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Introduction

Integral calculus plays a very important role in economics in particular in
problems concerning the optimum management and plans. Therefore, the
deep knowledge of this section of higher mathematics is necessary for mod-
ern economists.

In the guidelines, only the most principal topics of integral calculus are
stated in brief.

The present guidelines are the continuation of the part where the no-
tions of integral calculus were discussed. By means of these notions, the no-
tions of the definite integral, geometrical and economic problems being the
most fundamental ones in mathematics can be introduced.

Guidelines for the Definite Integral

Let the function f (X) be determined on the interval [a,b]. Let us di-
vide the interval [a,b] (b>a) into n subintervals by n points
a=Xxy<x <x,<..<Xx,4<x,=b (Fig. 1).

On each subinterval [xl._l, xl.] we choose some point &; and compound

the sum

n

S, =2 F(&)Ax = (&) + (&) A% +..+ T (&,)AX,

i=1

where AX; =X, —X._; is the length of each interval.

The definite integral of the function f (X) on the interval [a,b] is called
the limit

b

lim 3 f(&)Ax% = [ f(x)dx.

max Ax; —0 j_1 a

where a is the upper limit, b is the lower limit of integration.



e

y=1(x)

0

a=x x b=x,

Fig. 1. The area under the function f (X) on the interval [a,b]

If F(x) is an antiderivative for a continuous function f (X) on the in-

terval [a,b], then the formula of Newton-Leibnitz is true:

b

if(x)dx:F(x)‘a:F(b)—F(a)_

Let's consider a substitution in definite integrals. We remember that the
limits are in terms of the original variable. Then we get two approaches:

1) solve the indefinite integral first;

2) change the limits.

First solve the indefinite integral to find an antiderivative. Then use that
antiderivative to solve the definite integral.

Example 1. Calculate the definite integrals:

2 2
a) jx“dx; b) f(4+2x—x2)dx; c) je3xdx.
1 -1 1

Solution. Let’s apply the formula of Newton-Leibnitz:

2
2 5
a) [xtdx="— :1(25—15):1(32—1):3—1=6.2;
1 5| 5 5 5

2 2 3
4+2x—x*)dx=|4x+2. 2 -1
b) _fl( +2x—x )dx ( X+ > )




Let us note the basic properties of definite integrals:
1) the definite integral depends on the form of the function f(x) and

limits of integration, but it doesn't depend on the designation of the variable of
integration, i.e.

b b
[ f(x)dx =] f(t)dt

2) the definite integral changes its sign to the opposite if the limits of in-
tegration are replaced:

0
Task 1. Verify this property calculating the definite integral: I(Z - X)dX.
3

3) if the lower and the upper limits of integration are equal, then the
definite integral is equal to zero:

a
[ f(x)dx=0.
a
1
Task 2. Verify this property calculating the definite integral: '[1 5
14+X



4) the additivity of the definite integral:

i f (x)dx :i f (x)dx+1£) (x)dx,

where c [a,b];
5) the definite integral of the algebraic sum of functions equals the al-
gebraic sum of definite integrals:

E( f,(x)+ fz(x))dx:i fl(x)dxii f, (x)dx;

6) it is possible to take the constant C outside the integral:

?C- f (x)dx:C-T f (x)dx;

a

7) calculation of the definite integral of an even function with symmet-
rical limits of integration is simplified as:

T f(x)dx = 23 f (x)dx;

—a

4
Task 3. Verify this property calculating the definite integral: I3X2dx.
~4
8) the definite integral of an odd function with symmetrical limits of in-
tegration is equal to zero:

[ f(x)dx=0;

—a

T
Task 4. Verify this property calculating the definite integral: J'Sin xdx.

—7T



9) if f(x) is a continuous function with the period T, then

b b+nT
[f(x)dx= [ f(x)dx, n=0,£1+2,..;
a a+nT
T
Task 5. Verify this property calculating the definite integral: jsin xdx.
137/2

10) if a <b inthe segment [a,b] and f (X)<¢(x), then

Tf(x)dxgigo(x)dx.

a

11) the mean-value theorem. If the function y = f (X) is continuous in

the interval [a,b], where a < b, then there exists a value ¢ € [a, b], such that

f(x)dx = f (c)(a—b).

QD —— T

Integration with the aid of the table of basic indefinite integrals is called

the direct integration.
0

Example 2. Calculate the definite integral: J' ax 5
4+ X
-2
Solution. Let’s calculate the integral:
0 0 0
dx dx 1 X 1 2
[ 5 = | 55 = alctg—| = arctg0—arctg — | |=
24+ X" 9 274X 2 2_2 2 2
1 1z «x
=—(0-arctg(-1))==-—=—.
(0-arctg(-1)= -5 =7
Task 6. Calculate the definite integral: ?L
0Vx% +16



Table 1

The basic table of integrals

nH dx 1, |x-a
1.jx”dx:X +C,n=-1 15.] s = | | |+C,
n+1 x‘—ac 2a \x+a\
2. fdx=x+C (a=0)
3. [0-dx=C 16. | ax =In‘x+\/xzia‘+C,
- dx Vx%+a
4. |—=I|x+C (a20)
7 X
5. [sin xdx=—cosx+C 17, | dx _{arctgx+C
6. [cosxdx=sin x+C 1+x? [—arcctgx+C
7. [tgxdx=—In|cos x| +C
8. [ctgxdx=In[sin X/ +C 18, | dx :{arcsin x+C
9. .'exdx=eX+C 1—x2 |—arccosx+C
X (1 X
10.jaxdx:a—+C,(a>O,a¢1) —arctg —+C
a“ +x 1 X
11. | d>2< =—Ctgx+C ——arcctg —+C
sin © X a a
(a>0)
12. Jcosz =tgx+C
X
[ X
13. j_d—len tg5 +C dx arcsin 5+C
sin x
20. [———==] ,
2 2 X
va‘c —x
14. Iﬁzm tg(§+§j+c —arccosa+C
COS X 2 4 -
(a>0)
/6 . 2
L n<x
Example 3. Calculate the definite integral: j dx.
5 COSX

Solution. Let’s transform the integrand:




78 in2 x w , 1 "81_cos?x T80 1
j dx:‘sm X =1—C0S ‘: j —:j = _cosX |dx=
5 COSX 5 COSX 5 \CosX

/6

{.n

The Method of Change of the Variable (Substitution)
in the Definite Integral

tg(§+f)—sinx =1In tgz_sin E_(m tgz_sin Oj:
2 4 0 3 6 4

=In \/_—%—In1+0:%(ln 3-1).

b
Theorem. Let the integral | f (x)dx be given, where the function f (x)

Is continuous in the interval [a, b]. Let's change the variable t by the formula
x=p(t).If

1) p(a)=a, p(f)=b;
2) ¢(t) and ¢'(t) are continuous in the interval [, S;

3) f (gp(t)) is defined and continuous in the interval [, ], then

We will use Table 2 for finding the substitution.

Example 4. Calculate the definite integral: *J-@x—dx
0 V25— x"

Solution. Let’s use the method of change of a variable:

2 2 2 1
f w|t=x=0 ~0,t, = (v3) =3 —f St
0 V25—x% | dt =2xdx %dtzxdx 02512

10



dt 1 .t
= —alCsSin —
25— t2 5

3

0

1 .3 , Oj 1_ .
= —| arcsin ——arcsin — [=—arcsin —.
2 5 5) 2 S

The table of substitutions

3

Table 2

No. Kind of integral Substitution
1 jf(xz)xdx X2 =t
2 |[f (x3)x2dx W& =t
3 |[f (EJ% 1y
X ) X X
X
4 |JH(Vx )ﬁ Jx =t
5 |f f(Inx)d—: Inx=t
6 |[ f(sinx)cosxdx sin x =t
7 | ] f(cosx)sin xdx cosx =t
8 |]f(tgx) d); tgx =t
Cos” X
d
9 |[f(ctgx)— ;( ctgx =t
sin < x
10 |[f (ex)exdx oX —t
d
11 jf(arctgx)1 X 5 arctgx =t
+X
12 |J f(arcsinx) 5 arcsinx =t
1-X
f'(x)dx
f(x)=t
SIS (3

11



o T sinxdx
Example 5. Calculate the definite integral: j — -
2/2€0S” X +1

Solution. Let’s use the method of change of a variable:

T sinxdx t=cosx,t1:cos%:0,t2:0057r=—1 _} —dt
1 I
7/2C08" X+1 14t — _sin xdx, —dt =sin xdx ot” +1
-1 0
= 2dt j = arctgt\?1 = arctg0 —acrtg(-1)=0+ = =2,
Ot +1 _1t 4 4
1
2 de
Example 6. Calculate the definite integral: j
1 X°
Solution. Let's use the method of change of a variable:
1 1 1 1
= t=—,,=-=11t, ==
2 AX 14 » 2 12 12
exdx
= 1 ' f =I(—et)dt=—je‘dt:
X ldt=——=dx, —dt=—dx| ! !
X X

:-et‘]/z :—(e]/2 —el)ze—\/E.

1

The Method of Integration by Parts

Let the functions u =u(x) and V=V(X) have continuous derivatives

on the interval [a,b]. Then
b , b
Judv =(uv), - [vdu,
a a

where () =u(b(b) - u(al(a).

12



There are classes of integrals (three types) which are found by means
of this method (table 3).

Table 3

Three types of integral for the method of integration by parts

Type| No. Kind of integral The factor u The factor dv

E [P, (X) a”dx, whefe P (x) .
<3 P, (x)is a polynomial
é 2 | [Py(x)-e*dx P, (x) e*dx
£ | 3 |[Py(x)-sin xdx P,(x) sin xdx

4 | [P,(x)-cos xdx P, (X) cos xdx
o | 5 |[Pa(x)-arccos xdx arccos X P, (x)dx
=6 [ P (x)-arcsin xdx arcsin x P, (x)dx
g 7. | [ Py(x)-arctgxdx arctgx P, (x)dx
% 8 | [ Py(x)-arcctgxdx arcctgx P, (x)dx
S [P, (x)-In xdx Inx P, (x)dx
L, | 10 ..aX -sin xdx sinx or a* | a*dx or sinxdx
% 11 _.eX -sin xdx sinx or e* | e*dx or sinxdx
S | 12 | [a*-cos xdx cosX or a* | a’dx or cosxdx
a 13 :eX +COS XdX cosx or e | e*dx or cosxdx

3

7iX
Task 7. Calculate the definite integral: I(4x —1)0053 dx.

0

. 7iX
Example 7. Calculate the definite integral: J(x+3)$|n de.

0

Solution. It's the first type. Let's use the formula of integration by parts:

13



U=x+3,dv=sin %dx

O =N

(x +3)sin %dx: du = (x+3) dx =1- dx = dx =

v =[sin ﬁdx=—£cos@(c =0)
4 T 4

— ((x + 3)-(—%cos %D

2 2
—j(—ﬂcosﬁjdx=—E(SCOSZ—”—30030)+£jc03ﬁdx:
o\ T 4 T 4 Ty 4

2

0

b . b
udv =(uv). — [ vdu

fudv =(uv). -

a a

2
:—£(50082—ﬂ-—3COSO)+£ICOSﬁdX=—£(5-0—3-1)+
4 Ty 4

T T

12127r+16.

T 722 7r2

* 2

4 4 . X
-—8In —
T

T

2 12 16(.27; . )12 16
= smj—smo + .

40 T T

J3
Example 8. Calculate the definite integral: jxarctgxdx.
0

Solution. It's the second type. Let's use the formula of integration by
parts:

u = arctgx, dv = xdx

v3 / 1 dx
[ xarctgxdx = du = (arctgx) dx = ——-dx = —— | =
0 1+X 1+X

2

v=jxdx:x7(C:O)

J3
V3,2 2
— | XX :(\/5)2 arctgx/§—0—arcth—
0 2 2 2

14



13 2 3 7 1314x2-1 .«
= sdx=".27 0= dx=2 -
2 51+x 2 3 25 1l+x 2

J3 2 J3
_E 1+X2_ 12 dxzz_lj(l_ 1 jdxzz_
2 5 1+x° 1+x 2 2,50 1+x

- % (x— arctgx){a@ =55 [\/ﬁ arctg+/3 — (0 —arctg 0)]

%_%(\@ zjz\@nmzf

372 26 6

€
Example 9. Calculate the definite integral: j'x In2 xdx.
1
Solution. It's the first type. Let's use the formula of integration by parts

twice:

u=|n2x dv = xdx

e 2
jxlnzxdx_ du_(ln x)dx 2In x- —dx_wd :(X?Insz
X X

2
v:jxdx:7(C:0)

eX2 2 2

€
_J._.2|n X.deze_.mze_l_.|n2]__-|.x.|n Xdx =
17 x 2 2

u=In x,dv = xdx

, 2 2
du = (In x) dx=Ldx =& —0- (X?In XJ

X 2 2
1

2
v=[xdx="-(C=0)

2
2 2 e 2 A2 2° 2
e—Ine—l—lnl +1jxdx:e——e—+0+£x— 1 (2—12)_e 1
2 2 27 2 2 2 2| 4 4

15



1
Example 10. Calculate the definite integral: jezx cosxdx.
0

Solution. It's the third type. Let's use the formula of integration by parts
twice:

u=e%*,dv = cos xdx

1 ,

j’ezx cos xdx = du:(ezx)dx:z-ezxdx :(ezxsin x)‘z—

0 v =[cosxdx=sin x (C =0)

u=e*,dv =sin xdx
1 ,
—j2e2x sin xdx=|du = (ezx) dx = 2-e?*dx —e’sin1—e%sin 0—

0 v =[sin xdx=—cosx (C =0)

—2{(—e2X CoS x) ‘1 - }(—Zezx oS x)dx} =e’sinl+ 2(e2X oS x) ‘1 -

0 0 0

1
— 4J’e2x cos xdx.
0

1
Let's denote the initial definite integral as jezx cosxdx = A. Then
0

1
A=e?sinl+ 2(e2x cosx)‘ —4A.
0

Let's express A:

A+44=e%sinl+ 2(e2 cos1—e? cos 0),
54=e?sinl+ 2(e2 cosl—l),

_ esin1+ 2(e2 cosl—l)

A :
3)

16



Integration of Rational Functions with a Quadratic Trinomial

The rational functions with a quadratic trinomial are the functions of the
kinds:

A A Ax+ B Ax+ B
[— dx, S dx, [— dx, ) dx,
ax” +bx+c Jax? +bx+c ax® +bx+c Jax? +bx+¢
where ax’ +bx +c is the guadratic trinomial.
: : . A
Let's consider the first and second integrals: j 5 dx,
ax“ +bx+c
A : :
dx. They are reduced to tabular integrals if you allocate the
Jax? +bx +c

perfect square in the denominator with the help of the formula:
(y+z)* =y? +2yz+2°

(the square of the sum or the square of the difference).

1
dx
Example 11. Calculate the definite integral: I—
0 x> —5X+6

Solution. Let's allocate the perfect square in the denominator:

2 2 2 2
x2—5x+6:x2—2-§x+ 2 [ +6= x—§ (1 :
2 2 2 2 2
L 5
Let's make the substitution: X — > =t,dx =dt.

