on a plane and in space and mutual arrangement of lines, ways
to define a plane in space and mutual arrangement of planes, second-order
curves (circle, ellipse, hyperbola, parabola) and investigation of their forms.

The sufficient number of solved typical examples of each theme gives
students the possibility to master “Analytic geometry” and apply the obtained
knowledge in practice on their own. At the end of methodical recommenda-
tions there are tasks for self-work and the list of theoretical questions which
promote improving and extending students’ knowledge of all the themes.

1. Vectors

1.1. Cartesian Coordinate System on the Plane and in Space

If a one-to-one correspondence between points on the plane and num-
bers (pairs of numbers) is specified, then one says that a coordinate system
is introduced on the plane.

A rectangular Cartesian coordinate system on the plane is determined
by a scale segment for measuring lengths and two mutually perpendicular
axes. The point of intersection of the axes is usually denoted by the letter O
and is called the origin, while the axes themselves are called the coordinate
axes. As a rule, one of the coordinate axes is horizontal and the right sense is
positive. This axis is called the abscissa axis and is denoted by the letter X
or by OX . On the vertical axis, which is called the ordinate axis and is de-
noted by Y or QY , the upward sense is usually positive (Fig. 1.1). The coor-
dinate system introduced above is often denoted by XY or OXY .

The abscissa axis divides the plane into the upper and lower half-
planes, while the ordinate axis divides the plane into the right and left half-



planes. The two coordinate axes divide the plane into four parts, which are
called quadrants and numbered as shown in Fig. 1.1.
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Fig. 1.1. A rectangular Cartesian coordinate system

Let’s take an arbitrary point A on the plane and project it onto the coor-
dinate axes, i.e., draw perpendiculars to the axes OX and OY through A.
The points of intersection of the perpendiculars with the axes are denoted by

Ay and Ay, respectively (Fig. 1.1). The numbers X =0OAy and y=O0A/,

_

where OAy and OAy are the respective values of the segments OAy and

OAy on the abscissa and ordinate axes, are called the coordinates of the
point A in the rectangular Cartesian coordinate system.

The number X is the first coordinate, or the abscissa, of the point A,
and Y is the second coordinate, or the ordinate, of the point A. One says
that the point A has the coordinates (X, y) and uses the notation A(X, y).

A rectangular Cartesian coordinate system in space is determined by a
scale segment for measuring lengths and three pairwise perpendicular di-
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rected straight lines OX , OY and OZ (the coordinate axes) concurrent at a
single point O (the origin). The three coordinate axes divide the space into
eight parts called octants.

We choose an arbitrary point M in space and project it onto the coor-
dinate axes, i.e., draw the perpendiculars to the axes OX, OY and OZ
through M . We denote the points of intersection of the perpendiculars with
the axes by X, y and z, respectively. These numbers (Fig. 1.2) are the
signed lengths of the segments of the axes OX , OY and OZ, respectively,
are called the coordinates of the point M in the rectangular Cartesian coordi-
nate system.

The number X is called the first coordinate or the abscissa of the point
M, the number Y is called the second coordinate or the ordinate of the point
M, and the number z is called the third coordinate or the applicate of the

point M . Usually one says that the point M has the coordinates (X, y,z),
and the notation M (x, Y, Z) is used.

1.2. Formulas of division of a segment in the given ratio

Let's assume that the point M(XM , yM,ZM) divides a segment be-
tween the points I\/Il(XMl, yMl,le) and I\/IZ(XM2 ' YM, 1 M, ) in the ratio 4,
MM
MM|

In this case the following formulas should be used to find the coordi-
nates of the point M :

thatis A =

. ~ Xu, 4 Xy, ~Ym, + 4V, Iy, tA 2y,
M 1+ 1+

, = VAVEES
Ym 1+ A4 M

In the particular case, if the point M bisects the segment MM,
(1 =1) then

XM, XM, Ym; +Ym, Im, T 2m,

0 e L L



1.3. Vectors and basic vector operations

A segment bounded by points A and B is called a directed segment if
its initial point and endpoint are chosen. Such a segment with initial point A

and endpoint B is denoted by AB (Fig. 1.3).

A
Fig. 1.2. Point in rectangular Carte- Fig. 1.3. Vector
sian coordinate system in space

A directed segment with initial point A and endpoint B is called the
vector AB or a. A nonnegative number equal to the length of the segment

AB joining the points A and B is called the length @ of the vector AB.

The vector EA\ is said to be opposite to the vector N?; ie. AB = —gﬂl.

Let the point A(XA, YA ZA) be an initial point of the vector AB and the
point B(XB, yB,ZB) be its endpoint. Coordinates of the vector AB are de-
fined as AB =(Xg — Xa, Y& — YA: Zg — Z4 ).

To each point M of three-dimensional space one can assign its position
vector. The directed segment OM is called the position vector of the point

—

M . The position vector determines the vector r (r = OM) whose coordi-

nates are its projections on the axes OX, OY and OZ, respectively.

An arbitrary vector a = (ax, ay , az) can be represented as

a=ay-l+ay-J+az -k,



where ay,ay,a, are projections of the vector a on the axes OX, OY and

OZ, respectively; i= (1,0,0), ] = (0,1,0), K= (0,0,1) are the unit vectors with
the same directions as the coordinate axes OX, OY and OZ.

Every of the vectors I,],E is perpendicular (orthogonal) to the both
others. These vectors form a so called orthonormalized basis. The projections
ay,ay,a, are coordinates of the vector in the orthonormalized basis.

The distance between an initial point and an endpoint of a vector is

called its length or module and designated by ‘5‘ or ‘ﬁ‘

The module of a vector a is calculated according to the following formula:

‘a‘ :\/ax2 +ay2 +a,”.

The module of a vector AB is calculated according to the following
formula:

AB| = \/(xg ~xa)? + (g~ Ya)? + (25 ~2a)°.

Direction cosines are called cosines of the angles between the vector a
and positive directions of the corresponding coordinate axes and defined as
follows:

a a a a
Cosar =2 = Tt cosf = = - y2 =
‘a‘ \/ax +ay” +a, ‘a‘ \/ax +ay” +a,
aZ aZ
COS]/:T: > > B
‘a‘ \/ax +ay” +3a,

They are related to the equality

cos? & + cos> f+ cos? y=1.

Example 1.1. Find the direction cosines of the vector AB if the points
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A(L,2,0) and B(3,1,-2) are given.

Solution. The coordinates of the vector AB are calculated in this way:

AB=(3-11-2,-2-0)=(2,-1-2).

Its length is
‘Ng‘:\/(XB—XA)ZﬂL(YB—yA) +(zg —2p)? =22+ (1P + (-2 =
=9 =3.
The direction cosines are
_8 _2 Yy 1 _8 _ 2
COSx = ‘5‘ 3’ cos ‘5‘ 3 COoS ¥ ‘5‘ 3

Two vectors are said to be collinear (parallel) if they lie on the same
straight line or on parallel lines. Three vectors are said to be coplanar if they
lie in the same plane or in parallel planes. Two vectors should be considered
equal if they are collinear, equally directed and have equal lengths.

A vector 0= (0,0,0), whose initial point and endpoint coincide is called
the zero vector (the null vector).

The length of the zero vector is equal to zero (Jﬁ‘ = O), and the direction

of the zero vector is assumed to be arbitrary. A vector € of unit length is
called a unit vector.
Basic vector operations:

1. The sum a+b of vectors d and 5 is defined as the vector directed

from the initial point of @ to the endpoint of b under the condition that b is
applied at the endpoint of a.
The rule for addition of vectors, which is contained in this definition, is

called the triangle rule of vectors (Fig. 1.4, a). The sum a+b can also be
found using the parallelogram rule (Fig. 1.4, b). The difference 5—5 of vec-
tors & and b is defined as follows: 5+(§—6):§ (Fig. 1.4, ¢).

11



Fig. 1.4. The sum of vectors: triangle rule (a) and parallelogram rule (b).
The difference of vectors (c)

A sum or difference of vectors are determined according to the formu-
las:

atb=(a,hy,a, b, a,+h,)
2. The product Ad of a vector @ by a number A is defined as the vec-
tor whose length is equal to |18 =|4|-|d| and whose direction coincides with

that of the vector @ if A >0 or is opposite to the direction of the vector & if
A <0.

A product (multiplication) of a vector by a number is determined accord-
ing to the formula:

a-a:(a-ax,a-ay,a-az).

Remark. If @ =0 or A =0, then the absolute value of the product is ze-
ro, i.e., it is the zero vector. In this case, the direction of the product Ad is
undetermined.

Main properties of operations with vectors:

1.a+b=b+a (commutativity).
2. a+ (5 + 5) = (é + 5)+ ¢ (associativity of addition).
3.a+0=a (existence of the zero vector).
4. a+ (— gl): 0 (existence of the opposite vector).

5. /1(5 + 6)= Aa+ Ab (distributivity with respect to addition or differ-
ence of vectors).

6. (A+ u)a=Aa+tua (distributivity with respect to addition or differ-
ence of constants).
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7. Z(,ugl): (/I,u)gl (associativity of product).

8.l.a=a (multiplication by unity).
Projection of vector onto axis. A straight line with a unit vector € lying
on it determining the positive sense of the line is called an axis. The projec-

tion prsa of a vector a onto the axis (Fig. 1.5) is defined as the directed

segment on the axis whose signed length is equal to the scalar product of a
by the unit vector €, i.e., is determined by the formula

prea=a-cose,

where ¢ is the angle between the vectors a and € .

pr, a

Fig. 1.5. Projection of a vector onto the axes

Example 1.2. Two vectors a= (3,—2,—6) and b = (— 2,1,0) are given.
Determine the projections on the coordinate axes of the following vectors:
1) a+b: 2) a—b; 3) 2a: 4) 2a—-30.

Solution. By the rule of vector addition and vector multiplication by a
number we have:

a+b=(a,+by,a,+by,,a, +b, )= (3+(~2),-2+1-6+0)= (L-1-6);

— —

a—b:(ax—bx,a

~b,,a, -b,)

yra; (3-(-2)-2-1-6-0)

y (5-3,-6);
2.a=(2-2,,2-3,,2-a,)=(2-32-(-2),2-(- 6)) = (6,~4,-12);

2a -3b = (2a, +3b,,2a, +3b,,2a, +3b, )=
=(2-3-3:(-2),2:(-2)-3:1,2:(-6)-3-0)=(12,-7,-12).
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1.4. Scalar product of two vectors

The scalar product of two vectors is defined as the product of their ab-
solute values times the cosine of the angle between the vectors (Fig. 1.6),

3-6:\§\~‘5‘~COS¢. (1.1)

1]
D a

Fig. 1.6. Scalar product of two vectors

If the angle between vectors @ and b is acute, then a-b > 0; if the

angle is obtuse, then a- b <0; if the angle is right, then a- b =0. Taking into
account (1.1), we can write the scalar product as

—

a-b =\é\-‘5‘-005¢=\a\- prsb :‘5‘- pr-a.

Remark. The scalar product of a vector @ by a vector b is also denoted
by (3,5) or ab.
The angle ¢ between vectors is determined by the formula

Q|

b ay -by+ay-by+a,-b,

Hb‘ \/axz +a,” +a22\/bx2 +b,” +b,”

job]

COS(p=‘

Properties of scalar product:
1. a-b=b-a (commutativity).
2. a: (6 + E): a-b+a-¢ (distributivity with respect to addition of vec-
tors). This property holds for any number of summands.

3. If vectors @ and b are collinear, then a-b =+ ‘6‘ (The sign + is

—

taken if the vectors & and b have the same sense, and the sign — is taken if
the senses are opposite.)