5 5
We change the limits of integration: if Xx=0, then t=0— > = 5 ;

if Xx=1, then tzl—g :—g. Thus, we have

17



} dx _} dx iy dt
o o () (]
2 2 2 2
3
-1 2
:11In % =In_—2—ln—3zln2—ln§:In—
2-= t+= -1 B 2
2 o
2

Ax+B

Let's consider the third and fourth integrals: I > dx,
ax® +bx+c
Ax+B . : :
dx . To integrate these functions we should use the following
\/ ax® +bx+c
rules:

1) to allocate the perfect square in the trinomial with the help of the for-
mulas (yi z)2 = y2 +2yz + 72 (the square of the sum or the square of the

difference) and obtain a new denominator (X + p)2 *+q;
2) to apply the substitution:

t=X+p; t=Xx-p;
dt = dx; dt =dx;
X=t-p; X=1+p;

3) to present the initial integral as a sum of two integrals, the first one is
the tabular integral and the second one may be integrated by substitution.
Let's consider four kinds of such integrals if a = 0:

xdx [ _ xdx [ 2 :
a)jm_\/ax+c, c)jm a—x-+C;

b) | xdx :—llnxz—a+C; d) | xdx =Jx°+a+C;:
2

a—x° x/xzia

18



4) to get back to the previous variable by substitution t=X+p or
t=Xx-p.

Let's give an example.

o > (x+1)dx
Example 12. Calculate the definite integral: J'

> X2 —4x+13
Solution. Let’s allocate the perfect square in the denominator, use the
method of change of a variable and change the limits of integration:

? (x+1)dx X> —4x+13=x2-2-2x+2%-2%+13=
> X2 _4x+13 (x_2)2+9 B
t=x-2, dt =dx
_T (x+1)dx C[x=t+2 _f(t+2+1)dt _f(t+3)dt_
2(x-2)"+9 |t=2-2=0, o tP+9 5 tP+9
t,=5-2=3
3 3 3 3 3
j tat Sdt = tdt +3| 2dt =In‘t2+9H +3-1arctg£‘ =
249 ot +9 ot°+9 3% +t? o 3 3o

=In ‘32 + 9‘ —1In ‘02 + 9‘ + arctg . arctg g =In18-In9+arctgl—

—arctg0=1n §+£—O:In 247
9 4

Integration of Trigonometric Functions.
Integrals of Type [R(sin x,cos x)dx

In this case, it is convenient to use the substitution t=1g > since the

2

5+ COSX = 5 and dx = 2dt2
1+t 1+t 1+t

of the variable X. The integration of the form fR(Sin X,cos x)dx with the aid

functions SIin X =

are rational functions

19



of the substitution t =19 5 IS sure to give the desired result, but it is because

of its generality that this method may not be the best from the point of view of
brevity and simplicity of the transformation involved.

72 dx
Example 13. Calculate the definite integral: j —_—.
5 3+9C0SX

X
Solution. Let's use the substitution t:th, then x = 2arctgt and

2 Y
dx = dtz. Therefore COSX:1 t2
1+t 1+t

and new limits of integration: if

X, =0, then t1=tgg=th=O; it X, =%,then t =tg%=1

We have
, 2dt
ﬁf I 1+t2 } 2]1 dt B
3+5cosx 03+5.1—t 231+t )+5(1 t2) “g8-2t?
1+t2
1 dt 1 gt 1 1 1 2
_ __ - In—=-In-%| |=
54—'[2 {t E gt —22 2-2 t+2\ (n‘ 3‘ n‘ ZD

:_(In 1—Inlj:—ln—g.
4 3 4

For a number of special cases, simple change of variables is possible,
which can be justified in the following way.

Let the expression IR(Sin X,c0sx)dx be even with respect to sin X,

then the given integral is reduced to an integral of a rational function since
cos xdx=—d(sin x)=—dt considering in a similar way, we arrive at a conclu-

sion that in the case when the expression jR(Sin X, COS X)dx is even with re-

spect to COS X, and the other is odd, the substitution cos X =t reduces the in-
tegral IR(Sin X,c0sx)dx to an integral of a rational function.

20



Let's assume that the function R(Sin X, CO0S x) possesses one of the fol-
lowing properties:

a) both of them, sin X and co0s X, remain unchanged when Sin X is re-
placed by (—sin x) and cosx by (- cosXx);

b) both of them, sinX and cosX change the sign when Sin X is re-
placed by (—Sin x) and COSX by (— Cos x). It is sufficient to consider only

the first case since the second case can be reduced to the first by multiply-
ing both the numerator and denominator of the rational function

R(sin x,cosx) by sin x or cosx. The integral [R(sinx,cosx)dx is re-

duced to an integral of a rational function by the substitution t=tgx or

2
t =ctgx since cos? X = 5 Sinzx:t—2 and dx= 5 or
1+t 1+t 1+t
2
coszx:t—z,sinzx: 12 and dx =— dtz.
1+t 1+t 1+t

And now consider the integrals of the form
[sin™ xcos" xdx,

where m and n are integers. Then
a) if m>0 is odd (m=2k —1), the substitution cosX =t immediately

reduces the integral to a rational function and uses Sin 2 x =1—cos® X;

b) if n>0 is odd (n=2k —1), the substitution sin X =t vyields the

same result and uses Cos2 X=1-sin 2 X;

c) if both exponents m and n are positive and even, the result is readily
obtained by means of trigonometric transformations with multiple arguments:

2

sin xcosx:%sin 2X, sin XZ%(I—COSZX), coszx:%(1+0052x).

/2
Example 14. Calculate the definite integral: j sin ® x cos* xdx.
0

21



Solution. Here m=3, i.e. it's odd. Let's use the substitution
cosx=t, then dt=—sin xdx or —dt =sin xdx and then let's transform:
sin?x=1—cos? X.

/2 /2 /2
j sin 3 x cos? xdx = j sin xsin 2 xcos® xdx = j sin X - (l coS x) cos” xdx =
0 0 0

t =cosx, dt =(cos x)' dx ; ;
= |dt = —sin xdx, —dt =sinxdx | = [(1-t*)-t* - (—dt) =—[(t* ~t°)dt =
1 1

t, =cos0=1, tZ:cos%:O
1
1 5 7
-Jle -y { §-5)
0 5 7,
/4

Example 15. Calculate the definite integral: I sin 2 xdx.
0
, l.e. it's even. Let's use the transformation:

Solution. Here m=2

sin? x = %(1— c0s2x). Then

/4 . 71'/41 172'/4 1 1 . /4
[ sin“xdx= [ =(1—cos2x)dx== | (1—c032x)dx:—(x——sm2xj =
0 0 2 0 2 2 0

2
_1 z—lsm(z-—j (O—Esm(z O)j :l-{f—lsinz}zz—l.
214 2 4 2 214 2 2 8 4

In conclusion we would like to note that integrals containing products of
trigonometric functions of the form sin 2X and cos2x are reduced to inte-

grals of the form fsin axdx and Jcos axdx by means of the following formu-
las:

sinaxsin Bx = %(cos(a — ) x—cos(«a +,B)x);

22



sinaxcos fx = %(sin(a + B)x+sin(a - B)x);
1)

COS XX COS BX = %(cos(a + ) x+cos(a— B)X).

/2
Example 16. Calculate the definite integral: jsin X oS 3xdX.
0
Solution. Let's use the transformation (1) and get:

7/2 z/2
| sinxcos3xdx = j%[sin(x+3x)+sin(x—3x)]dx=
0 0

7/2 7/2
1 | (sin 4x—sin 2x)dx:£(—£cos4x+£c052xj :l[—icos&w
2 2 A 2 , 2 4

+10057z—[—lc030+lc030) =1{—1+£(—1)+1—1}=£-(—1)=—E.
2 4 2 2 4 2 4 2] 2 2

Integrals Containing Linear and Linear Fractional Irrationalities

1. Let's consider the indefinite integral of the form

jR[x,x”,...,xS}dx,

where R is a rational function of its arguments.

Let's use the substitution X :tk, where K is a common denominator of

. m r ) ) ) . .
the fractions —,...,—, the integrand function is reduced to a rational function

n S
of t.
64 dx
Example 17. Calculate the definite integral: j 3 :
23 3x -1

23



Solution. Let's use the substitution x=t3, then dx =3t%dt and new
limits of integration are: t; =327 =3, t, =3/64 = 4.

Thus,
4 2 2 4 2
j -3 dt—sjt—dt_3j Et g 3j 3j
3
4 4 gt 4 )
=3[ (t+1)dt +3 —_3(t +t—Int - u] =3[4 +4—In4-
3 3 1 3

—(32+3-I2)|=320-In4-12+1n 2]=24-3In 2.

2. Let's consider the following integral:

IR X’(ax+bjn m(ax+bjs dx
cx+d cxX+d

It is reduced to the integral of the rational function with the help of the substi-

tution:
ax+b k
cx+d ’
} ) ) m r
where K is a common denominator of the fractions —,...,—
n S

3. Let's consider the following integrals:

a) [R x,\/az—xz)dx,
b) [R x,x/a2+x2)dx,
c) [R x,\/xz—az)dx.

Such integrals are founded with the help of substitutions:
a) x=asint or x =acost,

24



b) x=atgt or x =actgt,

a a
C) X=——0r X=——-.
cost sint

2 | 2
o 4 — x“dx
Example 18. Calculate the definite integral: j —x.
N

Solution. Let's use the substitution x =2sint, then dx =2costdt and

g =sint or t =arcsin g Let’s find

Va3 = Ja—(2sint)? =+/4—4sin 2t = J4lL-sin?t)=+/4cos?t = 2cost.

Let’s calculate the new limits of integration:

if x1=\/§,then t1=arcsin§=%;

.2 :
if x, =2, then t; =arcsin 5= arcsin 1= %

Thus

712 cos? ¢ 7121 _sin?¢

2 2 z/2 .
I 4 xdx=j2cost_2003td t=2 | dt=2[ 1 dt —
N X 23 2sint /3 Sint 23 SInt
#[2 t ik T T
_Zj(——smtjdt— 2| Injtg—|+ cost =2| Injtg —|+cos— —
23\ Sint 2 /3 4 2

— Intg£+cosZ =2/ In1+0- Inﬁ 1 :ZFInB—E}:InS—l.
6 3 3 2 2 2

Application of the Definite Integral to Geometry Problems:
Calculation of the Area of a Figure

You have already seen the procedure called definite integration in which
a quantity of practical interest is first defined as the limit of a sum and then
computed using antidifferentiation. Also, you know that area is just one of
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many quantities that can be expressed as the limit of a sum. In this section,
we illustrate the definite integration procedure by using it to compute the area
under and above a curve, between two curves. Moreover, you will discover
that this procedure also applies to a variety of practical situations in business
and economics, life and social sciences.

So, consider the area of the region under the curve y = f (X) above the

interval Xx=a, X=D0, where f(x)>0 and f(X) is continuous. This region is

shown in Fig. 2, a. Of course, if the region were a square, a triangle, a trape-
zoid, or part of a circle, we could find its area using well-known formulas, but
what if the bounding of an arbitrary curve were y= f(X) or two curves

y = f(X) - the upper curve and y = g(x) - the lower curve (Fig. 2, b)?

-
‘-

> e -V =fix)
Av v=[{x) 5 '
S il | ey =2(x)
} + > ; t >
a b a b
a) b)

Fig. 2. The area under the curve (a) and the area between two curves (b)

In terms of the integral notation, the definition of the area under the
curve can be expressed in the following compact form:
a) the region under the curve y= f(x), where f(x)>0 and f(X) is

continuous above a < X <b (Fig. 2, a) has the area:
b
S = f(x)dx.
a

b) the region bounded by the graphs of two curves y= f(X) and
y=9g(x), where f(x) and g(x) are nonnegative functions such that
f (X) > g(x) and the vertical lines x=a and X =Db (Fig. 2, b) has the area:
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S=[(f(x)—g(x))dx.

QD ——— T

Remark 1. It is easy to prove that if the function y= f(X) is located
under the X —axis (Fig. 3), then the area above the curve y = f(X):

S =—| f(x)dx.

QD —— T

Remark 2. If the figure is adjacent to the Y —axis (for example, as in
Fig. 4), then the area bounded by the curve X = @(y) and the horizontal lines

y=c and y=d is calculated as

d
S = [p(y)dy.

Yt
yi =g (»)
a b x Ay 777
0 | | g
l |
| |
| S /v, —
I y - f (X) C L - S
X
0
Fig. 3. The area S above the curve Fig. 4. The area S bounded by
the curve x=¢(y) and
the lines y=C and y=d

The following examples show how the area of the region can be com-
puted by definite integration in different cases.
Example 19. Find the area of the region under the line y =2x+1 above

the interval 1< x<3.
Solution. First of all, let's make a drawing (see below Fig. 5).
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The region under a curve y = f (x) above a < X <Db has the area
b
s = f(x)dx.
a

As y=2x+1, Xx=a=1 and Xx=b =23 according to the condition of our ex-
ample, the area is given by the definite integral

H'—;w

(2x+1)dx = (X" + x)‘3 = (x2 +x)

1

~324+3-1>-1=10.

_ (x2 4 x)
X=3 x=1

Thus, the area of the region under the line y =2Xx+1 above the interval
1< x <3 is 10 square units.

Example 20. Find the area of the region under the curve
y = —4x? +100 above the interval 0 < x < 3.
Solution. Let's make a drawing (Fig. 6).

) ]m\

& L A
L 4

/ ] ; . L 0 3 5 -

Fig. 5. The region S under the line | Fig. 6. The region under the curve

y=2x+1above 1<x<3 y =—4x* +100 above 0<X<3
(a trapezoid)

According to the formula of the area for the region under the curve
y =—4x* +100 on the given interval [0, 3], we have:
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3

?(—4x2 +100)dx = T4(—x2 + 25)dx - 4(—% X+ ZSXJ
0 0

0

= 4(-9+75) = 4-66 = 264.

So, the area of the region under the curve y =—4x*+100 above the in-

terval 1< X <3 is 264 square units.
Example 21. Calculate the area of the figure bounded by the curve

y =—4x* +100 and X -axis.
Solution. First of all, let's find the limits of integration. In order to deter-
mine the vertical lines X =a and X =D we solve equation y =0. According to

the condition of this task y =4x —x* —3.
Thus, we have a quadric equation

4x-x*-3=0
from which it is easy to obtain
—X* +4x-3=0
hence
X, =1and X, =3.

Then the vertical lines X=a=1 and X =0b =23 (note here, that a <b).
Now let's make a drawing (Fig. 7). Hence,

3

b 3 2 3
_[F()dx=[(4x—x2=3)dx=| 4- 2 -2 _3
S i (x)dx j( X — X )x L >3 x]

1
3
=[2X2 —%—3Xj

3
X
—[ZXZ———3XJ
3
x=3
Thus, the area of the region of the figure bounded by the curve

1

1
:(18—9—9)—(2—5—3):

x=1

_4 ~1.333.
3

= 4x—x*—3 and the X -axis is approximately 1.333 square units.
y
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Example 22. Calculate the area of the figure bounded by the curves
y=x"+4x and y=4+x.

Solution. We remember that the region S bounded by the graphs of
two curves y= f(x) and y=g(x), where f(x)>g(x) (it means: f(X) is
the upper curve, g(X) is the lower curve) and the vertical lines x=a and

X =b has the area:

S:

(f(x)—g(x))dx.

QD — T

In order to find the intersection points of the given curves we solve a system
of equations:

2
=x"+4
{y ¥ Y oor XPadx=xt4

y=x+4

so, we have a quadratic equation
x*+3x—-4=0

from which it is easy to obtain
x,=-4, x,=1

Let's make a drawing

.I..
[
y=—xi44r—3

[\ A/

Fig. 7. The region bounded by the | Fig. 8. The region bounded by two
curve y=4X_X2_3 and curves y:x2+4x and y=4+x

the X —axis
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Note, y =4+ x is the upper curve, y = x* +4x is the lower curve. Ac-
cording to the formula of area in our case, we obtain

1 1
_ 2_ _ _ _ 2 _
_j4(x+4 X 4x)dx j(4 3X — X )dx

2 3 !
— 4X_3L_X_
2 3 ,

4 3 1 .48 64 62 o0
272 2 3 3

Thus, the area of the figure bounded by the curves y:x2 +4x and
y =4+ x is approximately 20.66 square units.

Example 23. Calculate the area of the figure bounded by the curves
y=3x"+4 and y =4x".

Solution. First of all, let's find the limits of integration. In order to deter-

mine a and b we find the intersection points of the given curves by solving a
system of equations:
=3x"+4
4 ) or 3x*+4=4x%
y=4x
Thus,
X*—4=0

from which it is easy to obtain
X, =2 and X, =-2.

Hence the vertical lines X=a=-2 and X=b =2 (as holds for a <b).
Now let's make a drawing (Fig. 9).

Here y:3x2 +4 is the upper curve, y:4x2 is the lower curve on

[—2,2]. According to the formula of area in this case, we have

2
g = j ((3x2 + 4) — 4x2)dx = |use the symmetry of the integra|| =

-2
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2

=2 ((3x2 +4)—4x2)dx: 2i(4—x2)dx= 2-£4x—)§j

:2.(8_§]:2.E:2z10.66.
3 3

0

O =N

3

Thus, the area of the figure bounded by the curves ysz2 +4 and

y= 4x% is approximately 10.66 square units.

Below is an example illustrating the computation of area above the
curve located under the X —axis.

Example 24. Find the area of the figure bounded by the curves
y=4x—x?, y=0, x=4 and x=5.

Solution. Let's make a drawing (Fig. 10).

J'I & k-}.
A

| | x

| |

| |

| |«

-2 2
Fig. 9. The region bounded by two | Fig. 10. The region bounded by the
curves y=3x"+4 and y=4x° curves y=4x—x*, y=0, x=4,
xX=5

According to the formula of area for the region above the curve
y =4x—x’, located under y=0 (X —axis) on the given interval [4, 5], we

have:

b 5 ) X2 X3
S :—if(X)dx:—j(4x—x )dx:—[4-?—?]

4
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:_(2.25_2.16_%+%):Zz2.33.
3 3) 3

Thus, the area of the figure bounded by the curves y =4x—x*, y =0,

x=4 and x =5 is approximately 2.33 square units.

The next example illustrates the computation of the area of the figure
adjacent to the Y —axis.

Example 25. Calculate the area of the figure bounded by the curves
x=0and x=4-y*-3y.
Solution. It's clear that X=0 is the Y -axis. Speaking about

X = —y2 -3y +4 itis parabola. First of all, let's find y, andy, as the roots of
the equation:

—y? -3y +4=0,
y,=—4 and y, =1.

Now let's make a drawing (Fig. 11).
So, we deal with the figure adjacent to the Y —axis. Then

1

s = Jo(y)oy - }(4—3y—y2)dy=[4y—3-y72—y§}

- 4(1—(—4))—%(1—(—4)2)—%(1—(—4)3) - 4-5—%(—15)—%-65 -
= 12?5 ~ 20.83.

Thus, the area of the figure bounded by the curves X=0 and
X=4— y2 —3Y is approximately 20.83 square units.

Example 26. Calculate the area of the figure bounded by the curves
y:4x—x2, y=0and x=5.

Solution. Let's make a drawing (Fig. 12).

33



.
(-

1
0 L
S
4

Fig. 11. The region bounded by the | Fig. 12. The region bounded by the
curves X=0 and X:4—y2—3y curves y=4x—x°, y=0
and X=5

In this case the required area S is S =S, +S,.

1) Let's calculate the areaS,. The region under the curve Yy = f(X)
above a < X <D has the area

S, :T f (x)dx.

As f(X)=4x—x*, x=a=0 and X =b =4 according to the condition of our
example, the area is given by the definite integral

4 4

z(4x—x2)dx:4-x—22

X3

—2.16-2-22
3 3

0 0

2) Let's find the area S,. Due to the formula of area for the region

above a curve Y =4X— X2, located under the X —axis on [4, 5], we have:
5

S, =—i f(X)dx:—i(4x—x2)dx:—(4-x—;—)§J

4

:_(2.25_2.16_%+%j:1
3 3 3
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Tosumup, S=S5, +S, =%+%=13.

Thus, the area of the figure bounded by the curves y =4x—x*, y =0
and x =5 is 13 square units.

Application of the Definite Integral to Geometry Problems:
Calculation of the Volumes of Solids of Revolution

The volume of a solid of revolution obtained by rotation of a curvilinear
trapezoid, bounded by the curve y = f(X) and the lines x=a, X=Db and

y =0 round the Ox-axis, can be calculated by the formula:
b
V, =z[y*dx
a
by rotation round the Oy -axis:
b d )
V, =2zfxydx or V,=z[x"dy,
a c

where X = go(y).
The volume of a solid formed by rotation of a figure, bounded by the

lines y, = f,(x), ¥, = f,(x) (0< fy(x)< f,(x)), x=a, x=b, round the
Ox-axis :

V,=rx

X

QD ——— T

(92 k= 12 (0 1 ()

by rotation round the Oy -axis:

V, = 27Z'_TX( f,(x)— f,(x)) dx.

y
a
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&

a) b)
Fig. 13. The volume of a solid of revolution formed by rotation of
afigure, bounded by the curve y = f (x) and the lines x=a, x=b

and y =0 round the Ox-axis (a) and round the Oy-axis (b)

Example 27. Calculate the volume of a solid of revolution produced by

rotation of a figure, bounded by the parabola y = x? + 4, straight lines x =1,
x =4 round the Ox-axis.

Solution. Revolving the shaded area, shown in Fig. 14, 360° about
the Ox-axis produces a solid of revolution given by:

4

4 4 4 5 o.3
Vi =7| yzdx:ﬁj(x2 +4)de:7zj(x4 +8x? +16)jx:7z[%+8%+16xj
1 1 1

1

5 3 5 3
=7 4—+8—4+16-4 - 1—+8—l+16-1 =7 (204,6+5—12+64)—
5 3 5 3 3

— (0,2 + g +16ﬂ = 7[(204,6 + 5—24 + 48] = 420,67 (cubic units).

Example 28. Calculate the volume of a solid of revolution produced by

2

rotation of a figure, bounded by the curves y =x" and y2 =8x round the

Ox-axis and the Oy -axis.
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Solution. Let's find the limits of integration, i.e. solve the system of

y= 2 g2 = 8
f—
y>=8x |y?=8kx

equations:

We have

x* =8x, x*-8x=0 or x( 3—8)=O.

Hence, the points of intersection are x; =0, X, =2 (Fig. 15).

30

20

10

5
4

0

Fig. 14. The volume of a solid of
revolution produced by rotation of
a figure, bounded by the parabola

y =x+4, straight lines x =1,
x =4 round the Ox-axis

Fig. 15. The volume of a solid of
revolution produced by rotation of
a figure, bounded by the curves
y:x2 and y2 =8x round the Ox-
axis and the Oy-axis

When x, =0, then y1:02:0 and when X, =2, then y2:22:4.

The points of intersection of the curves y=x

(0; 0) and (2; 4). We have

2 and y2 =8x are therefore at




2
X

V, =7T'(2[(yg - ylz)dx = ﬂi(8x—(x2)2)dx= ﬂi(8x—x4)dx=ﬂ[8x—;—€5j

0

2

5
= x| 4-2° _Z -0 m 48 7z (cubic units).
5 5 5

= 71| 4x° —iJ
5
0

Vv, = ﬂz.x(yz -N )dx = ﬂix(@—xz)dx = ﬂi(\/gxz —x3)dx =

:7{ 8x_3_ﬁ]2=7{&(23_03)_}(24_04)}:ﬂ64\/§—48:
3 4 0 4

3 12
Example 29. Calculate the volume of a solid of revolution produced by
rotation of a figure, bounded by the straight lines y=x and y=2—x round

the Oy -axis.
Solution. The initial volume consists of two volumes, produced by rota-
tion of figures, bounded by the straight lines y=x and y=2-x round

= 7[16\/5——12 (cubic units).

the Oy -axis, correspondingly (Fig. 16).
Let's find the limits of integration, i.e. solve the system of equations:

y=x X=Yy
= =>Yy=2-y=2y=2=y=1;
y=2-X X=2-Y
X=0 Xx=0
= =2-y=0=>y=2;
y=2-X X=2-Y
{X:O
=y =0.
y =X
Thus, we get:
3L
v, v1+v2_zjxldy+7zjx2dy—7zjy2dy+7zjy 2)2dy = ny? +
1 0 0
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............................................

...........................................

4 { 2 X3
Fig. 16. The volume of a solid of revolution produced by rotation of a
figure, bounded by the straight lines y=x

and y=2—x round the Oy-axis

Applications of the Definite Integral
in Business and Economics

The mean value of a function on the interval [a, b]:

f(0)= g5 | f (¥

m'—.cr

Example 30. Let us assume that the value of the UAH expressed in the
US dollars from day 1 to day 30 of a certain month is represented by the func-

900
tion of time: f (t) =t +t—3. Find the mean value of the UAH in this month.

. 3 X

Solution. First of all, let’s find the definite integral:

X 900 1 , 900 =
I(x +X—jdx jx +900- x~ )dx (3x e j

1 2

x=30
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3 3
:£—4—50—1—+£O—9000—%—%+450z9449.

3 302 3 12

_[ ¥ _450
3 X )
According to the formula of the mean value of a function on the given interval
1, 30], we have:

30
f(c)= ﬁj‘(xz + ?%Ojdx ~ 2—19 9449 ~ 325.8.
1

Thus, the mean value of the UAH in this month is approximately 325.8.
Example 31. Let wus assume that the production costs
f (x)=10+20x + 0.03x°The volume of manufacture changes from 100 UAH

to 300 UAH per year. Find the mean value of the cost of production.
Solution. According to the formula of the mean value of a function on

the given interval [100, 300], we have:

300

1 300 , 1 NG x>
() = 555155 | (10+20x+0,03x )dx:ﬁ- 10x+20-=-+0,03-
x=100:|:
1

100
=200 (3000 +900000+270000—-1000-100000-10 OOO) =

100

10X +10%2 + 0, 01x3)

x=300 (

_ 1 [(mx +10% +0,01x°)
200

= ﬁ : (1173000 —120000) =5865—-600 =5265.

Thus, the mean value of the cost of production is 5 265 UAH.
Example 32. The value of productivity of equipment at certain factory
from the day of start (the first day) to the next day (the second day) is repre-

sented by the function of time f (t) = 2'. Find the average value of productivi-

ty of this equipment.
Solution. a) In order to find the average value of productivity of equip-

ment we will calculate the average value of the given function f(t) = 2" on
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the interval [O, 2]. Due to the formula of the mean value of a function on the
interval:

x |2 2 1
2 2 2 2 2

— — — ~ ~ 2.88539.
In2l In2 In2 1In2 0.6931472

1 2
f(c)zﬂjzxdx=
1

Thus, the mean value of the cost of productivity of the given equipment
Is approximately 2.88539.

The income concentration index — the Gini coefficient:

G= Zj(x— L(x))dx,

0

where L(X) is the Lorenz curve defined as follows. Let's assume that the
vector of incomes X:(><1,..., Xn) Is arranged in a non-decreasing order:
X <X, <...<X,. The empirical Lorenz function is generated by points,
whose first coordinates are numbers i/n, where i=0,1,...,n; n is a fixed
number, and second coordinates are determined as follows: L(0)=0 and

I S , ,
L(—j =-L, where s, =X +X,+...+X. The Lorenz curve is defined at all
n S

n

points p €(0,1) through linear interpolation. One can show that L'(x) >0
and L"(x)>0, L(0)=0 and L(2) =1.

Remark. When the value of the Gini coefficient is close to 0, the under-
lying distribution is almost uniform, whereas the value close to 1 indicates a
maximal inequality, i.e., a total wealth of a population is concentrated in the
hands of one man.

Example 33. The Lorenz curve of the income distribution within a cer-
tain group is given by the formula: L(X)=0.8x* +0.28X. Determine the de-

gree of equality of the income distribution.
Solution. Let's find the Gini coefficient
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G= 2j(x —(0.8x* +0.28x) ) dx =2j(—o.8x2 +0.72x)dx =
0 0

1 1

= 2(—i° X+0.36- ij
15

2+1 1+1
=2 -08- 2 _+072.2
2+1 1+1 .

0

= 2(—i-x+0.36- xzj
15

- 2(—i -Xx+0.36- ij = 2(—i + 0.36) ~0.2.
x=1 15 x=0 15

As the Gini coefficient is relatively small, we conclude that the given in-
come distribution is fairly uniform.
Example 34. The Lorenz functions L, and L, of an income in the popu-

lation of civil servants and teachers of a certain country are given by the for-
mulas: L (X)=x* and L,(x)=0.3x*+0.7x respectively. In which group of

employees is income distributed more uniformly?
Solution. Let's find the Gini coefficients G, and G, by the formula

x L(x)

O'—-.I—‘

where L, (x) are given.
Thus,

=0.3(3)

CDII—‘

and
G, = 2j(x —(0.3x% +0.7x) ) dx = 2}(—0.3x2 +0.3x)dx = 0.1, accordingly.
0 0

Obviously, that 0.1<0.3(3), hence we conclude that income is more
uniformly distributed in the group of teachers.
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The net change

In many practical applications, we are given the rate of change Q'(x) of
a quantity Q(x) and required to compute the net change NC =Q(b) —Q(a)
in Q(X) as x varies from X =a to X =Dh. But since Q(X) is an antiderivative
of Q'(x), the fundamental theorem of calculus tells us that the net change is
given by the definite integral

NC =Q(b) -Q(a) = [ Q'(x)d.

Here is an example illustrating the computation of the net change by definite
integration.
Example 35. A firm's monthly marginal cost of a product is MC(x) UAH

per unit when the level of production is X units. Find the total manufacturing
cost function TC(X) of the given month if:

a) MC(x) =x+30 and the level of production is raised from 4 units to
6 units;
b) MC(x) =3(x—5)2 and the level of production is raised from 6 units

to 10 units.
Solution. It is well-known that the total cost function is the antiderivative
of the marginal cost function:

TC(x) = _[MC(x) dx .
According to the condition of this task the level of production is raised from

a units to b units. It means that the total cost function is given by the definite
integral

TC(b)-TC(a) = ‘? MC (x) dx.

a) As X from MC(x)=x+30 varies from Xx=a=4 to Xx=b=6, we
obtain
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6

TC(6)-TC(4) :fMC(x)dx:f(x+3o)dx:£"_22+30xj

4

6° 4°
=?+30-6—[?+30-4]=18+180—8—120=70.

Thus, the total cost function in the given month is 70 UAH.
b) For MC(x):S(x—S)Z, according to the condition, X varies from
X=a=6 to Xx=b =10, we obtain

10

TC(10)-TC(6) =1j0|v|c:(x) dx =1j03(x—5)2dx =(x-5)’

6
=(10-5)’ —(6-5)’ =125-1=124.

Thus, the total cost function in the given month is 124 UAH.

The net excess profit

Suppose that t years from now, two investment plans will be generating
profit P,(t) and P,(t), respectively. Assume also that the respective rates of

profitability Pl' (t) and PZ' (t) satisfy an inequality PZ' (t) > Pl' (t) for the first N
years (O<t<N). Then

E(t)=PR,(1) - R(t)

represents the excess profit of plan 2 over plan 1 at the time t and the net
excess profit

NE = E(N) - E(0)

over the time period 0 <t < N is given by the definite integral:
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N

NE = E(N)—E(0) = T E'(t)dt = I[Pz'(t) _ Pl'(t)Jdt.