4, (/lé)- b= /1(3 . 5) (associativity with respect to a scalar factor).
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5. &-a :\3\2. The scalar product d-d is denoted by \5\2 (the scalar

square of the vector a).
6. The length of a vector is expressed via the scalar product by

7. Two nonzero vectors d& and b are perpendicular if and only if
ab =0.
8. The scalar products of basis vectors are

—

P.j=7-K=7-K=0, T-T=]-J=K-k=1.

9. If vectors are given by their coordinates, a= (ax Ay, az) and

E)z(bx,by,bz), then

—

a-b =(ayi+a, j+a,k)(boyi+by, j+b,k)=a, b, +a, b, +a, b,.
10.The Cauchy — Schwarz inequality and the Minkowski inequality

‘é-ﬁ‘ﬁ\é\-‘ﬁ‘ and ‘a’+6‘s\a’\+‘6‘.

1.5. Cross product of two vectors

The cross product of a vector a by a vector b is defined as the vector
¢ (Fig. 1.7) satisfying the following three conditions:
1. Its absolute value is equal to the area of the parallelogram spanned

by the vectors d and b:ie.,
H =[] ‘5‘ sing.

2. It is perpendicular to the plane of the parallelogram; i.e., E:L a and

15



T D

Fig. 1.7. Cross product of two vectors

3. The vectors &, b, and ¢ form a right-handed trihedral; i.e., the vec-
tor ¢ points to the side from which the sense of the shortest rotation from a
to b is anticlockwise.

Remark 1. The cross product of a vector @ by a vector b is also de-
noted by € =[a,b].

Remark 2. If vectors & and b are collinear, then the parallelogram
OABD is degenerate and should be assigned the zero area. Hence the cross
product of collinear vectors is defined to be the zero vector whose direction is
arbitrary.

Properties of cross product:

1. axb=-bxa (anticommutativity).

2. ax(BiE)z axb+axc (distributivity with respect to the addition of
vectors). This property holds for any number of summands.

3. Vectors @ and b are collinear if and only if axﬁ =0. In particular,
axa=0and a- (axb):6 (glxﬁ)

4, (ﬂa) (/I ) (axb) (associativity with respect to a scalar

factor).
5. The cross product of basis vectors is

ixiz]x]zkxianndix] K, ] k=T, Exlz]
6. If the vectors are given by their coordinates 5 (a ,Ay,a; )and
b= (by,by b, ) then

16



Q|
X
(@x!
I
N

:T.(ay.bz —-a, .by)_].(ax.bz —a, .bx)+

—

+k-(ax-by—ay-bx).

7. The area of the parallelogram spanned by vectors a@ and b equals

2
a;

- - a
S:‘axb‘: bz b,

S=nga=l
2 2

Conditions for vectors to be parallel or perpendicular. A vector a is col-
linear to a vector b if

b=Aa or axb=0.
The vector equality b=ca is equivalent to three numerical ones:

b, =ca,, by =cay, b, =ca,,

from which it follows that
bx by bz bx by bz

=, — =, = or — == =0.

a, ay a, a, a, a,

Thus vectors are collinear if their coordinates are proportional.
A vector a is perpendicular to a vector b if

a-b=0.

17
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Remark. In general, the condition d-b =0 implies that the vectors @

and b are perpendicular or one of them is the zero vector. The zero vector
can be viewed to be perpendicular to any other vector.

Example 1.3. Let three apexes of a parallelogram A(L-12), B(5,-6,2)

and C(1,3,~1) be given. Calculate the area of the parallelogram.
Solution. The areais S = ‘N?; X E‘
Find AB and AC:
AB=(5-1-6—(-1),2—-2)=(4,-5,0),
AC =(1-13-(-1)-1-2)=(0,4,-3).
The vector product of the vectors AB and AC is equal to:
j k
-5 0|=1i-:
4 -3

EXE: _J. +
4 -3 0 -3 0 4

o ~ =

-5 0‘7

4 0] -
\k-

4 —5‘_

=157 +12] +16K.

Calculate the area of the parallelogram:

S =|AB x AC| =15 +122 +16° = /625 = 25 (sq.unit)

Example 1.4. Determine values of a and £ , when the vectors

5z—2i+3j+ﬁ§ and B:ai—6]+2k are collinear.
Solution. From the condition of collinear vectors we get
—2_3_F
a -6 2
From this it follows that _—Z:i and izé Thus
a -6 -6 2
-6 3
a=—-(-2)=4and f=—-2=-1.
o (-2)=4and f=—

18



1.6. Mixed product of three vectors

The mixed product of vectors a, b and € is defined as the scalar

product of @ by the cross product of b and C:

(a.b,c)=(axb)c=a-(oxc)

Remark. The scalar triple product of three vectors a, b and € is also

denoted by abc.
Properties of scalar triple product:

1. (a,b,¢)=(b,¢,a)=(c,a,b)=—b,a,c)=—(c,6,a)=—(a,c.b)

2. (?1 + 5)66 = acd +becd (distributivity with respect to addition of vec-
tors). This property holds for any number of summands.

3. (/Ié, 5, C ): ﬂ(é, 5, C ) (associativity with respect to a scalar factor).

4. If the vectors are given by their coordinates az(ax,ay,az),

6=(bx,by,bz)and Z*:(cx,cy,cz), then

(a,b6,c)=b, b, b,
Cx Cy C

5. The scalar triple product (3,5,6) is equal to the volume V of the pa-

rallelepiped spanned by the vectors a, b and € taken with the sign + if the

vectors da, b and ¢ form a right-handed trihedral and the sign — if the vectors
form a left-handed trihedral, or the module of the mixed product equals the

—

volume of the parallelepiped constructed on the vectors d, b and C,

v ==+(a,b,¢)=|ab.c].

—

6. The volume of a tetrahedron constructed on the vectors a, b and C
Is equal to

19



v =—ab.c).
6
7. Three nonzero vectors a, b and ¢ are coplanar if and only if
a, a
(3,6,6):0 or b, b
Cy, C

y
y
y
linearly dependent; they satisfy a relation of the form C = cd + ﬁﬁ

aZ
b,|=0. In this case, the vectors @, b and C are

C;

Example 1.5. Let the following apexes of a pyramid A(2,3,1),
B(4,1,—2), C(6,3,7), D(—5,—4,2) be given. Calculate pyramid volume and

the length of the altitude put down from the apex D.
Solution. The volume of the pyramid is equal to:

v =%\(AB,AC,AD} or v =%SAABC ‘DH,
thus DH = V :
SAABC

Lets find AB, AC and AD: AB=(2-2-3), AC=(4,06),
AD =(-7,-71).

2 -2 -3
Then (AB,AC,AD)=| 4 0 6| =260.
7 -7 1

Thus V = %‘(AB, AC, AD] - % .260 = % (cubed unit).

Let’s find the area of triangle ABC:

i ]k
ABxAC=[2 -2 -3=-12i -24] +8K,
4 0 6

20



SAABC = %‘EXE‘ = %\/(—12)2 +(- 24)2 +82 =

1 28
= —+/784 = — =14 (sq. units).
> > (sq )
3.130 o
Thus DH = - (units of length).
14 7

2. Equations of Straight Lines on Plane
2.1. Slope-intercept equation of a straight line

The tangent of the angle of inclination of a straight line to the axis OX
Is called the slope of the straight line. The slope characterizes the direction of
the line. For straight lines perpendicular to the OX -axis, slope does not make
sense, although one often says that the slope of such straight lines is equal to
infinity.

The slope-intercept equation of a straight line in the rectangular Carte-
sian coordinate system OXY has the form

y=kx+D, (2.1)

where K =tge = (y—b)/x is the slope of the line and b is the y-intercept of

the line, i.e., the signed distance from the point of intersection of the line with
the ordinate axis to the origin. Equation (2.1) is meaningful for any straight
line that is not perpendicular to the abscissa axis (Fig. 2.1, a).

If a straight line is not perpendicular to the OX -axis, then its equation
can be written as (2.1), but if a straight line is perpendicular to the OX -axis,
then its equation can be written as

X=a, (2.2)

where a is the abscissa of the point of intersection of this line with the OX -
axis (Fig. 2.1, b).
For the slope of a straight line, we also have the formula
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_X =X

k ,
Yo— V1

(2.3)

where M;(x, y;) and M5 (x5, Y, ) are two arbitrary points of the line.

Y YA
) il
/
¢ - -
/ 0 Y 0 g Y
a) b)

Fig. 2.1. Straight lines on plane

In the rectangular Cartesian coordinate system OXY , the equation of a
straight line with slope k passing through a point MO(XO, yo) has the form

y = Yo =K(X=Xo). (2.4)

Remark. If we set X =0 and yg =b in equation (2.4), then we obtain
equation (2.1).

2.2. Equation of a straight line passing through two given points

In the rectangular Cartesian coordinate system OXY , the equation of a
straight line with slope k passing through points M;(%;, y;) and M5 (x5, y,)
has the form (2.4), where K is given by the expression (2.3):

(Y2 —v1)- (2.5)

X — Xq
Y=V =
Xo —Xq

This equation is usually written as

22



y=% _ X=% (2.6)
Yo=¥1 X=X

Equation (2.6) is also called the canonical equation of the straight line
passing through two given points on the plane.

Sometimes one writes this equation in terms of a third-order determi-
nant as follows:

X Yy
Xl yl - O . (27)
X2 Y2

Example 2.1. Let us derive the equation of the straight line passing
through the points M{(5,1) and M,(7,3).

Solution. Substituting the coordinates of these points into formula (2.5),
we obtain

y-1 x-5
2 2

) or

2(y—1)=2(x-5), or y=x-4.

2.3. General equation of a straight line on a plane

An equation of the form
Ax+By+C =0. (2.8)

is called the general equation of a straight line in the rectangular Cartesian
coordinate system OXY . In rectangular Cartesian coordinates, each straight
line is determined by an equation of degree 1, and, conversely, each equation
of degree 1 determines a straight line.

If B # 0, then equation (2.8) can be written as (2.1), where k =—A/B
and b=-C/B.

If B =0, then equation (2.8) can be written as (2.2), where a=—-C/A.

23



If C =0, then the equation of a straight line becomes Ax+ By =0 and

determines a straight line passing through the origin.

If B=0 and A=0, then the equation of a straight line becomes
Ax + C =0 and determines a straight line parallel to the axis OY .

If A=0 and B =0, then the equation of a straight line becomes
By + C = 0 and determines a straight line parallel to the axis OX .

2.4. General equation of a straight line passing through
given points on a plane

In the rectangular Cartesian coordinate system OXY , the general eq-
uation of a straight line passing through the point MO(XO, yO) on the plane
has the form

A(X—Xg)+B(y—yg)=0. (2.9)
If this equation is written in the form

X=X _Y¥~=Yo (2.10)
B ~A

then it is called the canonical equation of a straight line passing through a
given point on the plane.

If B=0, then one sets Xx—X; =0, and if A=0, then one sets

y—Yo=0.
Remark. The general equation of the straight line passing through two
given points on the plane has the form (2.6).

2.5. Parametric equations of a straight line on a plane

The parametric equations of a straight line on the plane through the point
Mg (Xg, Yo ) in the rectangular Cartesian coordinate system OXY have the form

X = Xg + Bt, y =Yy —At. (2.11)

where A and B are the coefficients of the general equation (2.8) or (2.9) of a
straight line and t is a variable parameter.
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In the rectangular Cartesian coordinate system OXY , the parametric
equations of the straight line passing through two points Ml(xl,yl) and

MZ(XZ, y2) on the plane can be written as

X =¥ (1-1)+Xat, y =y1(1-1)-y,t. (2.12)

Remark. Eliminating the parameter t from equations (2.11) and (2.12),
we obtain equations (2.9) and (2.6), respectively.