0

Remark. Note here, that the net excess profit NE which referred to
above can be interpreted geometrically as the area between the curves

y=P/(t) and y =P, (t) (Fig. 17).

y( UAH per ycar)
A

y= ,..\'(f)

Nct excess

' - » "
profit v = P{(1)

— [ (Vears)

Fig. 17. The net excess profit as the area between two curves

Example 36. Suppose that t years from now, one investment will be

generating profit at the rate of Pl' (t) =5+t? UAH per year, while a second

investment will be generating profit at the rate of PZ' (t) =10t +80 UAH per

year.

a) For how many years does the rate of profitability of the second in-
vestment exceed that of the first?

b) Compute the net excess profit, in UAH, assuming that you invest in
the second plan for the time period determined in part a).

c) Interpret the net excess profit as an area: sketch the rate of profitabil-

ity curves y =P, (t) and y=P, (t) and shade the region whose area repre-

sents the net excess profit computed in part b).
Solution. a) The rate of profitability of the second investment exceeds
that of the first until
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P't)=P,/(t) or 5+t*=10t+80.
Thus, we have a quadratic equation
t* —10t—-75=0
from which it is easy to obtain
(t-15)(t+5) =0,

hence
t =15and t, =-5.

Clearly, t <0 cannot be the answer. So, we reject t, =-5<0 and ac-

cept the root of the quadric equation t =15.
Conclusion: the rate of profitability of the second investment will exceed
that of the first after 15 years.

b) The net excess profit for the time period 0 <t <15 is given by the
definite integral

NE =T[P2’ )P (t)}dt =lf[(8o +10t) - (5+17) ]dt = 1f(75 +10t —t?)dt =

0 0

15

1

:(75t+%-t2 —%-t?’j =75-15+5-15° —§-153 =1125+1125-1125=1125.

0

Thus, the net excess profit is 1125 UAH.
c) The rate of the profit curves for the two investments is shown in

Fig. 18. The net excess profit is the area of the (shaded) region between the
curves.
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Fig. 18. The net excess profit for Example 34

The net earnings from industrial equipment

The net earnings generated by an industrial machine over a period of
time is the difference between the total revenue generated by the machine
and the total cost of operating and servicing the machine.

The following example shows how net earnings can be computed by
definite integration.

Example 37. Suppose that when it is t years old, a particular industrial

machine generates revenue at the rate R’(t) =500—2t> UAH per year and
that operating and servicing costs related to the machine accumulate at the
rate C'(t) =200 +t* UAH per year.

a) How many years will have pass before the profitability of the machine
begins to decline?

b) Compute the net earnings generated by the machine over the time
period determined in part a).

c) Interpret the net earnings as an area.

Solution. a) Let's remember the relationship between the revenue and
the cost functions:

R(®) =P(1)+C(1),

where R(t) is the revenue function, P(t) is the profit function and C(t) is the
cost function. According to the condition of this task we have some infor-
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mation about the revenue and cost, but are asked about profit associated with
the machine after t years of operation, so we will need to use the relationship

P(t) =R(t) - C(t).
Consequently, the rate of profitability is
P’(t) = R'(t) - C'(t) = (500 — 2t*) — (200 +t*) = 300 — 3t*.

The profitability begins to decline when P’(t) =0.
Thus, we have a quadric equation

300-3t* =0,
from which it is easy to obtain

t* =100,
hence
t =10 and t, =-10.

Clearlly, t <0 cannot be the answer. So, we reject t, =—10 and accept

the root t =10.
Conclusion: 10 years will have passed before the profitability of the ma-
chine begins to decline.
b) The net earnings NE over the time period 0 <t <10 is given by the
difference
NE = P(10) — P(0),

which can be computed by the definite integral:

10 10
NE = P(10) - P(0) = [ P'(t)dt = [ (300-3t*)dt = (300t ~t*)| " = 2000.
0

0

So, the net earnings generated by the machine over the time period
0<t<10 are 2 000 UAH.
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c) The rate of revenue and the rate of cost curves are sketched in
Fig. 19. The net earnings are the area of the (shaded) region between the
curves.

vi{ UAH per vear)
&

y=O@H=200 + ¢

500

y=RHN=500 -2 2
200

I =1 Vears)
)]

Fig. 19. The net earnings from an industrial machine

The consumers' demand curve and willingness to spend

One of the most fundamental economic models is the law of supply and
demand for a certain product (bread, milk, fruit, coffee, chocolate etc.) or ser-
vice (transportation, education, health care etc.) in a free-market environ-
ment. In this model the quantity of a certain item produced and sold is de-
scribed by two curves called the demand and supply curves of the item.

Note here, that the consumers' demand function p = D(() can also be
thought of as the rate of change with respect to g of the total amount A(Q)

dA
that consumers are willing to spend on ¢ units; that is, — = D((). Integrat-

ing, you find that the total amount that consumers are willing to pay for ¢,
units of the commaodity is given by

AG)~A©) = | 3—’;dq ~ [ D(@)da

0

Remark 1. In this context, economists call A(() the total willingness to
spend and D(q) = A'(g) the marginal willingness to spend.
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Remark 2. In geometric terms, the total willingness to spend on ¢, units

is the area under the demand curve p=D(q) between q=0 and q=q,
(Fig. 20).

i UAH per unit)
&

p=INg)
Total
Ao
CONSUMmMens
are willing
to spemcd

= ¢ {Unils)

0 T

Fig. 20. The amount consumers are willing to spend is the area under
the demand curve

Example 39. Suppose that the consumers' demand function for a cer-
tain commodity is D(q) = 25—Q° UAH per unit.

a) Find the total amount of money consumers are willing to spend to get
3 units of the commaodity.

b) Sketch the demand curve and interpret the answer to part a) as an
area.

Solution. a) Since the demand function D(q) =25—0°, measured in
UAH per unit, is the rate of change with respect to q of consumers' willing-

ness to spend, the total amount that consumers are willing to spend to get 3
units of the commaodity is given by the definite integral

3

iD(q)dq =i(25—q2)dq =(25q —%-qﬂ =75-9=66.
0 0

0

So, the total amount of money consumers is willing to spend to get 3
units of the commodity is 66 UAH.
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b) The consumers' demand curve is sketched in Fig. 21. In geometric
terms, the total amount, 66 UAH, that consumers are willing to spend to get
3 units of the commodity is the area under the demand curve from =0 to

q=3.

P UAH per unit)

f 1

25
\ = f_}['rlﬂ _ 25 _ ql

— : » ’ — - = g (LUNiEs)

Fig. 21. Consumers' willingness to spend on 3 units
when demand is given by D(q) =25-0°

Consumers' Surplus

Clearly, that in a competitive economy, the total amount that consumers
actually spend on a commodity is usually less than the total amount they
would have been willing to spend. The difference between the two amounts
can be thought of as savings realized by consumers and is known in econom-
ics as the consumers' surplus. That is,

{Consumers }

total amount consumers actual consumers’
surplus

would bewilling to spend expenditure

Market conditions determine the price per unit at which a commodity is
sold. Once the price, say p,, is known, the demand equation p=D(q) de-

termines the number of units g, that consumers will buy. The actual consum-
er expenditure on (], units of the commodity at the price of p,UAH per unit is
P,d, UAH. The consumers' surplus is calculated by subtracting this amount

from the total amount consumers would have been willing to spend to get q,
units of the commodity.
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Fig. 22. Geometric interpretation of consumers' surplus

Consumers' surplus has a simple geometric interpretation, which is il-
lustrated in Fig. 22, a, b, c. The symbols p, and q, denote the market price

and corresponding demand, respectively. Fig. 22, a shows the region under
the demand curve from =0 to q=q,. Its area, as we have seen, repre-
sents the total amount that consumers are willing to spend to get g, units of
the commaodity.

The rectangle in Fig. 22, b has an area of p,g, and hence represents
the actual consumer expenditure on (, units at p, UAH per unit. The differ-

ence between these two areas (Fig. 22, ¢) represents the consumers' sur-
plus. That is, consumers' surplus CS is the area of the region between the

demand curve p=D(Q) and the horizontal line p = p,. Hence, if g, units of
a commodity are sold at a price of p, per unit and if p=D(q)is the consum-
ers' demand function for the commodity, then

o

CS = [[D(a) - p,]da = qf D(q)dq —qjo Podq = qf D(9)dg — pyQe.

0

Thus,
q

CS = [ D(q)dq — Py

0
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Producers' Surplus

Producers' surplus is the other side of the coin of consumers' surplus. In
particular, the supply function p=S(q) gives the price per unit that produc-

ers are willing to accept in order to supply g, units to the marketplace. How-
ever, any producer who is willing to accept less than p, =S(q,) dollars for
g, units gains from the fact that the price is p,. Then producers' surplus is

the difference between what producers would be willing to accept for supply-
ing (, units and the price they actually receive. Assume that g, units of a

commodity are sold at a price of p, UAH per unit and p =S(q) is the pro-
ducers' supply function for the commodity, then

q

PS = pyq, - IS(Q)dq-

0

Consumers' surplus has a simple geometric interpretation, which is il-
lustrated in Fig. 23.

Pl UAH per umt)
A

p=5g)

I:I“ - ’
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]
s rpl s

-
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Fig. 23. Geometric interpretation of producers' surplus

Example 40. A tire manufacturer estimates that ( (thousand) radial
tires will be purchased (demanded) by wholesalers when the price is

p=D(q) =—g° +116 UAH per tire
and the same number of tires will be supplied when the price is
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p=5S(q) = 20+§-q UAH per tire.

a) Find the equilibrium price (where supply equals demand) and the
guantity supplied and demanded at that price.

b) Determine the consumers' surplus at the equilibrium price.
c) Determine the producers' surplus at the equilibrium price.

Solution. a) First of all we will find the equilibrium price. Supply equals
demand when

—q° +116=20+§-q

or
39° +5q—288=0.
Let's find roots of the quadric equation obtained above: g, =9 and
2
g, = 3 Underline here, that g, <0 cannot be the answer. Hence we re-

32
ject g, = Y and accept the root g, =9.

So, under g, =9 we have p, =D(9)=116-9°=116—-81=35. Thus,
equilibrium occurs at a price of 35 UAH per tire.
b) Using p, =35 and g, =9, we find that the consumers' surplus is

9

Go 9 3
CS = j D(q)dq — p,0, =j(—q2 +116)dq—35-9:(—q§+116q] ~315=
0

0

0

3
= —%+116-9—315 = —7—29 +1044 — 315 =243+ 729 = 486.

So, the consumers' surplus at the equilibrium price (p,=35) is
486 UAH.
c) According to the producers' surplus formula we have
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9

do 9
PS = poqo—J.S(Q)dq=35-9—I(20+g-qjdq=315—(20-q+%q2j
0 0

0

=315—20-9—§-92 =315—180—% =315-180-67.5=67.5.

Thus, the producers' surplus at the equilibrium price p, =35 is 67.5 UAH.

Volume of production

Let the function z = f(t) describe the changing of the productivity of an
enterprise under the time t. Then the volume of production V produced by
the time [ t;,t, ] is defined by the formula

Example 41. Find the volume of production V produced by an employ-
ee over the second working hour if the productivity is defined by the function:

2
f(t)= kq).
() 3t+4+3(g)

Solution. Obviously the second working hour is the time from the first
to the second hour. So, due to the formula of the volume of production V

produced by the time [1, 2], we have:

2
:gln9+3z3.24.
3 7

2 2 2
V:j( +3jdt:(—ln|3t+4|+3t)
1\ 3t+4 3

Thus, the volume of production is 3.24 kg.

1
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Individual tasks

Variant 1
Find the definite integrals:
8 3/5
1.j 4x — L dx 2. I LZ
1 3/ x? J3/5 9+ 25X
e?+1 _ -2
3. IlHn(X 1)dx 4. j(2x+5)sin2—ﬂxdx
e+l X_l -3 3
0 /2
5. J'(x2+5x+6)0032xdx 6. _ ax ~
b sarcig2) (1+SiN X —COS X))
/3 2 T
7. I 9 X 8. IzgsinBde
4 +3c0s2x 72
. j x2dx 0 jf dx
oa—x2 1X2—2x+10

11. Calculate the area of the plane figure bounded by the lines:
3 2
y=(x-2)", y=(x-2)

12. Find the solid of revolution, formed by rotation round the axis Oy the cur-

2
X+ 2
vilinear trapezoid, bounded by lines: y = % y=2
3-6'+2-3
13. The cost of a product changes at the rate of f(t) = 3 . Find the

average cost of this product if it is known that the level of production is raised
from a=3 unitsto b =5 units

14. The Lorenz curve of the income distribution within a certain group is given
by the following formula L(X)=0.62x*+0.38x. Determine the degree of
equality of the income distribution

15. A firm's monthly marginal cost for a product is MC(x) UAH per unit when
the level of production is X units. Find the total manufacturing cost function
TC(x) for the month if the level of production is raised from a=0 units to
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b =27 units for given MC(X) = 277(1—cosx)*

16. Suppose that t years from now, one investment will be generating profit

at the rate of Pl' (t) =t+5 UAH per year, while a second investment will be

generating profit at the rate of P, (t)=t*+5t UAH per year. a) For how

many years does the rate of profitability of the second investment exceed that
of the first? b) Compute the net excess profit, in UAH, assuming that you in-
vest in the second plan for the time period determined in part a). c) Interpret
the net excess profit as an area: sketch the rate of the profitability curves

y = Pl' (t) and y= PZ' (t) and shade the region whose area represents the
net excess profit computed in part b)

17. A tire manufacturer estimates that q (thousand) radial tires will be pur-
20

chased (demanded) by wholesalers when the price is D(Q) =—1 UAH per
q-+

tire, and the same number of tires will be supplied when the price is
S(q) =g+ 2 UAH per tire. a) Find the equilibrium price (where supply equals
demand) and the quantity supplied and demanded at that price. b) Determine
the consumers' surplus at the equilibrium price. c) Determine the producers'
surplus at the equilibrium price

Variant 2
Find the definite integrals:
1 z/2
1. j(6x2—2x—5)dx 2. [ cos3xcos5xdx
_ /2
1 2 X
3 I (X +1) 4. j(3x+1)cos%dx
0 x +3x+1) -2
X 2arctg(1/2) dX
5. Ixze 2 dx 6. : :
sarsigyz) SIN X (1—SiNx)
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arccos(l/ J26 ) 42

7. 120x 8. I24sin6 X cos’ X dx
arccos(]/\/1_o)(6+5tg X)Sin 2X 0
2 x2dx 1 dx

10

9. )
1[\/9-X2 g\/3x2+6x+1

11. Calculate the area of the plane figure bounded by the lines:

y=(x—=2p°, y=+4-x, y=0

12. Find the solid of revolution, formed by rotation round the axis Ox of the
curvilinear trapezoid, bounded by the lines:
y=arcsin X, y=arccosx, y=0

t+t’e' +t°
13. The cost of a product changes at the rate of f (t) = Wt 3 . Find

the average cost of this product if it is known that the level of production is
raised from a =1 units to b =2 units

14. The Lorenz curve of the distribution within a certain group is given by the
following formula L(X) =0.17x* +0.83x . Determine the degree of equality of
the income distribution

15. A firm's monthly marginal cost for a product is MC(x) UAH per unit when

the level of production is X units. Find the total manufacturing cost function
TC(X) for the month if the level of production is raised from a =0 units to

b :% units for given MC(X) = Esin2 X COS* X
V4

16. Suppose that t years from now, one investment will be generating profit

at the rate of B’ (t)=-t UAH per year, while a second investment will be

generating profit at the rate of P, (t)=t*>—6 UAH per year. a) For how many

years does the rate of profitability of the second investment exceed that of the
first? b) Compute the net excess profit, in UAH, assuming that you invest in
the second plan for the time period determined in part a). c) Interpret the net

excess profit as an area: sketch the rate of the profitability curves y = P1' (t)

and y= PZ' (t) and shade the region whose area represents the net excess
profit computed in part b)
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17. A tire manufacturer estimates that g (thousand) radial tires will be pur-
chased (demanded) by wholesalers when the price is D(q) =7 -0 UAH per
tire, and the same number of tires will be supplied when the price is
S(q) =-5+2q UAH per tire. a) Find the equilibrium price (where supply

equals demand) and the quantity supplied and demanded at that price. b) De-
termine the consumers' surplus at the equilibrium price. c) Determine the
producers' surplus at the equilibrium price

Variant 3
Find the definite integrals:
6+/3 7/2
1 dx 2. [ sin2xsin7xdx
= X°+36 /2
1 0
4arctg X — X .
3. f J ——dx 4. [(3x+2)sin ™ dx
, 1+X ) 8
Ve 2arctg3 dX
5.[(9x24-9x-+11)0033xdx 6.
) Zarctgzcosx(l——cosx)
arcsin \[2/3 27
7 8tg xdx _ 8. Isin“xcos“x dx
o4 3cos” x+8sin2x—7 >
o “J@ x*dx 10 L dx
0 (4—x2)3/2 0V3—x—2x?

11. Calculate the area of the plane figure bounded by the lines:

y:4—x2, y:x2—2

12. Find the solid of revolution, formed by rotation round the axis Oy of the

curvilinear trapezoid, bounded by the lines: y = X2, y= 3/x

13. The cost of a product changes at the rate of f (t) = e’ -t. Find the aver-

age cost of this product if it is known that the level of production is raised from
a=2 units to b =4 units

14. The Lorenz curve of the income distribution within a certain group is given
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by the following formula L(X)=0.58x+0.42X. Determine the degree of
equality of the income distribution

15. A firm's monthly marginal cost for a product is MC(x) UAH per unit when

the level of production is X units. Find the total manufacturing cost function
TC(x) for the month if the level of production is raised from a =0 units to

b= % units for given MC(X) = 30/3cos xsin? x

16. Suppose that t years from now, one investment will be generating profit

at the rate of B, (t)=—t+12 UAH per year, while a second investment will

be generating profit at the rate of P, (t) =t UAH per year. a) For how many

years does the rate of profitability of the second investment exceed that of the
first? b) Compute the net excess profit, in UAH, assuming that you invest in
the second plan for the time period determined in part a). c) Interpret the net

excess profit as an area: sketch the rate of the profitability curves y = Pl' (t)

and y= PZ' (t) and shade the region whose area represents the net excess
profit computed in part b).

17. A tire manufacturer estimates that q (thousand) radial tires will be pur-

chased (demanded) by wholesalers when the price is D(q) =80—-7q UAH
per tire, and the same number of tires will be supplied when the price is
S(q) =39—30 UAH per tire. a) Find the equilibrium price (where supply
equals demand) and the quantity supplied and demanded at that price. b) De-

termine the consumers' surplus at the equilibrium price. c) Determine the
producers' surplus at the equilibrium price.

Variant 4
Find the definite integrals:
2 7/6
1 ef 2\/;+5_7de 2. [ sin6xdx
X 0
1
0,5 Ax 3
3 [ K 4. j(9x+11)cos@dx
_0’51+9x 0 3
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0

’T COS X —Sin X

5. j(x2+2x+1)sin3xdx . —dx
] o (1+sinx)
/4 2_t X 2z
7. _ J —dx 8. Isinz(x/4)cosﬁ(x/4) dx
acsin2/<6) (sinx+3cosx) 5

2
10. I dx

0.
!4+x \/4+x2 0—4x% +8X+5

11. Calculate the area of the plane figure bounded by the lines:

y=v4-x?, y=0, x=0, x=1

12. Find the solid of revolution, formed by rotation round the axis Ox of the
curvilinear trapezoid, bounded by the lines:

y=(x-1)% x=0, x=2, y=0

&
13. The cost of a product changes at the rate of f (t) = —= . Find the average

Jt

cost of this product if it is known that the level of production is raised from
a=4 units to b =9 units

14. The Lorenz curve of the income distribution within a certain group is given
by the following formula L(X)=0.83x* +0.17X. Determine the degree of
equality of the income distribution

15. A firm's monthly marginal cost for a product is MC(x) UAH per unit when
the level of production is X units. Find the total manufacturing cost function

TC(x) for the month if the level of production is raised from a=0 units to

3
b = 7 units for given MC(x) = ZETX -Sin X

16. Suppose that t years from now, one investment will be generating profit

at the rate of B (t)=-t+24 UAH per year, while a second investment will

be generating profit at the rate of P, (t)=t>+t UAH per year. a) For how

many years does the rate of profitability of the second investment exceed that
of the first? b) Compute the net excess profit, in UAH, assuming that you in-
vest in the second plan for the time period determined in part a). c) Interpret
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the net excess profit as an area: sketch the rate of the profitability curves

y=P/(t) and y=P,(t) and shade the region whose area represents the
net excess profit computed in part b)

17. A tire manufacturer estimates that q (thousand) radial tires will be pur-
chased (demanded) by wholesalers when the price is D(q) =100-1,5q
UAH per tire, and the same number of tires will be supplied when the price is
S(q) =20+0,59 UAH per tire. a) Find the equilibrium price (where supply

equals demand) and the quantity supplied and demanded at that price. b) De-
termine the consumers' surplus at the equilibrium price. c) Determine the
producers' surplus at the equilibrium price

Variant 5
Find the definite integrals:
/4 0 dx
1. j(tgzx—e_x)dx 2. | >
0 —2VX°+1
2 -2
¢ X+ COSX :
3. | 5———dx 4. j(x—5)5|n3—7zxdx
= X" +2sInX 4 8
27.z 2arctg2
5. (3—7x2)0032xdx 6. — ax
’ 2, Sin“x(1-cosx)
/4 . z
7. jwdx 8. .[24cosg(x/2) dx
5 2+3tg X 5
4 2 1 dx
9. | 4 i 10. [—,
;X 04X°+12x+9

11. Calculate the area of the plane figure bounded by the lines:

y=(x+17, y?=x+1

12. Find the solid of revolution, formed by rotation round the axis Oy of the

curvilinear trapezoid, bounded by the lines: y = X3, y = X

13. The cost of a product changes at the rate of f (t) =t-€>. Find the aver-
age cost of this product if it is known that the level of production is raised from
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a =1 units to b =2 units

14. The Lorenz curve of the income distribution within a certain group is given
by the following formula L(x)=0.97x*+0.03x. Determine the degree of
equality of the income distribution

15. A firm's monthly marginal cost for a product is MC(x) UAH per unit when

the level of production is X units. Find the total manufacturing cost function

TC(x) for the month if the level of production is raised from a =0 units to
36x°

b = 2 units for given MC(X) = ———
) () 1+ x%)?

16. Suppose that t years from now, one investment will be generating profit

at the rate of B (t)=t UAH per year, while a second investment will be gen-

erating profit at the rate of P, (t)=t*>—30 UAH per year. a) For how many

years does the rate of profitability of the second investment exceed that of the
first? b) Compute the net excess profit, in UAH, assuming that you invest in
the second plan for the time period determined in part a). c) Interpret the net

excess profit as an area: sketch the rate of the profitability curves y = Pl' (t)

and y= PZ' (t) and shade the region whose area represents the net excess
profit computed in part b)

17. A tire manufacturer estimates that  (thousand) radial tires will be pur-

chased (demanded) by wholesalers when the price is D(q) =2220—3q UAH
per tire, and the same number of tires will be supplied when the price is
S(q) =39—-300 UAH per tire. a) Find the equilibrium price (where supply
equals demand) and the quantity supplied and demanded at that price. b) De-

termine the consumers' surplus at the equilibrium price. c) Determine the
producers' surplus at the equilibrium price

Variant 6
Find the definite integrals:
—1/24 3 4
+2 dx
1. [ 2 5 dx 2. | 5
—4 X 325—x
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=
N

3

3. .|.8X_arCthde 4. j(7x+12)cosz—ﬂxdx
o 1+4X 3 3
2 "2 cos X dx
5. J.(3x—x2)sin2xdx 6. j—
T 5 2+C0SX
4
arccos(1/+/26 0
- 3‘ ) dx 8. j 2% sin® x dx
Js (6-tgx)sin2x /2
1 1
9, j\/4—x2dx 10. [— dx
0 o X7 —=8x+25

11. Calculate the area of the plane figure bounded by the lines:

y=2X—X*+3, y=x*—4x+3

12. Find the solid of revolution, formed by rotation round the axis Ox of the

curvilinear trapezoid, bounded by the lines: y = X° —2X+1, X=2, y=0

13. The cost of a product changes at the rate of f (t) = (t3 +3t° —7)e‘3t. Find

the average cost of this product if it is known that the level of production is
raised from a =0 units to b =1 units

14. The Lorenz curve of the income distribution within a certain group is given
by the following formula L(x)=0.03x* +0.97x. Determine the degree of
equality of the income distribution

15. A firm's monthly marginal cost for a product is MC(x) UAH per unit when

the level of production is X units. Find the total manufacturing cost function
TC(x) for the month if the level of production is raised from a =0 units to

b =% units for given MC(X) =14cos2x+4rx

16. Suppose that t years from now, one investment will be generating profit

at the rate of B’ (t) =3t +18 UAH per year, while a second investment will be

generating profit at the rate of P, (t)=t* UAH per year. a) For how many

years does the rate of profitability of the second investment exceed that of the
first? b) Compute the net excess profit, in UAH, assuming that you invest in
the second plan for the time period determined in part a). c) Interpret the net
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excess profit as an area: sketch the rate of the profitability curves y = Pl' (t)

and y= PZI (t) and shade the region whose area represents the net excess
profit computed in part b)

17. A tire manufacturer estimates that q (thousand) radial tires will be pur-

chased (demanded) by wholesalers when the price is D(q) =80-30q UAH
per tire, and the same number of tires will be supplied when the price is
S(q) =309 —10 UAH per tire. a) Find the equilibrium price (where supply
equals demand) and the quantity supplied and demanded at that price. b) De-

termine the consumers' surplus at the equilibrium price. c) Determine the
producers' surplus at the equilibrium price

Variant 7
Find the definite integrals:
1? dx 5 f dx
1 V3+X 2\@/3\/16—3X2
/4 . 0
2C0S X + 3sIn X :
3. J _ —dX 4. [(8x+1)sin 37X gy
> (2sinx—3cosx) e 4
2 2arctg2
dx
5. | (1—8x*)cos4xdx 6.
l( ) 7;/[2 sin® x(1+cosx)
arcsin3\/1_0 T
7. 219 X__5 dx 8. I 2*sin® xcos® x dx
. (4cosx—sinx)? 2
o ji ’XZ_ng 10 }' (X—Z)dX
X 0 2X° +5Xx+6

11. Calculate the area of the plane figure bounded by the lines:

y2=x+3, X+2y=5

12. Find the solid of revolution, formed by rotation round the axis Oy of the

1
curvilinear trapezoid, bounded by the lines: X = > y2, 2X+2y—-3=0
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13. The cost of a product changes at the rate of f (t) =t-2'. Find the average

cost of this product if it is known that the level of production is raised from
a=1 units to b =4 units

14. The Lorenz curve of the income distribution within a certain group is given
by the following formula L(X)=0.69x*+0.31X. Determine the degree of
equality of the income distribution

15. A firm's monthly marginal cost for a product is MC(x) UAH per unit when
the level of production is X units. Find the total manufacturing cost function
TC(x) for the month if the level of production is raised from a =2 units to

b = 3 units for given MC(X) = (2x* +3x—2)""

16. Suppose that t years from now, one investment will be generating profit

at the rate of B (t)=2t+8 UAH per year, while a second investment will be

generating profit at the rate of P, (t)=t*—t—20 UAH per year. a) For how

many years does the rate of profitability of the second investment exceed that
of the first? b) Compute the net excess profit, in UAH, assuming that you in-
vest in the second plan for the time period determined in part a). c) Interpret
the net excess profit as an area: sketch the rate of the profitability curves

y=P'(t) and y=P,(t) and shade the region whose area represents the
net excess profit computed in part b)

17. A tire manufacturer estimates that q (thousand) radial tires will be pur-
chased (demanded) by wholesalers when the price is D(q) =—-2q+100 UAH
per tire, and the same number of tires will be supplied when the price is
S(q)=9—60 UAH per tire. a) Find the equilibrium price (where supply

equals demand) and the quantity supplied and demanded at that price. b) De-
termine the consumers' surplus at the equilibrium price. ¢) Determine the
producers' surplus at the equilibrium price

Variant 8
Find the definite integrals:
7/6 4
1. [ ctg2xdx 2. jlz
x/12 1@+ 2x)
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. j]/(Z\/_)Jrl 4

O =N

(2x+1)cos?dx

| 1 (\/_+X)
7/2

(x* —3x)sin2xdx 6. j ;
2arctg(1/2) (1_ Cos X)

COS XoodX

o
O Ly O

0 V4
7. mdx 8. J.Z“sin“xcos“x dx
—arccos(]/ 5 ) tg X+ 3 0
9 j x*dx 10 j. (—4X —|—3) dx
K (8—x2f 0\4x2 +8x+9

11. Calculate the area of the plane figure bounded by the lines:
x=(y-2)°, x=4y-8

12. Find the solid of revolution, formed by rotation round the axis Ox of the
curvilinear trapezoid, bounded by the lines:

y2=x—2, y =0, y=x3, y=1

13. The cost of a product changes at the rate of f (t) = e, Find the average

cost of this product if it is known that the level of production is raised from
a=4 units to b =16 units

14. The Lorenz curve of the income distribution within a certain group is given
by the following formula L(X)=0.31x* +0.69x. Determine the degree of
equality of the income distribution

15. A firm's monthly marginal cost for a product is MC(x) UAH per unit when
the level of production is X units. Find the total manufacturing cost function
TC(X) for the month if the level of production is raised from a =3 units to

X

IX+1

b =8 units for given MC(X) =

16. Suppose that t years from now, one investment will be generating profit

at the rate of B'(t)=>5t UAH per year, while a second investment will be

generating profit at the rate of B, (t)=t*>—t—16 UAH per year. a) For how

many years does the rate of profitability of the second investment exceed that
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of the first? b) Compute the net excess profit, in UAH, assuming that you in-
vest in the second plan for the time period determined in part a). ) Interpret
the net excess profit as an area: sketch the rate of the profitability curves
y=P'(t) and y=P,(t) and shade the region whose area represents the
net excess profit computed in part b)

17. A tire manufacturer estimates that g (thousand) radial tires will be pur-
chased (demanded) by wholesalers when the price is D(q) =30—-q UAH per

tire, and the same number of tires will be supplied when the price is
S(q) =15+2q UAH per tire. a) Find the equilibrium price (where supply
equals demand) and the quantity supplied and demanded at that price. b) De-
termine the consumers' surplus at the equilibrium price. c) Determine the
producers' surplus at the equilibrium price

Variant 9

Find the definite integrals:

/4 J3
1. jsinz(z—xjdx 5 4I3L
0 4 4 \64—x°

In3 eXdX

3
) o 4. [(15x—2)sin —dx
L {
% /2
5. [(8x" +16x+17)cos4xdx 6. IM
0 , 9+4c0sx
arcsin \[7/8 . or
7. j 6sin”x X 8. Ismzxcosexdx
4 +3c0s2X ’

0

10 } (7—x)dx

2
-'([ ’16 X) .0‘\/3+2X—X2

11. Calculate the area of the plane figure bounded by the lines:

x=4-y?, x=y?-2y

12. Find the solid of revolution, formed by rotation round the axis Oy of the

curvilinear trapezoid, bounded by the lines: y = (x —1)2, y=1
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1
13. The cost of a product changes at the rate of f (t) = —————. Find the
t°+4t+5

average cost of this product if it is known that the level of production is raised
from a =9 units to b =12 units

14. The Lorenz curve of the income distribution within a certain group is given
by the following formula L(X)=0.74x"+0.26X. Determine the degree of
equality of the income distribution

15. A firm's monthly marginal cost for a product is MC(x) UAH per unit when

the level of production is X units. Find the total manufacturing cost function
TC(x) for the month if the level of production is raised from a =4 units to

Jx
Jx -1

b =9 units for given MC(X) =

16. Suppose that t years from now, one investment will be generating profit

at the rate of B (t)=39+4t UAH per year, while a second investment will

be generating profit at the rate of P, (t)=t*—6 UAH per year. a) For how

many years does the rate of profitability of the second investment exceed that
of the first? b) Compute the net excess profit, in UAH, assuming that you in-
vest in the second plan for the time period determined in part a). ¢) Interpret
the net excess profit as an area: sketch the rate of the profitability curves

y=P/(t) and y=P,(t) and shade the region whose area represents the
net excess profit computed in part b)

17. A tire manufacturer estimates that  (thousand) radial tires will be pur-

chased (demanded) by wholesalers when the price is D(q) =500—q UAH
per tire, and the same number of tires will be supplied when the price is
S(q) =—100+ 29 UAH per tire. a) Find the equilibrium price (where supply
equals demand) and the quantity supplied and demanded at that price. b) De-

termine the consumers' surplus at the equilibrium price. c¢) Determine the
producers' surplus at the equilibrium price

69




Variant 10

Find the definite integrals:

1
X
1. [—2 2. [(6x*+3
{x/17x+8 '([( )
3. fwdx 4. T(5x+6)cos—dx
] 1+ X° -2 2
T 27/3 .
" 1+sinx
5, j(x +17, 5)sm2xdx > £1+cosx+sinxoIX
0
arcsin 2/,\/§ 2z
- (I ) 24th_—5 dx 8. J'cosg(x/4) dx
Ja  AC0sTX—sin2x+1 0
3 1 (3x-=5)dx
9. JL 10. (2 )
1 (1+X2)3 OJX +6x+20

11. Calculate the area of the plane figure bounded by the lines:

—J4-y? x=0, y=0, y=1

12. Find the solid of revolution, formed by rotation round the axis Ox of the
curvilinear trapezoid, bounded by the lines:

y:q/]_—X, y:o, y=1, X=O,5

13. The cost of a product changes at the rate of f (t) = Find the av-

t
Jot+1
erage cost of this product if it is known that the level of production is raised
from a =0 units to b =3 units

14. The Lorenz curve of the income distribution within a certain group is given
by the following formula L(X)=0.26x"+0.74x. Determine the degree of
equality of the income distribution

15. A firm's monthly marginal cost for a product is MC(x) UAH per unit when
the level of production is X units. Find the total manufacturing cost function
TC(x) for the month if the level of production is raised from a =0 units to
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units for given MC(X) =+/(1— x?)®

16. Suppose that t years from now, one investment will be generating profit

at the rate of P, (t)=10+7t UAH per year, while a second investment will

be generating profit at the rate of P, (t)=t*—2t UAH per year. a) For how

many years does the rate of profitability of the second investment exceed that
of the first? b) Compute the net excess profit, in UAH, assuming that you in-
vest in the second plan for the time period determined in part a). ) Interpret
the net excess profit as an area: sketch the rate of the profitability curves

y=P'(t) and y=P,(t) and shade the region whose area represents the
net excess profit computed in part b)

17. A tire manufacturer estimates that q (thousand) radial tires will be pur-
chased (demanded) by wholesalers when the price is D(q) =—-3g+ 21 UAH
per tire, and the same number of tires will be supplied when the price is
S(q) =6q—-15 UAH per tire. a) Find the equilibrium price (where supply

equals demand) and the quantity supplied and demanded at that price. b) De-
termine the consumers' surplus at the equilibrium price. ¢) Determine the
producers' surplus at the equilibrium price

Variant 11
Find the definite integrals:
1,.3 7/8
1. [ 4x ;zdx 2. [ sin4xdx
_.1 X 0
8 2 . TX
3. X+ Y dx 4. j(6x—5)SInﬁ—dx
AVXE+1 1 6
. "2 cosxdx
5. (2x —15)c033xdx 6. j :
! J3L1+8INX—CosX
/4 z
7. jS_tg—mdx 8. _[24sin8(x/2) dx
5 2SIN2X+5 5
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: 1 (6x-5)d
9. fxzx/9—x2dx 10. | (6x—5)dx
-3

oV2x% —12x+15

11. Calculate the area of the plane figure bounded by the lines:
y=(x-17, y*=x-1

12. Find the solid of revolution, formed by rotation round the axis Oy of the

curvilinear trapezoid, bounded by the lines: y = X +2, y = X2 42

13. The cost of a product changes at the rate of f (t) =+/9—t* -t*. Find the

average cost of this product if it is known that the level of production is raised
from a =—-3 units to b =3 units

14. The Lorenz curve of the income distribution within a certain group is given
by the following formula L(X)=0.48x*+0.52x. Determine the degree of
equality of the income distribution

15. A firm's monthly marginal cost for a product is MC(x) UAH per unit when
the level of production is X units. Find the total manufacturing cost function
TC(x) for the month if the level of production is raised from a=0 units to

b =1 units for given MC(x) =v/x - (1+X)™

16. Suppose that t years from now, one investment will be generating profit

at the rate of Pl' (t) =1+ 21 UAH per year, while a second investment will be

generating profit at the rate of P, (t)=t>—8t—1 UAH per year. a) For how

many years does the rate of profitability of the second investment exceed that
of the first? b) Compute the net excess profit, in UAH, assuming that you in-
vest in the second plan for the time period determined in part a). c) Interpret
the net excess profit as an area: sketch the rate of the profitability curves

y= Pl' (t) and y= PZ' (t) and shade the region whose area represents the
net excess profit computed in part b)

17. A tire manufacturer estimates that q (thousand) radial tires will be pur-
chased (demanded) by wholesalers when the price is D(q) =8-0,7¢q UAH
per tire, and the same number of tires will be supplied when the price is
S(q) =0,39g—10 UAH per tire. a) Find the equilibrium price (where supply
equals demand) and the quantity supplied and demanded at that price. b) De-
termine the consumers' surplus at the equilibrium price. c¢) Determine the
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producers' surplus at the equilibrium price

Variant 12
Find the definite integrals:
1,3 _ 2 0
1 [=—"dx 2. [ dx
1 X ]
B3 4 2
3. J?’x—(arctgx) dx 4, j(3x+1)cos7r—xdx
S 1+ x° -2 2
z N ’T (1+cosx)dx
5. j(x2—5x+6)sin3xdx ) 1+5in X+ oS X
0
0 2 0
7. I de 8. j 2%sin® xcos? x dx
—arccos(]/\/ﬁ) 2 tg X+ 7 -
. 2][? w*dx 10, 1 (8X+3)dX
a (16—x2)«/16—x2 027 +12x — 42

11. Calculate the area of the plane figure bounded by the lines:
x=4—(y-17° x=y?-4y+3

12. Find the solid of revolution, formed by rotation round the axis Ox of the
curvilinear trapezoid, bounded by the lines:

y=x2+1, y=%, x=0, x=1

13. The cost of a product changes at the rate of f (t) =t*-e™. Find the aver-
age cost of this product if it is known that the level of production is raised from
a=—1 units to b =1 units

14. The Lorenz curve of the income distribution within a certain group is given
by the following formula L(X)=0.52x*+0.48x. Determine the degree of
equality of the income distribution

15. A firm's monthly marginal cost for a product is MC(x) UAH per unit when
the level of production is X units. Find the total manufacturing cost function
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TC(x) for the month if the level of production is raised from a:% units to

b :% units for given MC(x) = xsin™> X

16. Suppose that t years from now, one investment will be generating profit

at the rate of B (t)=60 UAH per year, while a second investment will be

generating profit at the rate of B, (t)=t>—7t UAH per year. a) For how

many years does the rate of profitability of the second investment exceed that
of the first? b) Compute the net excess profit, in UAH, assuming that you in-
vest in the second plan for the time period determined in part a). ¢) Interpret
the net excess profit as an area: sketch the rate of the profitability curves

y=P/(t) and y=P,(t) and shade the region whose area represents the

net excess profit computed in part b)

17. A tire manufacturer estimates that q (thousand) radial tires will be pur-

chased (demanded) by wholesalers when the price is D(q)=-3q+ 200
UAH per tire, and the same number of tires will be supplied when the price is
S(q)=qg+40 UAH per tire. a) Find the equilibrium price (where supply
equals demand) and the quantity supplied and demanded at that price. b) De-

termine the consumers' surplus at the equilibrium price. ¢) Determine the
producers' surplus at the equilibrium price

Variant 13
Find the definite integrals:
2 1 3 ﬂf.Z
3 2. cos 2Xx dx
1. x—=— | dx
¥4 ;
In/3 3 2
3. | _ o 4. [(7x+4)sin T
~In+/3 " +e 1 3
2r /2 .
sin xdx
5. J‘(Sx2 +5)costdx 6. j i
) 5 1+SIN X+ COS X
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arcsin(3/J1_0) or |
7. 219X +5 dx 8. I 2%sin’ xcos®* x dx

arcsin(2/6) (5—tgx)sin2x )2

X - L (3—5x)dx

2 X 04x°+16x-9

11. Calculate the area of the plane figure bounded by the lines:

x=(y+1)2, x% = y+1

12. Find the solid of revolution, formed by rotation round the axis Oy of the
curvilinear trapezoid, bounded by the lines:
T

y:SinX, x:o, y=0’ X=E

13. The cost of a product changes at the rate of f (t) =t>«/t* —1. Find the av-

erage cost of this product if it is known that the level of production is raised
from a =1 units to b =3 units

14. The Lorenz curve of the income distribution within a certain group is given
by the following formula L(X)=0.78x"+0.22x. Determine the degree of
equality of the income distribution

15. A firm's monthly marginal cost for a product is MC(x) UAH per unit when

the level of production is X units. Find the total manufacturing cost function
TC(x) for the month if the level of production is raised from a=0 units to

b = 7 units for given MC(x) = x*sin x

16. Suppose that t years from now, one investment will be generating profit

at the rate of B’ (t)=-t UAH per year, while a second investment will be

generating profit at the rate of P, (t)=t*—182 UAH per year. a) For how

many years does the rate of profitability of the second investment exceed that
of the first? b) Compute the net excess profit, in UAH, assuming that you in-
vest in the second plan for the time period determined in part a). c) Interpret
the net excess profit as an area: sketch the rate of the profitability curves

y= Pl' (t) and y= PZ' (t) and shade the region whose area represents the
net excess profit computed in part b)

17. A tire manufacturer estimates that g (thousand) radial tires will be pur-
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chased (demanded) by wholesalers when the price is D(q)=370-0,5q
UAH per tire, and the same number of tires will be supplied when the price is
S(q) =-50+0,59 UAH per tire. a) Find the equilibrium price (where supply
equals demand) and the quantity supplied and demanded at that price. b) De-

termine the consumers' surplus at the equilibrium price. c) Determine the
producers' surplus at the equilibrium price

Variant 14
Find the definite integrals:
1. J(Sx ——jdx 2. jsin%cosidx
> 0 2 2
9 3
3. [ X 4. (7x+12)00s 2% ax
P Ux -1 -3 3
1 2arctg(1/2) .
5. | x*e” dx 6. 1+*ﬂx?_dx
o (1-sinx)
/4 z
7. j 7+319x - dx 8. j24sin2xcosﬁx dx
) smx+2cosx) 5
43 L(12x+11)dx
0. | /— 10'£9x2—6x+2
o /(64 —X )

11. Calculate the area of the plane figure bounded by the lines:

y=x°-9, y=—x*+4x-3

12. Find the solid of revolution, formed by rotation round the axis Ox of the
curvilinear trapezoid, bounded by the lines:

X
y= arCCOS§, y=arccosx, y=0

13. The cost of a product changes at the rate of f (t) =Int. Find the average

cost of this product if it is known that the level of production is raised from
a=1 units to b =e units

14. The Lorenz curve of the income distribution within a certain group is given
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by the following formula L(X)=0.38x*+0.62X. Determine the degree of
equality of the income distribution

15. A firm's monthly marginal cost for a product is MC(x) UAH per unit when

the level of production is X units. Find the total manufacturing cost function
TC(x) for the month if the level of production is raised from a =4 units to

b =9 units for given MC(X) = (\/;+1)‘1 -(x-1)

16. Suppose that t years from now, one investment will be generating profit

at the rate of Pl' (t) =2t + 7 UAH per year, while a second investment will be

generating profit at the rate of P, (t)=t*—5t—91 UAH per year. a) For how

many years does the rate of profitability of the second investment exceed that
of the first? b) Compute the net excess profit, in UAH, assuming that you in-
vest in the second plan for the time period determined in part a). ¢) Interpret
the net excess profit as an area: sketch the rate of the profitability curves

y = Pl' (t) and y= PZ' (t) and shade the region whose area represents the
net excess profit computed in part b)

17. A tire manufacturer estimates that q (thousand) radial tires will be pur-

chased (demanded) by wholesalers when the price is D(q) =2400—-900q
UAH per tire, and the same number of tires will be supplied when the price is
S(q) =—300+900g UAH per tire. a) Find the equilibrium price (where supply

equals demand) and the quantity supplied and demanded at that price. b) De-
termine the consumers' surplus at the equilibrium price. c) Determine the
producers' surplus at the equilibrium price

Variant 15

Find the definite integrals:

I[%/_'f‘—j dx 2.

dx 4.

& x— (arctg x)*
> -([ 1+X°
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5. T(sz +4x+7)costdx 6. ﬂJ/'Z
0

0

CcoSs X dx
1+sin X+ cos X

arctg(2/3)

6 +tg x
7. j e a
5 9sIn” X +4cos” X

27
dx 8. I cos® x dx
0

0 X —4x+13

4 1 _

9. | V16— x%dx 10. (6X 1)dx
[V 2
0

11. Calculate the area of the plane figure bounded by the lines:

y=x%, y=(x-2°, y=0

12. Find the solid of revolution, formed by rotation round the axis Oy of the

curvilinear trapezoid, bounded by the lines: y = X2, x=2, y=0

/ t—1)°
13. The cost of a product changes at the rate of f (t) =, [1+ ( 4t) . Find the

average cost of this product if it is known that the level of production is raised
from a =0 units to b =4 units

14. The Lorenz curve of the income distribution within a certain group is giv-
en by the following formula L(x) =0.42x* +0.58x . Determine the degree of
equality of the income distribution

15. A firm's monthly marginal cost for a product is MC(x) UAH per unit
when the level of production is X units. Find the total manufacturing cost

function TC(x) for the month if the level of production is raised from a =1
1
units to b = 2 units for given MC(x) =e* - x?