2.6. Intercept-intercept equation of a straight line

The intercept-intercept equation of a straight line in the rectangular Car-
tesian coordinate system OXY has the form
X
y 1

X Y_ 2.13
2 b (2.13)

where a and b are the X- and Y -intercepts of the line, i.e., the signed dis-

tances from the points of intersection of the line with the coordinate axes to
the origin (Fig. 2.2).

2.7. Normalized equation of a straight line

Let's suppose that a rectangular Cartesian coordinate system OXY
and a straight line are given on the plane. We draw the perpendicular to the
straight line through the origin.

This perpendicular is called the normal to the line. By P we denote the
point of intersection of the normal with the line.

The equation

Xcosa+ysina—p=0, (2.14)

where « is the polar angle of the normal and p is the length of the segment

OP (the distance from the origin to the straight line) (Fig. 2.3), is called the
normalized equation of the straight line in the rectangular Cartesian coordi-
nate system OXY .
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In the normalized equation of a straight line, p>0 and

2 2

cos“ a+sin“ a =1.
YA YA
‘xf) N
P
{:\.'
- @\ -
0 N X 0 N
Fig. 2.2. A straight line with Fig. 2.3. A straight line with
intercept-intercept equation normalized equation

For all positions of the straight line with respect to the coordinate axes,
its equation can always be written in normalized form.

The general equation of a straight line (2.8) can be reduced to a norma-
lized form (2.14) by setting

CoOsoy =t ————, Sna=t———,

(2.15)

where the upper sign is taken for C <0 and the lower sign for C > 0. For
C =0, either sign can be taken.

2.8. Condition for three points to be collinear

Let's suppose that points My(X;, Y1), My(X5,Y,) and M3(x3, y3) are

given in the Cartesian coordinate system OXY on the planes. They are colli-
near (lie on the same straight line) if and only if

Y3=¥1_X3—%
Yo=Y1 X2—X

(2.16)
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2.9. Distance from a point to a straight line

The distance d from a point to a straight line is the absolute value of the
deviation. It can be calculated by the formula

d =|Xqcosa + ygsina — p|. (2.17)

The distance from a point MO(XO, yo) to a straight line given by the
general equation AX+ By + C =0 can be calculated by the formula

_ |Axg +Byg +C|
JA2+B2

Example 2.2. Let's find the distance from the point A(2,1) to the
straight line 3x+4y+5=0.
Solution. We use formula (2.18) to obtain

d (2.18)

_\Axo+By0 +C]| _\3-2+4-1+5\ _\6+4+5\ _15_3

d = — _ _
VA? +B? V32 442 V9+16 5

2.10. Mutual Arrangement of Lines

2.10.1. Angle between two straight lines. We consider two straight
lines given by the equations

y =K X+b and y =k,x+Dh,, (2.19)

where k; =tge; and K, =tge, are the slopes of the respective lines
(Fig. 2.4). The angle « between these lines can be obtained by the formula

Ky — kg

tac =
99 =k,

, (2.20)

where Kk, = —1. If kik, =—1, then a = %
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Remark. If at least one of the lines is perpendicular to the axis OX,
then formula (2.20) does not make sense. In this case, the angle between the
lines can be calculated by the formula

o=@y —@. (2.21)
The angle a between the two straight lines given by the general equations
AX+B1y+C; =0 and Apx+Boy+Cy =0 (2.22)

can be calculated using the expression

tga = , (2.23)

where AB, + A,B; #0. If AB, +A,B; =0, then & =%.

Remark. If one needs to find the angle between straight lines and the
order in which they are considered is not defined, then this order can be cho-
sen arbitrarily. Obviously, a change in the order results in a change in the
sign of the tangent of the angle.

2.10.2. Point of intersection of straight lines. Let’s suppose that two
straight lines are defined by general equations in the form (2.22).

Let’s consider the system of two first-order algebraic equations (2.22).
Each common solution of equations (2.22) determines a common point of the
tow lines. If the determinant of system (2.22) is not zero, i.e.,

A B

— AB, —B/A, %0, 2.24
A B, ABy, —Bi A (2.24)

then the system is consistent and has a unique solution; hence these straight
lines are distinct and nonparallel and meet at the point MO(XO, yo), where

_ BiCy —By(Cy
B].CZ + BZC1

_CA -CoA
C1A2 +C2A1

Yo (2.25)

Xo

Condition (2.24) is often written as

28



A LE
A, By

(2.26)

Example 2.3. Let’s find the point of intersection of the straight lines
y=2Xx-1land y=—-4X+5.
Solution. We solve the system (2.22):
y=2x-1
{y = —4X+5
and obtain x=1, y=1.
Thus the intersection point has the coordinates (1,1).

2.10.3. Condition for straight lines to be perpendicular. For two
straight lines determined by slope-intercept equations (2.19) to be perpendi-
cular, it is necessary and sufficient that

kik, =—1. (2.27)
Relation (2.27) is usually written as

1

ky ==,
1 k2

(2.28)

and one also says that the slopes of perpendicular straight lines are inversely
proportional in absolute value and opposite in sign.

If the straight lines are given by general equations (2.22), then a neces-
sary and sufficient condition for them to be perpendicular can be written as
(see Paragraph 2.10.1)

A1A2 + BlBZ = 0 (229)

Example 2.4. Let's check the condition if the lines 3x+y—-3=0 and
X —3Yy +8 =0 are perpendicular.
Solution. Let’s check the condition of perpendicularity:

AA, +BB, =3-1+1-(-3)=0.

These lines satisfy condition (2.29) and are perpendicular.
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2.10.4. Condition for straight lines to be parallel. For two straight
lines defined by slope-intercept equations (2.19) to be parallel and not to
coincide, it is necessary and sufficient that

kl — k2, bl * b2 . (230)

If the straight lines are given by general equations (2.22), then a necessary
and sufficient condition for them to be parallel can be written as

A_B G (2.31)
A, By G '
in this case, the straight lines do not coincide (Fig. 2.5).
YA
by
b,
ﬁﬁ']"-l . _ A A?(.II .
ol [/ X /S /0 X
Fig. 2.4. Angle between Fig. 2.5. Parallel straight lines

two straight lines

Example 2.5. Let’s check the condition if the lines 3x+4y +5 =0 and

3
> X+2y+6=0 are parallel.
Solution. Let’s check the condition of parallelity:
3 4 5
— = —F—,
3/12 2 6
The following condition (2.31) is satisfied, therefore the lines are parallel.
2.10.5. Condition for straight lines to coincide. For two straight lines

given by slope-intercept equations (2.19) to coincide, it is necessary and suf-
ficient that
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kl - k2, bl * b2 . (232)

If the straight lines are given by general equations (2.22), then a neces-
sary and sufficient condition for them to coincide has the form

B C
AB_G (2.33)
Ay By G

Remark. Sometimes the case of coinciding straight lines is considered
as a special case of parallel straight lines and it not distinguished as an ex-
ception.

2.10.6. Distance between parallel lines. The distance between the pa-
rallel lines given by equations (see Paragraph 2.10.4)

AX+By+Cy=0and AXx+By+C, =0 (2.34)
can be found using the formula (see Paragraph 2.9)
C, -Gy

T 2.35
rzwf (2.35)

Example 2.6. The coordinates apexes of a triangle ABC A(—2,-2),

d=

B(4,1), C(O,4) are given (Fig. 2.6). Using methods of the analytical geometry
do the following:
1) find the distance between point A and point B;
2) form equation of the sides AB, AC;
3) form equation of the altitude dropped from the apex C;
4) find the inner angle of the triangle at the apex A;
5) calculate length of the altitude dropped from the apex C ;
6) find area of the AABC;
7) form equation of the median dropped from the apex C.
Solution. 1. Let’s find the distance between point A and point B:

AB=(xg ~xa ) +(¥g ~ Ya ) =\(4—(-2)f +@-(-2)f =
— (4422 +(@1+2) =62 +32 =36+ 9 = /45 =3,5.
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2. Let’s form equation of the sides AB, AC:

AR y=¥a _ X=Xa
YB =YAa XB—Xp
y-(-2)_x-(-2)
1-(-2) 4-(-2)




y+2 X+2
6 2

3Xx—-y+4=0,
y=3x+4, kac =3.
3. Let’s form equation of the altitude dropped from the apex C:
y—Yc =Ken (X—Xc),

1
Ken -kag =1, Ken =T
AB

1
Y—Yc Z—k—(X—XC),
AB

y—4=— 7 (x-0)

1/2
y—4=-2X,
y=-2X+4.

4. Let’s find the inner angle of the triangle at the apex A;

kAC_kAB‘:

tga =
1+ kACkAB‘

3-1/2 | ‘5/2|

= =1, a:arctglzz.
1+3-1/2 |5/2| 4

5. Let’s calculate length of the altitude dropped from the apex C :

N _Qxe—2-yc -2/ _[1.0-2-4-2| |0-8-2 1
12 4 (~2)2 V1+4 J5 45

(units of length).

6. Let’s find area of the AABC:

SaaBc :%AB-CN :%-3\/3-%:15 (sq. units).
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7. Let’s find the coordinates of the middle M of the segment AB:

:XA+XB:_2+4:g:1 yM:yA+yB:_2+1: 1

X )
M 2 2 2 2 2 2

Let’s form equation of the median CM dropped from the apex C :

CM : y_yl\/l _ X_XM

Ye = Ym  Xc —Xm

3. Plane and Line in Space

3.1. Plane in Space

3.1.1. Equation of a plane passing through point M, and perpen-

dicular to vector N . A plane is a first-order algebraic surface. In a Cartesian

coordinate system, a plane is given by a first-order equation.

The equation of the plane passing through a point MO(XO, Yo zo) and

perpendicularly to a vector N = (A, B,C) has the form
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AXx—%g)+B(y—Yyy)+C(z—2y5)=0 or (F—Tp)-N=0 (3.1)

where I and [; are the position vectors of the point M(X, y,z) and

MO(XO, Yo, ZO), respectively (Fig. 3.1). The vector N s called a normal vec-
tor. Its direction cosines are

A B
CoOSa = : cos f = ,
JA? 1 B2 42 JA? 1 B2 +C2
(3.2)
C
COSy = .
JA? 1 B2 +C2

Example 3.1. Let’'s write out the equation of the plane that passes
through the point Mo(l, 2,1) and is perpendicular to the vector N = (3, 2,3).
Solution. According to (3.1), the desired equation is

3-(x-1)+2-(y-2)+3-(z-1)=0 or  3x+2y+3z-10=0.

3.1.2. General equation of a plane. The general (complete) equation
of a plane has the form

AX+By+Cz+D=0orF-N+D=0. (3.3)

It follows from (3.1) that D = —AXxy — Byy —Cz;. If one of the coefficients in

the equation of a plane is zero, then the equation is said to be incomplete:

1. For D =0, the equation has the form Ax+ By + Cz =0 and defines
a plane passing through the origin.

2. For A=0 (respectively, B =0 or C =0), the equation has the form
By + Cz+ D =0 and defines a plane parallel to the axis OX (respectively,
QY or O2).

3. For A= D =0 (respectively, B=D =0 or C = D =0), the equation
has the form By +Cz =0 and defines a plane passing through the axis OX
(respectively, OY or OZ).

4. For A=B =0 (respectively, A=C =0 or B=C =0), the equation
has the form Cz + D =0 and defines a plane parallel to the plane OXY (re-
spectively, OXZ or OYZ).
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3.1.3. Parametric equation of a plane. Each vector MygM = f’—% ly-

ing in a plane (where r and a are the position vectors of the points M and

My, respectively) can be represented as (Fig. 3.2)

MoM =tR; +SR,, (3.4)

where Ry = (Il, ml,nl) and R, = (I2,m2,n2) are two arbitrary noncollinear
vectors lying in the plane. Obviously, these two vectors form a basis in this
plane.

The parametric equation of a plane passing through the point
MO = (Xo, yo, Zo) has the form

X=Xg+tl +5sl,
r=rg+tR; +sR, or y=y, +tm; +sm, . (3.5)
L= ZO +tnl+Sn2

Zh M(x,p,2)

A

N
M(xy.z)

M, /o
X,

Fig. 3.1. Plane passing through point M, Fig. 3.2. Basis in plane

o |

and perpendicularly to vector N

3.1.4. Intercept equation of a plane. A plane Ax+By+Cz+D =0
that is not parallel to the axis OX (i.e., A= 0) meets this axis at a (signed)
distance a = —D/ A from the origin (Fig. 3.3). The number a is called the X-
intercept of the plane. Similarly, one defines the Y -intercepts b =—-D/B (for
B = 0) and the z-intercept c=—-D/C (for C #0). Then such a plane can
be defined by the equation
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) (3.6)

which is called the intercept equation of the plane.

Remark 1. Equation (3.6) can be obtained as the equation of the plane
passing through three given points.

Remark 2. A plane parallel to the axis OX but nonparallel to the other

y

yA
two axes is defined by the equation =+ — =1, where b and ¢ are the y-
C

and Z-intercepts of the plane. A plane simultaneously parallel to the axes

z
QY and OZ can be represented in the form — =1.
C

Example 3.2. Let’'s consider the plane given by the general equation
2X+ 3y —z+ 6 =0 and rewrite it in intercept form.

Solution. The X-, Y-, and Z-intercepts of this plane are
D 6 D 6 D 6

a=——=—-——=-3,b=——=-—=-2andc=——=—-——=06.
A 2 B 3 C -1

Thus the intercept equation of the plane reads

3.1.5. Normalized equation of a plane. The normalized equation of a
plane has the form

R ——

r-N°—p=0,or xcosa +ycos B +zcosy—p=0 (3.7)
where NO = (COS «,COS [3,C0S 7/) IS a unit vector and p is the distance from
the plane to the origin; here coS«,Cc0S  and COSy are the direction cosines
of the normal to the plane (Fig. 3.4).

The numbers COS«, COS/, coOsSy and P can be expressed via the
coefficients A, B,C as follows:
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A B
CoOSa == , COSf == :
\/A2+BZ+C2 \/A2+BZ+C2
(3.8)
cosy =+ ¢ p=F D
\/A2+BZ+C2 \/A2+BZ+C2

where the upper sign is taken if D <0 and the lower sign is taken if D > 0.
or D =0, either sign can be taken.

The normalized equation (3.7) can be obtained from a general equation
(3.3) by multiplication by the normalizing factor

p=1

| (3.9)
JA? +B2 +C?

where the sign of 4 must be opposite to that of D.

ZA A |

@ 33
Ll
X
Fig. 3.3. A plane with Fig. 3.4. A plane with
intercept equation normalized equation

Example 3.3. Let's reduce the -equation of the plane
—2X+2y—12—-6=0 to normalized form.

Solution. Since D =—-6 < 0, we see that the normalizing factor is

SN ET RN

wlkF
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We multiply the equation by this factor and obtain

2 2 1_6
——X+-y—-—-z——=0.
3 3 3 3

Hence for this plane we have

, p=2.

cosw——g c:os,B—g COS _1
3 3 T3

Remark. The numbers COS¢, COS/3, COSy and p are also called the

polar parameters of a plane.
3.1.6. Equation of a plane passing through a point and parallel to

another plane. The plane that passes through a point MO(XO, Yo ZO) and is
parallel to a plane Ax+ By +Cz + D = 0 is given by the equation

A(X—Xg)+B(y—yy)+C(z—25)=0, (3.10)

Example 3.4. Let us derive the equation of the plane that passes
through the point Mo(l, 2,—1) and is parallel to the plane x+2y+2z+2=0.
Solution. According to (3.10), the desired equation is

(x-1)+2(y—-2)+(z+1)=0,
X+2y+z2-1-4+1=0,
X+2y+z-4=0.

3.1.7. The equation of a plane passing through three points. The
plane passing through three points M;(X{,¥1,2;), My(X9,Y5,2,) and
M3(X3, Y3, 23) (Fig. 3.5) is described by the equation

X=X Y-Y1r -7
Xo=X| Yo—VY1 2Zp-2=0,0r (F-7)-(F—F)(5—-7)=0, (3.12)
X3 =Xy Y3—Y1 23—
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where r,1;,I, and I3 are the position vectors of the points M(x, y,z),
M1(X, Y1,21), M5(X,Y5,2,) and M3(Xg, Y3,23), respectively.

Remark 1. Equation (3.11) means that the vectors MM , M;M, and
M;M 5 are coplanar.

Example 3.5. Let us construct an equation of the plane passing through
the three points M;(1,1,1), M,(2,2,1) and M3(1,2,2).

Solution. Obviously, the points M;, M, and M3 are not collinear,
since the vectors

MM = (X=X, Y-y, 2—2)=(x-1y-1z-1),

MMy = (X =X, Y2 = ¥1,2, — 1) =(2-1,2-1,1-1)=(11,0),

MiM3 = (X3 = X1, Y3 - V1,23 - 2)=(1-1,2-1,2-1)=(0,1,1)

are not collinear.
According to (3.11), the desired equation is

x-1 y-1 z-
1 1 0 =0,
0 1 1
whence
X—-y+z-1=0.

3.1.8. The equation of the plane passing through two points and
parallel to a line. The equation of the plane passing through two points

M;(X;,¥1,21) and M,(X5,Y,,2,) and parallel to a straight line with direc-
tion vector R = (I, m,n) (Fig. 3.6) is

X=X Y=-Y1 -7

Xo—=X Yo—Y1 Zp—7|=0,o0r (r—ﬁ)'(rz—ﬁ)ﬁ:o, (3.12)
I m n
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where T,F and T, are the position vectors of the points M(X,Y,2),
M (X{, ¥1,21) and M, (X5, Y5, 2, ), respectively.

Y

M,

M, M(x.y,z)
Mixy.z) é é
/ M, R
M, -
Fig. 3.5. Plane passing through Fig. 3.6. Plane passing through
three points two points and parallel to line

—_—

Remark. If the vectors M;M, and R are collinear, then equations

(3.12) become identities.
Example 3.6. Let’s construct an equation of the plane passing through

the points Ml(O,l, O) and I\/I2(1,1,1) and parallel to the straight line with di-

rection vector R = (0,1,1).
Solution. According to (3.12), the desired equation is

x—-0 77—
1-0 1-
1 1 1

y—1 0
1-1 0/=0,

whence —X—-y+z+1=0,

3.1.9. Equation of plane passing through point and parallel to two
straight lines. The equation of the plane passing through a point

Ml(xl,yl,zl) and parallel to two straight lines with direction vectors

E]: = (|1,m1,n1) and @ = (Iz,mz,nz) (Flg 37) IS

X=X Y-Y1 -7
I, my n |=0,0r(F-%)-R-Ry, =0, (3.13)
I my ny
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where r and I, are the position vectors of the points M(x, Y, Z) and
M, (X{, 1,27 ), respectively.

Example 3.7. Let us find the equation of the plane passing through the
point Ml(O,l,O) and parallel to the straight lines with direction vectors
R, =(1,0,1) and R, =(0,1,2).

Solution. According to (3.13), the desired equation is

x-0 y-1 z-0
1 0 1 =0,
0 1 2

whence
—X-2y+z+2=0,

3.1.10. The plane passing through two points and perpendicular to
a given plane. The plane (Fig. 3.8) passing through two points

Ml(xl, Y1, 21) and Mz(xz, y2,22) and perpendicular to the plane given by
the equation AXx+ By +Cz + D =0 is determined by the equation

X=X YY1 72—4 B
Xo—=% Yo—Y1 Zp—7|=0,0r (F-1) (5 -F) N=0, (3.14)
A B C

where T, T, and T, are the position vectors of the points M(X,Y,z),
M;(Xq, Y1,21) and M, (X5, Y5, 2, ), respectively.
Remark. If the straight line passing through points Ml(xl, Y1, 21) and

|V|2(X2, Yo, 22) is perpendicular to the original plane, then the desired plane

is undetermined and equations (3.14) become identities.
Example 3.8. Let us find an equation of the plane passing through the

points M1(0,1,2) and M2(2,2,3) and perpendicular to the plane
X—y+z2+5=0.
Solution. According to (3.14), the desired equation is

42



=
I

[

[

whence

AN

Fig. 3.7. Plane passing through a point Fig. 3.8. Plane passing through
and parallel to two straight lines two points and perpendicular to giv-
en plane

3.1.11. The plane passing through a point and perpendicular to two
planes. The plane (Fig. 3.9) passing through a point Ml(xl, Y1, 21) and per-

pendicular to two (nonparallel) planes AXx+By+Ciz+D; =0 and
Ax+Bo,y+C,z+ D, =0 is given by the equation

X=X Y—-Y1 -7 -
Aﬂ_ Bl C1 =O,or (T’—Fi)~N1-N2=O, (315)
Ay B, C,

where N—l =(A,,B,,C,) and N—z =(A,,B,,C,) are the normals to the given
planes and I and [} are the position vectors of the points M(X, y,z) and

M, (X{, 1,27 ), respectively.

43



Remark 1. Equations (3.15) mean that the vectors MM, m and Wé
are coplanar.

Remark 2._If the original planes are parallel, then the desired plane is
undetermined. In this case, equations (3.15) become identities.

Example 3.9. Let’'s find an equation of the plane passing through

the point Ml(O,l, 2) and perpendicular to the planes x—y+2z+5=0 and
-X+y+z-1=0.
Solution. According to (3.15), the desired equation is

x-0 y-1 z-2
1 -1 1 =0,
-1 1 1

whence

X+y-1=0.

3.2. Line in Space

3.2.1. Parametric equation of a straight line. The parametric equation
of the line that passes through a point Ml(xl, Y1, 21) and is parallel to a direction

vector R = (I,m,n) (Fig. 3.10) is

X=X +It, y=y;+mt, z=z+nt,or F=F +tR, (3.16)

where I =0OM and Flz M;M . As the parameter t varies from —oo to +oo,

the point M with position vector T:(x, Y, Z) determined by formula (3.2.1)

runs over the entire straight line in question. It is convenient to use the para-
metric equation (3.16) if one needs to find the point of intersection of a
straight line with a plane.

The numbers |, m and n characterize the direction of the straight line
In space; they are called the direction coefficients of the straight line. For a

unit vector R = Ry , the coefficients |, m, n are the cosines of the angles «,
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S and y formed by this straight line (the direction of the vector RT)) with the
coordinate axes OX , OY and OZ. These cosines can be expressed via the
coordinates of the direction vector R as

I m
cos f =

cosa = 2 2 2 2 2 2’
\/I +m-+n \/I +m-+n

(3.17)
COSy =

\/I2+m2+n2’

M,

Fig. 3.9. Plane passing through Fig. 3.10. Straight line passing
a point and perpendicular to through a point and parallel to direc-
two planes tion vector

Example 3.10. Let’s find the equation of the straight line that passes
through the point M;(2,—3,1) and is parallel to the direction vector

R=(12,-3).
Solution. According to (3.16), the desired equation is

X=2+t, y=-3+2t, z=1-3t.

3. 2. 2. Canonical equation of straight line. The equation

X=X _Y-N_2-174

| — . or (F—F)xR=0, (3.18)
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Is called the canonical equation of the straight line passing through the point

Ml(xl, Y1, 21) with position vector Fl = (Xl, Y1, Zl) and parallel to the direction

vector R = (I .m, n).

Remark 1. One can obtain the canonical equation (3.18) from the pa-
rametric equations (3.16) by eliminating the parameter t.