16. Suppose that t years from now, one investment will be generating profit

at the rate of B'(t)=7t UAH per year, while a second investment will be

generating profit at the rate of B, (t)=t>—120 UAH per year. a) For how

many years does the rate of profitability of the second investment exceed
that of the first? b) Compute the net excess profit, in UAH, assuming that you
invest in the second plan for the time period determined in part a). c) Inter-
pret the net excess profit as an area: sketch the rate of the profitability

curves Y=P,(t) and y =P, (t) and shade the region whose area repre-
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sents the net excess profit computed in part b)

17. A tire manufacturer estimates that  (thousand) radial tires will be pur-
chased (demanded) by wholesalers when the price is D(q)=10-0,2q
UAH per tire, and the same number of tires will be supplied when the price is
S(q) =—6+0,1g UAH per tire. a) Find the equilibrium price (where supply

equals demand) and the quantity supplied and demanded at that price. b)
Determine the consumers' surplus at the equilibrium price. c¢) Determine the
producers' surplus at the equilibrium price

Variant 16
Find the definite integrals:
In3
j 2. jezxdx
0 V4—9x°
& 3

2 [ XZYX o 4. [(9x+11)cos = dx
BVX°+1 0 3
0 2arctg(1/3)

5. (x2 +6x+9)sin 2x dx _COSXdX
2, > (1—sinx)(1+cosx)
arctg(2/3) 2

7. : o+tgx 4 8. jsinS(x/4) dx

- 9sin’ X+ 4cos® x :
5 1 (x—4)dx

9. Ixz 25— x“dx 10. (2—)
) o X+ x-12

11. Calculate the area of the plane figure bounded by the lines:

y=1In X, X =e?, y=0

12. Find the solid of revolution, formed by rotation round the axis Ox of the
curvilinear trapezoid, bounded by the lines:

y:1—x2, Xx=0, X=,Yy-2,

13. The cost of a product changes at the rate of f (t) =8+t — 2t/t +e% + 5.
Find the average cost of this product if it is known that the level of production
is raised from a =2 units to b =4 units

14. The Lorenz curve of the income distribution within a certain group is given
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7
by the following formula L(X) = EXZ +%X. Determine the degree of equali-

ty of the income distribution

15. A firm's monthly marginal cost for a product is MC(x) UAH per unit when
the level of production is X units. Find the total manufacturing cost function
TC(x) for the month if the level of production is raised from a =0 units to

b =1 units for given MC(x) =¢*-(e* -1)*

16. Suppose that t years from now, one investment will be generating profit

at the rate of Pl' (t) =—t +1 UAH per year, while a second investment will be

generating profit at the rate of B, (t)=t*+3t—4 UAH per year. a) For how

many years does the rate of profitability of the second investment exceed that
of the first? b) Compute the net excess profit, in UAH, assuming that you in-
vest in the second plan for the time period determined in part a). c) Interpret
the net excess profit as an area: sketch the rate of the profitability curves

y=P/(t) and y=P,(t) and shade the region whose area represents the
net excess profit computed in part b)

17. A tire manufacturer estimates that q (thousand) radial tires will be pur-

chased (demanded) by wholesalers when the price is D(q) =—q+15 UAH
per tire, and the same number of tires will be supplied when the price is
S(q)=g+7,5 UAH per tire. a) Find the equilibrium price (where supply
equals demand) and the quantity supplied and demanded at that price. b) De-

termine the consumers' surplus at the equilibrium price. ¢) Determine the
producers' surplus at the equilibrium price

Variant 17

Find the definite integrals:

/4 2 3
xdX 2. | 24+

1.
0 X2+1 2

Sifl(arcsin x)2 +1

3.
0 \/1—X2

0
X

4. |(2x-1)sin —d

dx _jz( x—1)sin 5 0
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0 0

cos x dx

5. J'(x+2)20033xdx 6. _

b snj3l+ COSX—SINX

arctg2 Vg

12 +tg x 4 i\ 6 2
7. dx 8. |2°sin”(x/2)cos”(x/2) dx
* 3sin” x+12cos” X -([ (x/2)cos”(x/2)
5/2 2 1
X“dx X

9. _[—2 10. d

> 25— x 0/50% — 25x2 —9
11. Calculate the area of the plane figure bounded by the lines:

) 37
y=sinX, X=u, x=7, y=0

12. Find the solid of revolution, formed by rotation round the axis Oy of the

curvilinear trapezoid, bounded by the lines: y = X3, y= Jx

3
13. The cost of a product changes at the rate of f (t) = (1—sint)? - cost. Find

the average cost of this product if it is known that the level of production is

raised from a = _E unitsto b = E units

14. The Lorenz curve of the income distribution within a certain group is giv-
: 8 7 :
en by the following formula L(X):EXZ +BX. Determine the degree of

equality of the income distribution

15. A firm's monthly marginal cost for a product is MC(x) UAH per unit when
the level of production is X units. Find the total manufacturing cost function

TC(X) for the month if the level of production is raised from a:% units to

b :% units for given MC(X) =cos™ x

16. Suppose that t years from now, one investment will be generating profit

at the rate of B'(t)=5 UAH per year, while a second investment will be

generating profit at the rate of P, (t)=t*+t—1 UAH per year. a) For how

many years does the rate of profitability of the second investment exceed that
of the first? b) Compute the net excess profit, in UAH, assuming that you in-

81




vest in the second plan for the time period determined in part a). c) Interpret
the net excess profit as an area: sketch the rate of the profitability curves

y=P/(t) and y=P,(t) and shade the region whose area represents the
net excess profit computed in part b)

17. A tire manufacturer estimates that q (thousand) radial tires will be pur-

chased (demanded) by wholesalers when the price is D(q)=10(q+1)"
UAH per tire, and the same number of tires will be supplied when the price is
S(q) =1+0,59 UAH per tire. a) Find the equilibrium price (where supply
equals demand) and the quantity supplied and demanded at that price. b) De-

termine the consumers' surplus at the equilibrium price. c) Determine the
producers' surplus at the equilibrium price

Variant 18
Find the definite integrals:
2 2 /4
1. I(i‘/;+i) dx 2. | _d2X
Jx 7/6SIN 3X
2
7X
3. 4. [(2x +1)cos— dx
[ J(@x+1)oos’y
0 0
5. j(x2+2)e2dx 6. _[ COSXdX_ ;
% _22(1+cosx—sinx)
arctg3 0
7. j : 24+tgx — dx 8. _[285in4xcos4xdx
, 2SIn° X +18c0os” X /2

4
9. IXZ\/lG—XZdX 10. j dx
0

0 4x% —16x—9

11. Calculate the area of the plane figure bounded by the lines:

xy=1 x=0, X =e2, y=0, y=e

12. Find the solid of revolution, formed by rotation round the axis Ox of the
curvilinear trapezoid, bounded by the lines:

2

y=2x—-x°, y=-x+2, x=0
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13. The cost of a product changes at the rate of f (t) = (t4 +4t° + 50)e2t .

Find the average cost of this product if it is known that the level of production
is raised from a =1 units to b =4 units

14. The Lorenz curve of the income distribution within a certain group is given
3 10
by the following formula L(X) = EXZ +EX. Determine the degree of equali-

ty of the income distribution

15. A firm's monthly marginal cost for a product is MC(x) UAH per unit when
the level of production is X units. Find the total manufacturing cost function
TC(x) for the month if the level of production is raised from a =2 units to

b =5 units for given MC(X) = (4x+3)(x—2)"°

16. Suppose that t years from now, one investment will be generating profit

at the rate of Pl' (t) =2 —1t UAH per year, while a second investment will be

generating profit at the rate of P, (t)=t*—10 UAH per year. a) For how

many years does the rate of profitability of the second investment exceed that
of the first? b) Compute the net excess profit, in UAH, assuming that you in-
vest in the second plan for the time period determined in part a). ¢) Interpret
the net excess profit as an area: sketch the rate of the profitability curves

y = Pl' (t) and y= PZ' (t) and shade the region whose area represents the
net excess profit computed in part b)

17. A tire manufacturer estimates that  (thousand) radial tires will be pur-

chased (demanded) by wholesalers when the price is D(q) =35—-5¢q UAH
per tire, and the same number of tires will be supplied when the price is
S(q) =10g—25 UAH per tire. a) Find the equilibrium price (where supply
equals demand) and the quantity supplied and demanded at that price. b) De-
termine the consumers' surplus at the equilibrium price. c¢) Determine the
producers' surplus at the equilibrium price
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Variant 19

Find the definite integrals:
2 2 2
1.}Jx —xr+Jx-+de 2.I§f&ﬂx
1 Jx 1
8 0
3 & 4. [ (7x+12)sin 2% ax
BXIx*+1 - 3
0 /2
5.j(x2—4)cos3xdx 6..[ cos x dx ~
° o (1+cosx+sinx)
/4 ) T
7. j osin” x dx 8. IZSSiHZXCOSGXdX
, 3C0s2X—4 o2
4 -15
! dx
9. | - 10. .
016+x .45J—x —4x-3

11. Calculate the area of the plane figure bounded by the lines:
y=e% y=1+x, x=2

12. Find the solid of revolution, formed by rotation round the axis Oy of the

2 y=1 x=2

curvilinear trapezoid, bounded by the lines: y = X",

13. The cost of a product changes at the rate of f (t) =¢e'(2t —1). Find the
average cost of this product if it is known that the level of production is raised
from a =1 units to b =2 units

14. The Lorenz curve of the income distribution within a certain group is given
: 10 3 : :
by the following formula L(X) = Exz +EX. Determine the degree of equali-

ty of the income distribution

15. A firm's monthly marginal cost for a product is MC(x) UAH per unit when
the level of production is X units. Find the total manufacturing cost function
TC(X) for the month if the level of production is raised from a=1 units to

8x-11

J2Xx—x*+5

b =4 units for given MC(X) =

16. Suppose that t years from now, one investment will be generating profit
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at the rate of Pl' (t) =4 —t UAH per year, while a second investment will be

generating profit at the rate of P, (t)=t*+t—20 UAH per year. a) For how

many years does the rate of profitability of the second investment exceed that
of the first? b) Compute the net excess profit, in UAH, assuming that you in-
vest in the second plan for the time period determined in part a). ¢) Interpret
the net excess profit as an area: sketch the rate of the profitability curves

y = Pl' (t) and y= PZ' (t) and shade the region whose area represents the
net excess profit computed in part b)

17. A tire manufacturer estimates that q (thousand) radial tires will be pur-

chased (demanded) by wholesalers when the price is D(q) = (q+1)""-100
UAH per tire, and the same number of tires will be supplied when the price is
S(q) =10+5g UAH per tire. a) Find the equilibrium price (where supply
equals demand) and the quantity supplied and demanded at that price. b) De-

termine the consumers' surplus at the equilibrium price. c) Determine the
producers' surplus at the equilibrium price

Variant 20

Find the definite integrals:

Y2 [2x —1dx 12X+1dx

1. 2.
{ J2x -1 g 5X
- )

3 jlﬂnxdx 4. [(L1x+9)cos = dx
X 3 3
y 2arctg(1/2) i

5. j&lnzxdx 6 (1-sinx)dx
! > Ccosx(1+cosx)
arccos(1//3 -

7 j( ) tgx dx 8. j 2* cos’ x dx

. — :

4 SIn X—5c0s“x+4 0

2 6
9. I»\/4— X% dx 10. j dx
0

4—X2+8X—5

11. Calculate the area of the plane figure bounded by the lines:
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y=(x+1)*, y=1-x.

12. Find the solid of revolution, formed by rotation round the axis Ox of the

curvilinear trapezoid, bounded by the lines: y = el_x, y=0, x=0, x=1

13. The cost of a product changes at the rate of f (t) = 49 —t* . Find the av-
erage cost of this product if it is known that the level of production is raised
from a =0 units to b =7 units

14. The Lorenz curve of the income distribution within a certain group is given
2 7
by the following formula L(X) = §x2 +§X. Determine the degree of equality

of the income distribution

15. A firm's monthly marginal cost for a product is MC(x) UAH per unit when
the level of production is X units. Find the total manufacturing cost function

TC(X) for the month if the level of production is raised from a=% units to

b =27 units for given MC(X) =sin* x

16. Suppose that t years from now, one investment will be generating profit

at the rate of B (t)=-t+30 UAH per year, while a second investment will

be generating profit at the rate of P, (t) =t UAH per year. a) For how many

years does the rate of profitability of the second investment exceed that of the
first? b) Compute the net excess profit, in UAH, assuming that you invest in
the second plan for the time period determined in part a). c) Interpret the net

excess profit as an area: sketch the rate of the profitability curves y = Pl' (t)

and y= PZ' (t) and shade the region whose area represents the net excess
profit computed in part b)

17. A tire manufacturer estimates that  (thousand) radial tires will be pur-
chased (demanded) by wholesalers when the price is D(q) =222-0,3q
UAH per tire, and the same number of tires will be supplied when the price is
S(q) =0,39—30 UAH per tire. a) Find the equilibrium price (where supply
equals demand) and the quantity supplied and demanded at that price. b) De-

termine the consumers' surplus at the equilibrium price. c¢) Determine the
producers' surplus at the equilibrium price

86




Variant 21

Find the definite integrals:
1 V2
1 I(%-l-\/Z_X)ZdX 2. | dXZ
0 0 8—X
1 garctgx 15
3. S dx 4. I(Zx 3)Sln7zxdx
ol+ x? 0
3/2 /2 .
c Iarcc05x/3dx 6 I sm?<dx2
0 3—X o (1+sinx)
arctg3 2z
7. I _ L+ctgx —dx 8. jsinsxdx
4 (Sinx+2cosx) ’
2 2 0
x“dx
9. j 10. o
) 16— X2 o x% —2x+3

11. Calculate the area of the plane figure bounded by the lines:

X = y2, x:6—5y2

12. Find the solid of revolution, formed by rotation round the axis Oy of the

2

curvilinear trapezoid, bounded by the lines: y =2X—X", y=—-X+2

13. The cost of a product changes at the rate of f (t) =In(t+1). Find the av-

erage cost of this product if it is known that the level of production is raised
from a=0 units to b =e—1 units

14. The Lorenz curve of the income distribution within a certain group is given
7 2
by the following formula L(X) = §x2 +§X. Determine the degree of equality

of the income distribution

15. A firm's monthly marginal cost for a product is MC(x) UAH per unit when
the level of production is X units. Find the total manufacturing cost function
TC(x) for the month if the level of production is raised from a =21 units to

b =64 units for given MC(x) =

1
Jx +3x

16. Suppose that t years from now, one investment will be generating profit
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at the rate of Pl' (t) =1+18 UAH per year, while a second investment will be

generating profit at the rate of B, (t)=t>—2t UAH per year. a) For how

many years does the rate of profitability of the second investment exceed that
of the first? b) Compute the net excess profit, in UAH, assuming that you in-
vest in the second plan for the time period determined in part a). ¢) Interpret
the net excess profit as an area: sketch the rate of the profitability curves

y = Pl' (t) and y= PZ' (t) and shade the region whose area represents the
net excess profit computed in part b)

17. A tire manufacturer estimates that q (thousand) radial tires will be pur-
chased (demanded) by wholesalers when the price is D(q) =74 —q UAH per
tire, and the same number of tires will be supplied when the price is
S(q) =-10+qg UAH per tire. a) Find the equilibrium price (where supply

equals demand) and the quantity supplied and demanded at that price. b) De-
termine the consumers' surplus at the equilibrium price. ¢) Determine the
producers' surplus at the equilibrium price