Remark 2. In the canonical equation, all coefficients |, m and n cannot

be zero simultaneously, since ‘ﬁ‘ # 0. But some of them may be zero. If one

of the denominators in equations (3.18) is zero, this means that the corres-
ponding numerator is also zero.

x-1 y-3 z-3
4
straight line passing through the point Ml(l, 3, 3) and perpendicular to the

determine the

Example 3.11. The equations

axis OZ. This means that the line lies in the plane z=3, and hence
z —3=0 for all points of the line.
Example 3.12. Let us find the equation of the straight line passing

through the point M1(2,—3,1) and parallel to the direction vector
R=(1,2,-3).
Solution. According to (3.18), the desired equation is

Xx-2 y+3 z-1
1 2 -3

3.2.3. General equation of a straight line. The general equation of a
straight line in space defines it as the line of intersection of two planes
(Fig. 3.11) and is given analytically by a system of two linear equations

Ax+By+Ciz+D; =0, F-N;+D; =0,
or (3.19)

AoXx+B,y+Cyz+D, =0, F-N,+D,=0.

where Wi =(A,B;,C;) and Wé =(A,,B,,C,) are the normals to the planes
and r is the position vector of the point M (X, Y, Z).

The direction vector R is equal to the cross product of the normals N—l
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and |\T2 Le.,
R=N;xN,, (3.20)
and its coordinates |, m and n can be obtained by the formulas

B G G A A B
B, C, C, A A, B,

| = . (3.21)

Remark 1. Simultaneous equations of the form (3.19) define a straight
line if and only if the coefficients A/, By, and C; in one of them are not pro-

portional to the respective coefficients A,, B,, and C, in the other.

Remark 2. For D; =D, =0 (and only in this case), the line passes

through the origin.
Example 3.13. Let's reduce the equation of the straight line
X+2y—-z+1=0, x—y+2z+3=0 to canonical form.

Solution. We choose one of the coordinates arbitrarily; say, X=0. Then
2y—2+1=0,-y+z+3=0,andhence y=-4, z=-7.

Thus the desired line contains the point M(0,—4,—7). We find the
cross product of the vectors Wi = (1, 2,—1) and Wz = (1,—1,1) and, according

to (3.20), obtain the direction vector R= (1, -2, —3) of the desired line.

Therefore, with (3.18) taken into account, the equation of the line be-
comes

Xx=0 y+4 z+7

1 -2 -3

3.2.4. Equation of the straight line passing through two points. The
canonical equation of the straight line (Fig. 3.12) passing through two points

M1 (%, y1,21) and M (X, Y2, 2,) s

X=X Y=-Y1 1I-4 ( _
- - cor (F—1)x(ip —1;)=0, 3.22
Xo0—=X YYo=V 24— 74 . 2 (8.22)
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where T, [, and T, are the position vectors of the points M(X,Y,2),
M (X{, ¥1,21) and M, (X5, Y5, 2, ), respectively.

The parametric equations of the straight line passing through two points
Ml(xl, yl,zl) and Mz(xz, y2,22) in the rectangular Cartesian coordinate
system OXYZ can be written as

X=X (1-t)+ Xt
y =y (L-t)+y,t, or F =(1—t)f; +17, (3.23)
z=17(1-t)+z,t

Remark. Eliminating the parameter t from equations (3.23), we obtain
equations (3.22).

3.2.5. Equation of the straight line passing through a point and
perpendicular to a plane. The equation of the straight line passing through a

point MO(XO, yo,zo) and perpendicular to the plane given by the equation

Ax+By+Cz+D =0, or r-N+D=0 (Fig. 3.13), is

X=X _Y=Yo_2-17
A B C

, (3.24)

where N = (A, B,C) is the normal to the plane.

3.3. Mutual Arrangement of Points, Lines and Planes

3.3.1. Angles between lines in space. Let's consider two straight lines
determined by vector parametric equations I =1 +tﬁ1 and r=r, +tﬁé. The
angle ¢ between these lines (Fig. 3.14) can be obtained from the formulas

R R, .

Ry xR,
Rl Rl

If the lines are given by the canonical equations

X=X _Y-¥N_2-74 and X=X _Y=Yo_2-17p
L my 0] l, m; ny
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then the angle ¢ between the lines can be found from the formulas

R -R, Ll +my-My 41y -0
Cosp= L 2 _ 1+ -My 122 _,
‘Rl‘ ‘Rz‘ \/Il + M2+ \/Iz +m5 +n5
2 2 2 3.25
m M n b L my (3.29)
. + +
Singg— R].XRZ _ m2 n2 n2 |2 |2 m2
‘R]_HRZ‘ \/Il +m1 +n1 \/|2 +m§+n§

which coincide with formulas (3.25) written in coordinate form.

ZA
M,
M, - M(x,y.z)
i r]
f
r,
0 ¥
X
Fig. 3.11. Straight line as intersection Fig. 3.12. Straight line passing
of two planes through two points
N f__,.f"
7
M, R,
| 19
| - R, >—
7 -
.-f"'f-'
Fig. 4.47. Straight line passing Fig. 4.48. Angles between lines
through a point and in space

perpendicular to the plane

Example 3.14. Let’s find the angle between the lines
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1 2 2 0 3 4

X y-2 z+1 q X y-2 z+1

Solution. Using the first formula in (3.25), we obtain

1.0+2-3+2-4 14 14
\/12+22+22\/02+32+42 3-5 15

COS( =

and hence ¢ = 0.3672 rad.
3.3.2. Conditions for two lines to be parallel. Two straight lines given

by vector parametric equations =1 +t§i and F=r, +tR—2 are parallel if
R, =R, R xR, =0.

i.e., if their direction vectors ﬁl and R—Z are collinear. If the straight lines are

given by canonical equations, then the condition that they are parallel can be
written as

l, my, n, '

Remark. If parallel lines have a common point (i.e., [; =T, in parametric

equations), then they coincide.
Example 3.15. Let’s show that the lines

x—1:y—3:z and x—3:y+125
2 1 2 4 2 4

are parallel to each other.
Solution. Indeed, condition (3.26) is satisfied,

AN

1
2

SN

and hence the lines are parallel.
3.3.3. Conditions for two lines to be perpendicular. Two straight

lines given by vector parametric equation F =1 +tﬁl and F=r, +tR—2 are
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perpendicular if
R -R, =0, (3.27)

If the lines are given by canonical equations, then the condition that
they are perpendicular can be written as

b -I, +m -my, +ng-n, =0, (3.28)

which coincides with formula (3.27) written in coordinate form.
Example 3.16. Let’s show that the lines

X_1=V_3=E and x—2:y+1: Z

2 1 2 1 2 =2

are perpendicular.
Solution. Indeed, condition (3.28) is satisfied

2:1+1:2+2-(-2)=4-4=0,

and hence the lines are perpendicular.

3.3.4. Angles between planes. Let's consider two planes given by the
general equations (3.19).

The angle between two planes (Fig. 3.15) is defined as any of the two
adjacent dihedral angles formed by the planes (if the planes are parallel, then
the angle between them is by definition equal to O or ). One of these dihe-
dral angles is equal to the angle ¢ between the normal vectors

N—l =(A,B;,C;) and Wé =(A,,B,,C,) to the planes, which can be deter-
mined by the formula

COSgo:ﬂl'l\k = 2Al'A§+Blz°82;'C1'2CZ 5 (3.29)
‘NlHNZ‘ \/Al +B; +C; \/Az +B5 +C5
If the planes are given by vector parametric equations
F=F+tR +SR, and ' =1, +tR; +SR,, (3.30)

then the angle between the planes is given by the formula
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Mxi)
\N—lxN—z\.\NixN;

CoSp= (3.31)

3.3.5. Conditions for two planes to be parallel. Two planes given by
the general equations (3.19) in coordinate form are parallel if and only if the
following condition for the planes to be parallel is satisfied:

A_B_G_ D
A B, C, Dy

(3.32)

in this case, the planes do not coincide. For planes given by the general equ-
ations (3.19) in vector form, the condition becomes

N, =AN; or NyxN, =0, (3.33)

l.e., the planes are parallel if their normals are parallel.

Example 3.17. Let's show that the planes X—-y+z=0 and
2X—2Y+27+5=0 are parallel.

Solution. Since condition (3.32) is satisfied,

we see that the planes are parallel to each other.

3.3.6. Conditions for planes to coincide. Two planes coincide if they
are parallel and have a common point.

Two planes given by the general equations (3.19) coincide if and only if
the following condition for the planes to coincide is satisfied:

A_B_G_D
A B, C, Dy

(3.34)

Remark. Sometimes the case in which the planes coincide is treated as
a special case of parallel straight lines and is not distinguished as an excep-
tional case.
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3.3.7. Conditions for two planes to be perpendicular. Planes are
perpendicular if their normals are perpendicular.

Two planes determined by the general equations (3.19) are perpendicu-
lar if and only if the following condition for the planes to be perpendicular is
satisfied:

ﬁ-%+Q-BZ+Q-C2:OorE-E=O (3.35)

where Wi =(A,B,;,C;) and Wé =(A,,B,,C,) are the normals to the planes.
Example 3.18. Let's show that the planes X—-y+z=0 and
X—Yy—22+5=0 are perpendicular.
Solution. Since condition (3.35) is satisfied,

1-1+(-1)-(-1)+1-(-2)=2-2=0,

we see that the planes are perpendicular to each other.
3.3.8. The angle between a straight line and a plane. Let's consider
a plane given by the general equation (3.3) and a line given by the canonical

equation (3.18), where N =(A, B,C) is the normal to the plane, r and Fl are
the respective position vectors of the points M(X, y,z) and Ml(xl, yl,zl),
and ﬁ = (I, m, n) is the direction vector of the line.

The angle between the line and the plane (Fig. 3.16) is defined as the

complementary angle @ of the angle ¢ between the direction vector R of the

line and the normal N to the plane. For this angle, one has the formula

_— —

N-R A-l+B-m+C-n

Sno=cose= ‘N‘ ‘R‘ \/A2+BZ+C2\/I +m2+4n2

(3.36)

3.3.9. Conditions for a line and a plane to be parallel. A plane given
by the general equation (3.3) and a line given by the canonical equation
(3.18) are parallel if

Al + Bm+Cn=0, N-R=0, (3.37)
or
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Ax +By; +Cz; + D #0, N-r,+D=0.

l.e., a line is parallel to a plane if the direction vector of the line is perpendicu-
lar to the normal to the plane. Conditions (3.37) include the condition under
which the line is not contained in the plane.

Fig. 3.15. Angles between planes Fig. 3.16. The angle between
the straight line and the plane

3.3.10. The condition for a line to be entirely contained in a plane.
A straight line given by the canonical equation (3.18) is entirely contained in a
plane given by the general equation (3.3) if

— —

Al+Bm+Cn=0, N-R=0,
or (3.38)
Ax; + By, +Cz; + D=0, N-rp+D=0.

Remark. Sometimes the case in which a line is entirely contained in a
plane is treated as a special case of parallel straight lines and is not distin-
guished as an exception.

3.3.11. The condition for a line and a plane to be perpendicular. A
line given by the canonical equation (3.18) and a plane given by the general
equation (3.3) are perpendicular if the line is collinear to the normal to the
plane (is a normal itself), i.e., if

A B C — = =

, or N=AR, or NxR=0. (3.39)
Il m n
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3.3.12. Intersection of a line and a plane. Let’s consider a plane given
by the general equation (3.3) and a straight line given by the parametric eqg-
uation

x=x+It, y=y +mt, z=z+nt,or F =7 +tR.

The coordinates of the point MO(XO, Yo, ZO) of intersection of the line

with the plane (Fig. 3.16), if the point exists at all, are determined by the for-
mulas

X=Xo+It, y=yo+mt, z=zq+nt, or F=F+tR. (3.40)

where the parameter 1 is determined from the relation

ty =

_A-x1+B-y1+C-zl+D_N-E+D

= (3.41)
Al + Bm+Cn N-R

Remark. To obtain formulas (3.40) and (3.41), one should rewrite the
equation of the straight line in parametric form and replace X, y and z in

equation (3.3) of the plane by their expressions via t. From the resulting ex-
pression, one finds the parameter t and then the coordinates X;, Yo and z

themselves.

Example 3.19. Let's find the point of intersection of the line
X -1 z+1
§=y1 = with the plane x+ 2y +3z-29=0.

Solution. We use formula (3.41) to find the value of the parameter t:

Ax+B-y;+C-z;  1.0+2-1+3-(-1)-29 __—30_,

Al + Bm+Cn 1.-2+2-1+3-2 10

t0=

Then, according to (3.40), we finally obtain the coordinates of the point of in-
tersection in the form

X0:X1—|t020—2'3:—6, yozyl—mt0=1—1-3=—2,

Zo=2 Nty =—1-2-3=—7.
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3.3.13. The distance from a point to a plane. The distance from a
point to a plane is defined as the number d equal to the length of the per-
pendicular drawn from this point to the plane and taken with sign + if the point
and the origin lie on opposite sides of the plane and with sign — if they lie on
the same side of the plane. Obviously, the distance is zero for the points lying
on the plane.

To obtain the distance from a point MO(XO, yo,zo) to a given plane,

one should replace the current Cartesian coordinates M(X, y,Z) on the left-
hand side in the normal equation (3.7) of this plane by the coordinates of the
point My:

d =[Xq-COSa+ Y -COS B+ 2y -COSy — p|=

E-No—p‘, (3.42)

where N° = (COSa,COS,B, COS;/) is a unit vector and E is the position vector
of the point MO(XO, Yo ZO). If the plane is given by the parametric equation
(3.5), then the distance from a point to a plane is equal to

i (E;Q)EFTZ _|A% +Byo +Czo +D|
RixRy| A+ B2+C?

(3.43)

Example 3.20. Let’s find the distance from the point M (5,1,—1) to the
plane X -2y —-2z2+1=0.

Solution. Using formula (3.43), we obtain the desired distance
1-5+(=2)1+(-2)-(-1)+1

(-2 + (27

3.3.14. The distance between two parallel planes. We consider two
parallel planes given by the general equations AXx+By+Cz+D; =0 and

d

Ax+ By +Cz + D, =0. The distance between them is
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Dy — Dy |
\/AZ +B%+C?

d =

(3.44)

3.3.15. The distance from a point to a line. The distance from a point
MO(XO, Yo ZO) to a line given by the canonical equation (3.18) is determined

by the formula

i)
R

A

Note that the last formulas are significantly simplified if R is the unit vector
(17 +m? +n? =1).

Remark. The numerator of the fraction (3.45) is the area of the triangle

(3.45)

2 2 2

| m

X1—=Xo Y1—Yo

m n n |

Yi—= Yo 7411

+ +

1 —Zy X —Xp

\/I2+m2+n2

spanned by the vectors E—% and R, while the denominator of this fraction

is the length of the base of the triangle. Hence the fraction itself is the altitude
d of this triangle.
Example 3.21. Let us find the distance from the point M(3,0,4) to the

y—-1

. X
line —=——=

z
2 2

Solution. We use formula (3.45) to obtain the desired distance

2 2 2

2 2
1-0 0-4

2 1
0-4 0-3

\/12 +2% +2°

1 2
0-3 1-0

+ +
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2 2

2 2 |2 1P |1 2
VL -4 -4 -3 3 1 J(-8-2P +(-6+42+(1+6)
B J1+4+4 J9

V(1007 +(=2)% +72 100+ 4+ 49 _ 153
3 3

(units of length).

3.3.16. The distance between lines. Let's consider two nonparallel
lines (Fig. 3.17) given in the canonical form

X=X _Y=V1_27B o (¢ _E)xR, =0,
l, m M

(3.46)

_Y=Y2 _2=% o (r_p)xR, =0,
| m; ny

The distance between them can be calculated by the formula

Xo—=X Yo—V1 L1y
el I} my n

d ‘(E_E)QEZ‘ _ |2 m, N, . (3.47)
2

TR

The condition that the determinant in the numerator in (3.47) is zero is
the condition for the two lines in space to meet.
Remark 1. The numerator of the fraction in (3.47) is the volume of the

L, my m M

+

I, m, my; Ny

parallelepiped spanned by the vectors E —Fl, ﬁl and @ while the deno-

minator of the fraction is the area of its base. Hence the fraction itself is the
altitude d of this parallelepiped.
Remark 2. If the lines are parallel (i.e., I, =l =1, my, =m; =m and

N, = =nor R? = ﬁi = ﬁ), then the distance between them should be cal-

culated by formula (3.46) with r? replaced by r;
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4. Second-Order Curves
4.1. Circle

4.1.1 Definition and canonical equation of a circle. A curve on the
plane is called a circle if there exists a rectangular Cartesian coordinate sys-
tem OXY in which the equation of this curve has the form (Fig. 4.1).

X2 + y2 =R? (4.1)
where the point O(0,0) is the center of the circle and R > 0 is its radius.

YA
a

ﬂ'\ 0 il
= —a/
M, R,

Fig. 3.17. Distance between lines Fig. 4.1. Circle

ol
Y

Equation (4.1) is called the canonical equation of a circle.
The circle defined by the equation (4.1) is the locus of points equidistant
(lying at the distance a) from its center. If a circle of radius Ra is centered at

a point C(Xo, yo), then its equation can be written as
(x=%)* +(y=¥o)* =R? (4.2)
Example 4.1. Find coordinates of centre C and radius R of circle
2 2 _
2X° +2y° —-8x+5y—-4=0.
Solution. We must allocate the full square: (a = b)2 —a’® +2ab+b?

2x° +2y2 —-8x+5y—-4=0,
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x2+y2—4x+2,5y—2=0,

X2 —AX + 4 — 44y +5y+§_§_220,
— : 16 16

Vo

16

2
(x—2)2+(y+%j L2l

2
(x—2)2+(y+gj _B 5 _4-g,

16

We have C(Z,—%) and radius R = 1741

4.2. Ellipse

4.2.1. Definition and canonical equation of an ellipse. A curve on the
plane is called an ellipse if there exists a rectangular Cartesian coordinate
system OXY in which the equation of the curve has the form

X
a b
where a>b >0 (Fig. 4.2). The coordinates in which the equation of an el-

lipse has the form (4.3) are called the canonical coordinates for this ellipse,
and equation (4.3) itself is called the canonical equation of the ellipse.

The segments A/A, and B;B, joining the opposite vertices of an el-
lipse, as well as their lengths 2a and 2b, are called the major and minor
axes, respectively, of the ellipse. The axes of an ellipse are its axes of sym-
metry. In Fig. 4.2, the axes of symmetry of the ellipse coincide with the axes
of the rectangular Cartesian coordinate system OXY . The numbers a and b
are called the semimajor and semiminor axes of the ellipse. The number

c=+va? —b? is called the linear eccentricity, and the number 2c¢ is called
the focal distance.
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/ 2
C a
The number &€ = — = 1—b—2, where, obviously, 0 <& <10, is called
a

the eccentricity or the numerical eccentricity.

The point O(0,0) is called the center of the ellipse. The points of inter-
section A/(—a,0), A,(a,0) and A (0,—b), B,(0,b) of the ellipse with the
axes of symmetry are called its vertices.

The points F;(—c,0) and F,(c,0) are the focus of the ellipse. This ex-
plains why the major axis of an ellipse is sometimes called its focal axis.

o a L
The straight lines X=*— (5 # 0) are called the directrices. The focus
&g

a
F,(c,0) and the directrix X = — are said to be right, and the focus F;(—c,0)
&

) . a . . . .
and the directrix X = —— are said to be left. A focus and a directrix are said to
Poy

be like if both of them are right or left simultaneously.
The segments joining a point M(X, y) of an ellipse with the foci

Fl(— C,O) and F, (C,O) are called the left and right focal radii of this point.
We denote the lengths of the left and right focal radii by r, =|FM| and

r, = \le\/l \ respectively.

YA YA
b M,
q':"]lh '-."F._'}:
/ \ - %
i — 0 ¢ ad jT J _"‘-_ - -
/ 4 F 0 R 4 X
—u'[) \‘/
Fig. 4.2. Ellipse Fig. 4.3. Focal property of ellipse

2

Remark. For a=Db (c=0), equation (4.3) becomes X2 + y2 =a“ and

determines a circle; hence a circle can be considered as an ellipse for which
b=a, c=0 and £ =0, i.e., the semiaxes are equal to each other, the foci
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coincide with the center, the eccentricity is zero (the directrices are not de-
fined), and the focal parameter is zero.
Example 4.2. Reduce the given equation to a canonical form and draw

the curve 16x° +25y° —32x+50y —359 =0.

Solution. Let's calculate the value 16-25-0° =400 > 0, then this
curve is an ellipse.
Let’s group the addends:

(16x2 —32x)+(25y2 +50y)—359 -0,

16(x2 —2x)+25(y2 +2y)—359=o.
Let’s allocate the full squares and obtain

16(x2 —2x+1)—16+25(y2 +2y+1)—25—359 -0,

16(x—1)° +25(y+1° | = 400.
Let’s divide both parts by 400 and obtain

2 2
(x-1) . (y+1) 1
25 16

Carrying out the transformation of parallel shift of the coordinate axes
with the new point of origin O, (1;,—1)

X=x-1, Y=y+1,
we obtain the following equation in the coordinate system XOlY:

X? Y?

25 16

This is the equation of the ellipse with semi-axes a=5,b=4. Let’s

draw the given curve in the coordinate system XO,Y (Fig. 4.4).
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4.3. Hyperbola

4.3.1. Definition and canonical equation of hyperbola. A curve on
the plane is called a hyperbola if there exists a rectangular Cartesian coordi-
nate system OXY in which the equation of this curve has the form

2 2
LR (4.4)
a“ b

where a >0 and b >0 (Fig. 4.5). The coordinates in which the equation of a
hyperbola has the form (4.4) are called the canonical coordinates for the hyperbo-
la, and equation (4.4) itself is called the canonical equation of the hyperbola.

Lo,
NI

Fig. 4.4. Ellipse Fig. 4.5. Hyperbola

The hyperbola is a central curve of the second order. It is described by eg-
uation (4.4) and consists of two connected parts (arms) lying in the domains
X >a and X < —a. The hyperbola has two asymptotes given by the equations

yZEX and y:—EX. (4.5)
a a

More precisely, its arms lie in the two vertical angles formed by the
asymptotes and are called the left and right arms of the hyperbola. A hyper-
bola is symmetric about the axes OX and OY , which are called the principal
(real, or focal, and imaginary) axes.

The angle between the asymptotes of a hyperbola is determined by the
equation
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(4.6)

o b
g =—.
g2 a

andif a=Db, then @ = % (an equilateral hyperbola).

The number a is called the real semiaxis, and the number b is called

the imaginary semiaxis. The number ¢ = Va2 +b? is called the linear ec-
centricity, and 2c¢ is called the focal distance.

2 2
c ~va“+b . :
The number ¢ =— = ————, where, obviously, € >1, is called the
d d

eccentricity, or the numerical eccentricity.
The point O(O, O) is called the center of the hyperbola. The points

Al(— a, 0) and A, (a,O) of intersection of the hyperbola with the real axis are
called the vertices of the hyperbola.

Points F,(—c,0) and F,(c,0) are called the foci of the hyperbola. This
Is why the real axis of a hyperbola is sometimes called the focal axis. The

a
straight lines Xx=— (y #0) are called the directrices of the hyperbola cor-
e

a
responding to the foci F, and F,. The focus F,(c,0) and the directrix X = —
€

a
are said to be right, and the focus Fl(— C,O) and the directrix X=—— are
e

said to be left. A focus and a directrix are said to be like if both of them are
right or left simultaneously.

The segments joining a point M(X, y) of the hyperbola with the foci
F.(—c,0) and F,(c,0) are called the left and right focal radii of this point.
We denote the lengths of the left and right focal radii by r, =|FM| and
r, =|F,M|, respectively.

Remark. For a=D, the hyperbola is said to be equilateral, and its
asymptotes are mutually perpendicular. The equation of an equilateral hyper-

bola has the form X2 — y2 =a’. If we take the asymptotes to be the coordi-
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nate axes, then the equation of the hyperbola becomes Xxy = a’ [2;ie., an

equilateral hyperbola is the graph of inverse proportionality.
4.3.2. Focal properties of hyperbola. The hyperbola determined by
equation (4.4) is the locus of points on the plane for which the difference of

the distances to the foci F; and F, has the same absolute value 2a
(Fig. 4.5). We write this property as

n—r,|=2a. (4.7)

Remark. One can show that equation (4.4) implies equation (4.7) and
vice versa; hence the focal property of a hyperbola is often used as the defini-
tion.

Example 4.3. Reduce the given equation to a canonical form and draw

the curve 9x° —4y2 +18x+8y—-31=0.

Solution. Let's calculate the value 9-(— 4)—02 =-36 <0, then this

curve is hyperbola.
Let’s group the addends:

(9x2 +18x)—(4y2 —8y)—31=o, or 9(x2 +2x)—4(y2 —2y)—31=0.
Let’s allocate the full squares and obtain

9(x2 +2x+1)—9—4(y2 —2y+1)+4—31=o,

9(x+1)*—4(y-1)° =36.
Let’s divide both parts by 36 and obtain

(1 (-,
4 9

Carrying out the transformation of parallel shift of the coordinate axes
with the new point of origin O, (-11)

X=Xx+1, Y=y-1,
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we obtain the following equation in the coordinate system XOlY:

2 2
2 X g
4 9

This is the equation of the hyperbola with semi-axes a =2, b =3. Let’s

draw the given curve in the coordinate system XOlY(Fig. 4.6).

4. 4. Parabola

4.4.1. Definition and canonical equation of parabola. A curve on the
plane is called a parabola if there exists a rectangular Cartesian coordinate
system OXY , in which the equation of this curve has the form

y2 =2pX, (4.8)

where p >0 (Fig. 4.7). The coordinates in which the equation of a parabola

has the form (4.8) are called the canonical coordinates for the parabola, and
equation (4.8) itself is called the canonical equation of the parabola.

¥,
v /
______ 4SS
< YA
“] M
X “
0
______ Z\F X
Fig. 4.6. Hyperbola Fig. 4.7. Parabola

A parabola is a noncentral line of the second order. It consists of an in-
finite branch symmetric about the OX -axis. The point O(0,0) is called
the vertex of the parabola. The symmetric about the OX -axis. The point

66



O(0,0) is called the vertex of the parabola. The point F(p/2,0) is called
the focus of the parabola.

p

The straight line X = _E is called the directrix. The focal parameter p is

the distance from the focus to the directrix. The number p/2 is called the

focal distance.
4.4.2. Focal properties of parabola. The parabola defined by equation

(4.8) on the plane is the locus of points equidistant from the focus F(p /2, O)

and the directrix X = —g (Fig. 4.7).

We denote the length of the focal radius by r and write this property as

r=x+£, 4.9)

2

where I satisfies the relation

o

Remark. One can show that equation (4.8) implies equation (4.9) and vice
versa; hence the focal property of a parabola is often used as the definition.

4.4.3. Parabola with vertical axis. The equation of a parabola with ver-
tical axis has the form

y=ax2+bx+c, (4.10)

For a> 0, the vertex of the parabola is directed downward, and for
a <0, the vertex is directed upward. The vertex of a parabola has the coor-
dinates

b 4ac —b?
XO = E and yo :ac4—a. (411)

If the center of the curve of the second order is found at the point
O1(Xg, Yg), then their equations have forms:
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circle: (x=x0)* +(y—Yyo)* =R

ellipse: +

a’ b?
2 2
hyperbola: - )2(0) = - ;’0) =1;
a b
parabola: Y—Yo=2 p(x — Xp )

Example 4. 4. Reduce the given equation to a canonical form and draw
the curve

y2+8y—2x+44:0.

Solution. Let's calculate the value 0-1— 02 = 0, then this curve is para-
bola.
Let’s group the addends, allocate the full squares and obtain:

y> +8y+16-16-2x+44=0,
(y+4)2—2x+28:0, or (y+4)2 =2(x-14).

Carrying out the transformation of parallel shift of the coordinate axes
with the new point of origin O, (14;—-4)

X=x-14, Y=y+4,
we obtain the following equation in the coordinate system XOlY:

Y? =2X.

This is the equation of the parabola with the parameter p =2. Let's

draw the given curve in the coordinate system XO,Y (Fig. 4.8).
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14~ X

Fig. 4.8. Parabola

Control tasks. Vectors

1.1. Find projections of the vector a= AB+CD on the coordinate axes
if A(2,31), B(4,1-2), C(6,3,7), D(-5,-4,2).
1.2. Find a scalar product of the vectors a=i+ 2]+ 2k and

b=-3i+4k and an angle between them.
1.3. Calculate the area of the triangle ABC if A(O,1,2), B(—l,—3,5) and

C(1,4,—3). Find the length of the altitude put down from the apex B.
1.4. Calculate the area of the parallelogram based on vectors a+2b

and 2a+b if[a]=1, b[=2, go:%.

e

1.5. Show that the vectors a= 2i+5]+7R, b=i+ j—k and
c=i+ 2] +2K are complanar.

1.6. Calculate the volume of the parallelepiped constructed on the vec-
tors a=i+j, b= j+k and c=i+Kk.

1.7. At what value of m vectors a = mi + 3] +4K and b =4i+ mi —7k
are perpendicular.

1.8. Find (2a+4b)-(2a-b)if|a]=3, p|=2, a Lb.

1.9. Calculate the volume of the pyramid with the apexes A(l,0,0),
B(0,1,2), C(0,0,5), D(-4,2,2).
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1.10. Find the vector product of the vectors a= —i+2]— k and
b=2i—j+2k.

1.11. Apexes of a quadrangle A(l,—2,2), B(l,4,0), C(— 4,1,1),
D(— 5,—5,3) are given. Prove that its diagonals are perpendicular.

1.12. Find such a value « for which the vectors a = ai—7]+5R and

b=3i+ a] +4K are mutually perpendicular.

1.13. Two vectors a=—i+ 2] —k and b=2i —i +2K are given. De-
termine the projections on the coordinate axes of the following vectors:
1) a+b; 2) a-b; 3) —4a; 4) —3a+2b.

1.14. Let the following apexes of a pyramid A(l,—2,2), B(4,l,—2),
C(~4,11), D(-5,-4,2) be given. Calculate pyramid volume and the length of
the altitude put down from the apex D.

1.15. The vectors a and b form the angle 45°. Find the area of the pa-
rallelogram constructed on the vectors m=a-2b and n=3a+2b if
a/=5, b =10.

1.16. Simplify the expression: (25+6)>< (2—5)+ (6+6)>< (5+6)
Control tasks. A straight line on a plane

2.1. Form a straight line through the point M (2,—5) parallel to the vec-
tor a = (4,-3).

2.2. Form a straight line through the point M (—1,4) perpendicular to the
vector N = (-2,7).

2.3. Two straight lines are given: y=2X+3 and y=—-X+4. Check if
they pass through the points A(-11), B(2,-3), C(31), D(4,0), E(2,7),
F(0,0).
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2.4. Write down an equation of a straight line passing through the origin of
coordinates and 1) parallel to the straight line y =4X —3; 2) perpendicular to the

1
straight line y = > X +1; 3) forming 45° angle with the straight line y = 2X +5.

2.5. Find the acute angle between the straight line 9x+3y -7 =0 and
a straight line passing through the points A(l,—l) and B(5,7).

2.6. Form the straight line passing through the point A(4,—7) parallel to
the straight line MN , where M (—4,3) and N(2,-5).

2.7. The triangle ABC with the apexes A(2,1), B(~1,-1) and C(3,2) is
given. 1. Form the equations of the sides. 2. Form the equation of the altitude

dropped from the apex A. 3. Form the equation of the median dropped from
the apex A.

2.8. The midpoints of the triangle sides P(1,2), Q(5,~1) and R(-4,3)
are given. Form the equations of the sides.

2.9. Find the angle between the straight line 3x+y—-6=0 and the
straight line passing through the points A(— 3,1) and B(3,3).

2.10. The midpoints of the triangle sides P(~21), Q(2,3) and R(4,-1)
are given. Find the coordinates of the triangle apexes.

2.11. Form the straight line passing through the point A(5,—1) and form-
ing 45° angle with the axis OX.

2.12. Form the straight line passing through the point A(lO,—6) and in-

tercepting the area of 15 sqg.un. from the coordinate angle.
2.13. Find the distance between two parallel straight lines:
3X+2y—-7=0and 3x+2y+15=0.

2.14. Reduce the equation 12X -5y + 60 =0 to 1) a normal straight line

equation; 2) the equation of the straight line with the slope; 3) the equation of
the straight line with the intercepts on the axes.

2.15. Find the distance from the point M(—1,-3) to the straight line
8x—-6y+5=0.

2.16. Find the apexes of the triangle if 7X+3y—-25=0 (AB),
2X—T7y—-15=0 (BC) and 9x—4y+15=0 (AC) are its sides.

2.17. Calculate the area of a square which is formed by the straight
lines 4Xx -3y +15=0 and 8x—6Yy +25=0 as the sides.

71



2.18. The apex A(2,-5) and the equation of a square side are given.
Find the square area.

Control tasks. A straight line and a plane in a space

3.1. Form an equation of a plane passing through the point
M(3,—2,—7) and parallel to the plane 2x —3z +5=0.

3.2. Form an equation of a plane passing through the point M(S,—l, 2)
and perpendicular to two given planes 3X+y—-z+2=0 and x+4z+1=0.

3.3. Form an equation of a plane perpendicular to the plane
2X—2Y+4z—-5=0 and cut on the coordinate axes OX and OY two seg-

ments a=-2 and b =2/3.

3.4. Find the distance between the following parallel planes
X—2y+3z+7=0and x—2y+3z-1=0.

3.5. Write down canonical equations of the straight Iline

X—-y+3z-1=0

{2x+ y+z-2=0

3.6. Form an equation of a straight line passing through the point
M (3,— 2,— 7) and perpendicular to the plane 2Xx -3z +5=0.

3.7. The apexes A(2,3,4), B(4,7,3), C(1,2,2) and D(-2,0,1) are
given. Find: 1) the straight line and the length of its edge AB; 2) an angle be-
tween the straight lines AB and CD; 3) an equation of the plane ABC;

4) an equation of the altitude dropped from the apex D on the plane ABC;
5) an angle between the straight line AD and the plane ABC.

1 y-2 z+3
m —-2

: : . X+ :
3.8. At which value of m the straight line is paral-

lel to the plane X -3y +6z+7 =07

3.9. Find at what values of 4 and u the couple of equations will define
(D) 2x+Ay+3z—-5=0
(2) ux —6y—-62+2=0

3.10. Find at what value of A the couple of equations will define per-
pendicular planes (1) 5x+y—-3z2+3=0 (2) 2x+4Ay—3z=0.

parallel planes
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Control tasks. Second-Order Curves

4.1. Reduce the given equation to a canonical form and draw the curve:
1) 4x° +9y% —40x +36y +100=0: 2) X°+y° —4x+8y—16=0:
3) Ox° +4y° —18x—-8y—23=0; 4) X° -4y’ +6Xx+16y-11=0;
5) 4x> —9y° —8x—36y—68=0; 6) 2y° +X—8y+3=0.

4.2. Write down the equation of a circle if A(3;9) and B(7;3) are end-
points of its diameter.

4.3. An ellipse passes through points A(«/g;—Z) and B(—Z«/g;l).

Form an equation of its ellipse.

4.4.

Form an equation of hyperbola if it passes through point

(10;—3«/5) and has asymptotes Yy = ig X.

1.
2.
3.

Theoretical questions

What do you call a scalar product?
Write down the property of a scalar product.
Write down the formula of a scalar product if two vectors are given

by their coordinates.

4.

© NOoO O

9.

Write down the formula of the angle between vectors.

Write down the condition of perpendicularity of vectors.

Write down the condition of parallelity of vectors.

What do you call a vector product?

Write down the property of a vector product.

Write down the formula of a vector product if two vectors are given

by their coordinates.

10.

Write down the formulas of the area of a parallelogram con-

structed on two vectors.

11.
12.
13.

Write down the formulas of division of a segment in the given ratio.
What do you call a mixed product?
Write down the formulas of the volume of a parallelepiped con-

structed on three vectors.

14.
15.

Write down the condition of complanarity of three vectors.
What form has a general equation of a straight line?
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16. Write down an equation of a straight line with a slope.

17. Write down an equation of a straight line passing through the point
with a slope.

18. Write down an equation of a straight line passing through two
points.

19. Write down an equation of a straight line with given intercepts on
the axes.

20. Write down a canonical equation of a straight line.

21. Write down a parametric equation of a straight line.

22. Write down a normal equation of a straight line.

23. Write down the formula of the distance between the point and the
straight line.

24. Write down the condition of collinearity of two straight lines.

25. Write down the condition of perpendicularity of two straight lines.

26. Write down the formula of the angle between two straight lines.

27. Describe finding of the slope from a general equation.

28. What form has a general equation of a plane?

29. Write down an equation of a plane passing through the point and
perpendicular to the normal vector.

30. Write down an equation of a plane passing through three points.

31. Write down an equation of a plane with given intercepts on the
axes.

32. Write down a parametric equation of a plane.

33. Write down a normal equation of a plane.

34. Write down the formula of the distance between the point and the
plane.

35. Write down the condition of collinearity of two planes.

36. Write down the condition of perpendicularity of two planes.

37. Write down the formula of the angle between two planes.

38. What do you call a circle?

39. What form has a canonical equation of a circle got?

40. What is the origin of a circle?

41. What is the radius of a circle?

42. What curve is called an ellipse?

43. What form is a canonical equation of an ellipse?

44. Write down the relation between the values a, b, c for an ellipse.

45. What value is called an eccentricity of an ellipse?
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46.
47.
48.
49.
50.
51.
52.
53.
4.
55.
56.
S7.
58.
59.
60.

What are focuses of an ellipse?

Write down the equations of the directrices of an ellipse.
What curve is called a hyperbola?

What form is a canonical equation of a hyperbola?
Write down the relation between the values a, b, ¢ for a hyperbola.
What value is called an eccentricity of a hyperbola?
Write down the equations of directrixes of a hyperbola.
What are focuses of a hyperbola?

What hyperbola is called rectangular?

Write down the equations of asymptotes of a hyperbola.
What curve is called a parabola?

What form is a canonical equation of a parabola?

What is a parameter p for a parabola?

What point is the focus of a parabola?

Write down the equation of directrix of a parabola.

75



Bibliography

. AHIO-pyCcCKMA  CnoBapb MaTemMaTUdeckux TepMuHOB / nog pea.
. C. Anekcangposa. — M. : Mup, 1994. — 416 c.

. Mansapeup J1. M. Buwa maTtematuka O5nsi €KOHOMICTIB Yy npuKknagax,
BnNpasax i 3agadvax / JI. M. Mangapeub, A. B. IrHa4ykoBa. — XapkiB :
B «IHXXEK», 2006. — 544 c.

. Borakovskiy A. B. Handbook for problem solving in higher mathematics
/ A. B. Borakovskiy, A. I. Ropavka. — Kharkiv : KNMA, 2008. — 195 p.

. Chen W. W. L. Analytic geometry / W. W. L. Chen. — London : Macqua-
rie University, 2008. — 200 p.

. Kurpa L.V. Higher mathematics : handbook / under edition of
L. V. Kurpa — Kharkiv : NTU “KhPI”, 2006. — V. 1.— 344 p.

. Rosser M. Basic mathematics for economists. — New York : Taylor &
Francis e-Library, 2003. — 536 p.

. Simon C. P. Mathematics for economists / Carl P. Simon and Lawrence
Blume. — New York, London : W. W. Norton & Company, 1994. — 930 p.

76



Contents

TN 8 oo 11 Tox § T o
L VB O S . e
1.1. Cartesian Coordinate System on the Plane and in Space..............
1.2. Formulas of division of a segment in the given ratio.......................
1.3. Vectors and basic vector operations...........ccoveeviiiiiiii i
1.4. Scalar product of two vectors...........cooeiiiiii i,
1.5. Cross product of tWO VECIOIS.......covieeiie e
1.6. Mixed product of two VeCtOrs.........cocoieiiiiiii i
2. Equations of Straight Lineson Plane..............ccccoooiiiinne.
2.1. Slope-intercept equation of a straightline................................
2.2. Equation of straight line passing through two given points...........
2.3. General equation of straightlineonaplane.............................
2.4. General equation of straight line passing through given points on

2.5. Parametric equations of straight line on plane..........................
2.6. Intercept-intercept equation of a straight line............................
2.7. Normalized equation of a straight line.....................oo .
2.8. Condition for three points to be collinear....................cooeviiinnie.
2.9. Distance from a point to a straight line.................coooeiiiinnil,
2.10. Mutual Arrangement of LINeS.........cccoiiiiiiiiiii e,
2.10.1. Angle between two straight lines...................ooein
2.10.2. Point of intersection of straight lines............................
2.10.3. Condition for straight lines to be perpendicular..............
2.10.4. Condition for straight lines to be parallel......................
2.10.5. Condition for straight lines to coincide.........................
2.10.6. Distance between parallel lines...............ccoioiiiinnnn.
3. Plane and Line in SPacCe.......ccoiiiiiiiiiiii i
3.1, Plan@ IN SPaCE. ...t

3.1.1. Equation of a plane passing through point M, and per-

pendicular to vector N e,
3.1.2. General equation of aplane..........c.coooiiiiiiiiiin,
3.1.3. Parametric equation of aplane...............cooiiiiiiiiin .
3.1.4. Intercept equation of aplane................cooiiiiii.
3.1.5. Normalized equation of aplane.............c..cooiiiiiinnnn.

77

o 01T W W w

11
12
16
18
18
19
20

21
21
22
22
23
24
24
24
25
26
27
27
28
31
31

31

32
33
33
34



3.1.6. Equation of a plane passing through a point and parallel
toanother aplane..... ..o
3.1.7. The equation of a plane passing through three points.......
3.1.8. The equation of a plane passing through two points and
parallelto aline..........ooii i,
3.1.9. The equation of a plane passing through a point and pa-
rallel to two straight lines...........coooiiiiiii e,
3.1.10. The plane passing through two points and perpendicular
toagivenplane.........cooiiii i
3.1.11. The plane passing through a point and perpendicular to
WO PlanEs. ... ..

3.2, LINE N SPACE. ...ttt

3.2.1. Parametric equation of a straight line............................
3.2.2. Canonical equation of a straight line..............................
3.2.3. General equation of a straight line................................
3.2.4. Equation of the straight line passing through two

3.2.5. The equation of the straight line passing through a point
and perpendiculartothe plane..............coooiiiiii i,

3.3. Mutual Arrangement of Points, Lines, and Planes......................

3.3.1. Angles between linesinspace............ccoceiiiiiiiiiiiinennn,
3.3.2. Conditions for two lines to be parallel............................
3.3.3. Conditions for two lines to be perpendicular....................
3.3.4. Angles between planes............ccooiiiiii i
3.3.5. Conditions for two planes to be parallel.........................
3.3.6. Conditions for planes to coincide..............cccooeiiiiinnnns
3.3.7. Conditions for two planes to be perpendicular.................
3.3.8. The angle between a straight line and a

3.3.9. Conditions for a line and a plane to be parallel................
3.3.10. The condition for a line to be entirely contained in

3.3.11. The condition for a line and a plane to be perpendicular..
3.3.12. Intersection of alineand aplane......................ooen,
3.3.13. The distance from a pointtoa plane...........................
3.3.14. The distance between two parallel planes....................
3.3.15. The distance from a pointtoaline......................coni,

78

36
36

37

38

39

40
41
41
42
43

44

45
45
45
47
47
48
49
49
50

50
50

51
51
51
52
53
53



3.3.16. The distance between lines...........cccooiiiiiiiiiiiiiiienee.
4. SECONA-Order CUINVES....cii ittt
g O O o
4.1.1 Definition and canonical equation of a circle....................
L e 1101
4.2.1. Definition and canonical equation of a ellipse..................
4.3. Hyperbola.. ... ..o
4.3.1. Definition and canonical equation of a hyperbola.............
4.3.2. Focal properties of a hyperbola.....................oooiin,
A4, Parabola.. ...
4.4.1. Definition and canonical equation of a parabola...............
4.4.2. Focal properties of a parabola....................ooo
4.4.3. Parabola with vertical axiS...........c.cccovoiiiiiiiiiiiie
CoNtrol tasks. VECIOIS....c.i i
Control tasks. A straight lineonaplane...................ooo.
Control tasks. A straight line and a plane in aspace...................
Control tasks. Second-Order CUIrVesS.......cccoviviiiiiiiiiiiiiieeeennn
Theoretical QUESTIONS.......oiii i
BibliOography....cco o

79



HaB4anbHe BUOaHHS

MeToaunyHi pekomMeHAaauii 4O BUKOHAHHSA NPaKTUYHUX 3aBAaHb
3 aHaniTU4YHOI reomMeTpil HaBYanbHOI Aaucuunniim «Buwa Ta
npuknagHa mateMmaTuka» ans CTyAeHTIiB-iHoO3eMUiB Ta
CTYAEHTIB, AAKi HABYalOTbLCA aHIMiNCbKOK MOBOIO,
HanpsmMy niarotoBkn «MeHegXKMeHT» AeHHOI (pOpMU HaBYaHHS

Yknapgau: Micropa €BreHifa OpiiBHa
BignosiganbHuM 3a BUNycK Manspeub J1. M.

Pepaktop Hosuuybka J1.M.
Kopektop Hosuubka J1.M.

Educational Edition

Guideline
for practical tasks in analytic geometry
of the educational discipline “Higher and applied mathematics”
for foreign and English-learning full-time students
of the preparatory direction “Management”

Copiled by Ye. Misyura
Editorial director L. Malyarets
Editor L. Novytska
Proof-reader L. Novytska

[MnaH 2011 p. Tlos. Ne 44.
Mign. oo apyky.  ®opmat 60x90 1/16. [Manip MultiCopy. [pyk Ha Riso.
YM.-OpYK. apk. 5. O6n.-BMAa. apk. Tupax 150 npum. 3am. Ne

Ceidoumeo rnpo eHeceHHs 00 [epxasHo20 peecmpy cyb’ekmie sudagHUYHOI

crpasu
Lk Ne481 gid 13.06.2001p.

Buoaseub i BUroTiBHUK — BugasHmuteo XHEY, 61001, M. Xapkis, np. JleHiHa, 9a

80