Variant 22
Find the definite integrals:
L 22 +5"
1. j(%/;—\/;)zdx 2. [=——dx
. 1 10
1 0,5
X ’
3.j 4. | 2—4x)c053—ﬂxdx
0 X -I-l -1 2
0 7/2 .
c Iarcsmx/zdx 6 J sin xdx :
S N2-X o (1+cosx+sinx)
0 2z
7. _[ Stgx+1 8. Isinﬁ(x/4)cosz(x/4) dx
_arcig(yz) 251N 2X—5C€082X +1 )
¢ x*dx 14 2dx
9. j—z - 0. [ 7= —
0 (Z—X ) 4 X X+

11. Calculate the area of the plane figure bounded by the lines:
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y = COS X, x:—z, X=—, y=0
4 4

12. Find the solid of revolution, formed by rotation round the axis OXx of the
curvilinear trapezoid, bounded by the lines: X = C’W -2, x=1 y=1

-0,5

13. The cost of a product changes at the rate of f (t) =12t™". Find the aver-

age cost of this product if it is known that the level of production is raised from
a =100 units to b =140 units

14. The Lorenz curve of the income distribution within a certain group is given
. 8 9 . .
by the following formula L(X) = EXZ +EX. Determine the degree of equali-

ty of the income distribution

15. A firm's monthly marginal cost for a product is MC(x) UAH per unit when

the level of production is X units. Find the total manufacturing cost function
TC(x) for the month if the level of production is raised from a =0 units to

b =+/3 units for given MC(x) = x?(x? +1)~

16. Suppose that t years from now, one investment will be generating profit

at the rate of Pl' (t) =1+ 20 UAH per year, while a second investment will be

generating profit at the rate of B, (t)=t>—2t—8 UAH per year. a) For how

many years does the rate of profitability of the second investment exceed that
of the first? b) Compute the net excess profit, in UAH, assuming that you in-
vest in the second plan for the time period determined in part a). ¢) Interpret
the net excess profit as an area: sketch the rate of the profitability curves

y=P/(t) and y=P,(t) and shade the region whose area represents the
net excess profit computed in part b)

17. A tire manufacturer estimates that  (thousand) radial tires will be pur-
2

chased (demanded) by wholesalers when the price is D(Q) =—1 UAH per
g+

tire, and the same number of tires will be supplied when the price is
S(q)=0,2+0,19 UAH per tire. a) Find the equilibrium price (where supply
equals demand) and the quantity supplied and demanded at that price. b) De-
termine the consumers' surplus at the equilibrium price. ¢) Determine the
producers' surplus at the equilibrium price
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Variant 23

Find the definite integrals:
1 /8

1. [(2x-1)"dx 2. [ cos®2xdx
1 0
/2 2

3. | ax 4. [(x—3)sin Z o
0 \/(1—x2)arcsin X -2 2
1,2 0 inxd

. j&dgxdx . j sin x x. :
0 1+x _22(1+cosx—sinx)
/4 2y . T

7. £2tg X4_lgix 22 ix 8. .([24sin4(x/2)cos4(x/2) dx
N 4

9. J’L 10. | ax
0 (4—x2)3 oV X2 +6x+7

11. Calculate the area of the plane figure bounded by the lines:

X
=—F, :O, X:].
y 1++/x y

12. Find the solid of revolution, formed by rotation round the axis Oy of the

curvilinear trapezoid, bounded by the lines: y = x2, y2 —-x=0

13. The cost of a product changes at the rate of f (t) = 64cos*t. Find the av-
erage cost of this product if it is known that the level of production is raised

T T
from a=—§ units to b=§ units

14. The Lorenz curve of the income distribution within a certain group is given
9 8
by the following formula L(X) = EXZ +EX. Determine the degree of equali-

ty of the income distribution

15. A firm's monthly marginal cost for a product is MC(x) UAH per unit when

the level of production is X units. Find the total manufacturing cost function
TC(x) for the month if the level of production is raised from a =0 units to
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b =2 units for given MC(X) = x*(x* +4)™

16. Suppose that t years from now, one investment will be generating profit

at the rate of Pl' (t) =9+ 6t UAH per year, while a second investment will be

generating profit at the rate of P, (t)=t>—7 UAH per year. a) For how many

years does the rate of profitability of the second investment exceed that of the
first? b) Compute the net excess profit, in UAH, assuming that you invest in
the second plan for the time period determined in part a). c) Interpret the net

excess profit as an area: sketch the rate of the profitability curves y = P, (t)

and y= PZI (t) and shade the region whose area represents the net excess
profit computed in part b)

17. A tire manufacturer estimates that q (thousand) radial tires will be pur-
chased (demanded) by wholesalers when the price is D(q) =150—-q9 UAH

per tire, and the same number of tires will be supplied when the price is
S(q)=75+Q9 UAH per tire. a) Find the equilibrium price (where supply
equals demand) and the quantity supplied and demanded at that price. b) De-
termine the consumers' surplus at the equilibrium price. c) Determine the
producers' surplus at the equilibrium price

Variant 24
Find the definite integrals:
2 7/12
2(4
1| Vx-3 dx 2. [ sin®3xdx
0 ;
2 2x 3
2 2
3. | dx 4 j(2x—1)cos—7zxdx
1V4* +5 2 3
1 0 2
5. j\/;arcsin\/;dx 6. cos” xdx S
0 ora(1+COSX—Ssinx)
/4 0
6tg x dx .
7. _ g ~ 8. I 2%sin® xcos® x dx
aesiny/57) 3sIn2X +5C0s” X a2
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9 Jj-/z X4dX 10 } 8dx
. - —— " 2
5 (1—X2)3 0 X —6x—-7

11. Calculate the area of the plane figure bounded by the lines:

y=2%, y=4, x=0

12. Find the solid of revolution, formed by rotation round the axis Ox of the
curvilinear trapezoid, bounded by the lines:

y:smzx XZ%‘ x=0, y=0

13. The cost of a product changes at the rate of f (t) =2cos”t. Find the av-
erage cost of this product if it is known that the level of production is raised

. T
from a=0 unitsto b =§ units

14. The Lorenz curve of the income distribution within a certain group is given
: 1 3 _ .
by the following formula L(X) = Exz +EX. Determine the degree of equali-

ty of the income distribution

15. A firm's monthly marginal cost for a product is MC(x) UAH per unit when

the level of production is X units. Find the total manufacturing cost function

TC(x) for the month if the level of production is raised from a=1 units to
3x-1

VX2 —4x+8

b =6 units for given MC(X) =

16. Suppose that t years from now, one investment will be generating profit

at the rate of B (t)=4t+45 UAH per year, while a second investment will

be generating profit at the rate of P, (t) =t UAH per year. a) For how many

years does the rate of profitability of the second investment exceed that of the
first? b) Compute the net excess profit, in UAH, assuming that you invest in
the second plan for the time period determined in part a). c) Interpret the net

excess profit as an area: sketch the rate of the profitability curves y = Pl' (t)

and y= PZ' (t) and shade the region whose area represents the net excess
profit computed in part b)
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17. A tire manufacturer estimates that g (thousand) radial tires will be pur-
chased (demanded) by wholesalers when the price is D(q) =-0,4q+20
UAH per tire, and the same number of tires will be supplied when the price is
S(q) =—12+0,2g9 UAH per tire. a) Find the equilibrium price (where supply
equals demand) and the quantity supplied and demanded at that price. b) De-

termine the consumers' surplus at the equilibrium price. c) Determine the
producers' surplus at the equilibrium price

Variant 25

Find the definite integrals:

2 0
1. j(ﬁ—5x4 +2\/;jdx 2. I dx
1\ X

_2/4C0S” X
e 2 2 0
X +Inx . 7IX
S.J—————————dx 4. [(6x—5)sin -~ dx
1 X 5 2
1 /2 -2
sin” xdx
5. J.(xz —3)-e_XdX 6. _[ . 2
0 o (1+cosx+sinx)
arccos\/Z/_S 2z
7. gx+2 dx 8.j2ﬂm§xdx
- sin® x+2cos’ x—3 a2

4 (4—
N j./x 0 (4—2x)dx
1

2
L ix
W 0—X° +4x+5

11. Calculate the area of the plane figure bounded by the lines:

y =tgXx, x=%, y=0

12. Find the solid of revolution, formed by rotation round the axis Oy of the

curvilinear trapezoid, bounded by the lines: y = —x2 +5x—6, y=0

13. The cost of a product changes at the rate of f (t) =e™ +t*. Find the aver-
age cost of this product if it is known that the level of production is raised from
a =0 units to b =3 units

14. The Lorenz curve of the income distribution within a certain group is given
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3 16
by the following formula L(X) = — x* + = X . Determine the degree of equali-

ty of the income distribution

15. A firm's monthly marginal cost for a product is MC(x) UAH per unit when
the level of production is X units. Find the total manufacturing cost function

TC(x) for the month if the level of production is raised from a:% units to

b= % units for given MC(x) =e” -sin2x

16. Suppose that t years from now, one investment will be generating profit

at the rate of Pl' (t) =8t —8 UAH per year, while a second investment will be

generating profit at the rate of P, (t)=t*—t—18 UAH per year. a) For how

many years does the rate of profitability of the second investment exceed that
of the first? b) Compute the net excess profit, in UAH, assuming that you in-
vest in the second plan for the time period determined in part a). ¢) Interpret
the net excess profit as an area: sketch the rate of the profitability curves

y=P/(t) and y=P,(t) and shade the region whose area represents the
net excess profit computed in part b)

17. A tire manufacturer estimates that q (thousand) radial tires will be pur-

chased (demanded) by wholesalers when the price is D(q) =8 -3¢ UAH per
tire, and the same number of tires will be supplied when the price is
S(q) =3g—1 UAH per tire. a) Find the equilibrium price (where supply equals
demand) and the quantity supplied and demanded at that price. b) Determine

the consumers’ surplus at the equilibrium price. c) Determine the producers’
surplus at the equilibrium price

Variant 26
Find the definite integrals:
2 2 2r _
1. jx-(Z—xz) dx 2. [ sin3xdx
0 0
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/4 3

3. jtgxlncosxdx 4. j(1—8x)c0337ﬂxdx
0 2
1 27/3 2
5. [(x*+2)3%dx 6. cos"xdx
0 o (1+cosx+sinx)
arctg(1/ z
7. tg]g ’ .(8+tg X) dx 8. _[24sin8x dx
- 18sin® x +2c0s’ X >
o B[z dx 10 3 dx
o J5-x) “W—x%+2x+8

11. Calculate the area of the plane figure bounded by the lines:

y=+X, y=3Jx, x=4

12. Find the solid of revolution, formed by rotation round the axis Ox of the
curvilinear trapezoid, bounded by the lines:

2 2

13. The cost of a product changes at the rate of f (t) = (8 —t)e™"". Find the

average cost of this product if it is known that the level of production is raised
from a =0 units to b =2 units

14. The Lorenz curve of the income distribution within a certain group is given
4 11
by the following formula L(X) = EXZ +EX. Determine the degree of equali-

ty of the income distribution

15. A firm's monthly marginal cost for a product is MC(x) UAH per unit when
the level of production is X units. Find the total manufacturing cost function

TC(x) for the month if the level of production is raised from a:% units to

b:% units for given MC(X) =3x*sin x

16. Suppose that t years from now, one investment will be generating profit

at the rate of B (t)=1+8t UAH per year, while a second investment will be

generating profit at the rate of B, (t)=t>—t—21 UAH per year. a) For how
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many years does the rate of profitability of the second investment exceed that
of the first? b) Compute the net excess profit, in UAH, assuming that you in-
vest in the second plan for the time period determined in part a). c) Interpret
the net excess profit as an area: sketch the rate of the profitability curves

y=P/(t) and y=P,(t) and shade the region whose area represents the
net excess profit computed in part b)

17. A tire manufacturer estimates that q (thousand) radial tires will be pur-
chased (demanded) by wholesalers when the price is D(q) =—q+ 740 UAH
per tire, and the same number of tires will be supplied when the price is
S(q)=q—-100 UAH per tire. a) Find the equilibrium price (where supply

equals demand) and the quantity supplied and demanded at that price. b) De-
termine the consumers' surplus at the equilibrium price. ¢) Determine the
producers' surplus at the equilibrium price

Variant 27
Find the definite integrals:
5 /2
1.](2x+4)d% 2. [ sinxsin2xdx
0
”“ sin X — cos X 15 .
3. j dx 4. I(Zx—S)Slnﬁxdx
(cosx-+sn1x) 0
1 2arctg 2 dX
5. [+/xarccos~/xdx 6. j . .
/o 2 Sinx(1+sinx)
arctg3 2
4tgx -5 )
7. I : g — dx 8. jsm6 XC0S* X dx
s 1—SIN2X+4c0s” X
3 2
dx 4dx
. I 3/2 10. .[ 2
0(9+X2) 0—X"+2Xx+3

11. Calculate the area of the plane figure bounded by the lines:
y, x=2-y, y=0

12. Find the solid of revolution, formed by rotation round the axis Ox of the
curvilinear trapezoid, bounded by the lines:
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y—arcsin5 y—arcs.in5 y—z
5’ 3 2

13. The cost of a product changes at the rate of f (t) =+/16 —t* . Find the av-

erage cost of this product if it is known that the level of production is raised
from a =2 units to b =6 units

14. The Lorenz curve of the income distribution within a certain group is given
11 4
by the following formula L(X) = EXZ +EX. Determine the degree of equali-

ty of the income distribution

15. A firm's monthly marginal cost for a product is MC(x) UAH per unit when
the level of production is X units. Find the total manufacturing cost function

TC(X) for the month if the level of production is raised from a=% units to

b =% units for given MC(X) = 7xC0S X

16. Suppose that t years from now, one investment will be generating profit

at the rate of Pl' (t):7t UAH per year, while a second investment will be

generating profit at the rate of P, (t)=t*>—60 UAH per year. a) For how

many years does the rate of profitability of the second investment exceed that
of the first? b) Compute the net excess profit, in UAH, assuming that you in-
vest in the second plan for the time period determined in part a). ¢) Interpret
the net excess profit as an area: sketch the rate of the profitability curves

y = Pl' (t) and y= PZ' (t) and shade the region whose area represents the
net excess profit computed in part b)

17. A tire manufacturer estimates that  (thousand) radial tires will be pur-
chased (demanded) by wholesalers when the price is D(q) =-0,759+50

UAH per tire, and the same number of tires will be supplied when the price is
S(q) =10+0,25q UAH per tire. a) Find the equilibrium price (where supply
equals demand) and the quantity supplied and demanded at that price. b) De-
termine the consumers' surplus at the equilibrium price. c¢) Determine the
producers' surplus at the equilibrium price
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Variant 28

Find the definite integrals:

1 7/2
1. J'(3x—1)5dx 2. [ sinxsin3xdx
0
12 (arccos x)’ - ; X
dx 4. [(2x—15)cos — dx
ISea [lBrsleo
2 X /2
5. j(xz —S)ezdx 6. j
0 > (1+cosx+sinx)’
arccos(]/«/1_7)

- J‘ | 23+2t9X2 dx |8 J'sin4(x/4)cos4(x/4) dx
5 2sIn“ X +3cos” x—1 0

. j . ]‘(Zx—l)dx
o (25+ % \/25+x2 X2 —x+4

11. Calculate the area of the plane figure bounded by the lines:

y:2x—x2, X=2Yy

12. Find the solid of revolution, formed by rotation round the axis OXx of the
curvilinear trapezoid, bounded by the lines:

y=3sin X, y=sinx, OSXS%

13. The cost of a product changes at the rate of f (t) =cos5tcos3t. Find the
average cost of this product if it is known that the level of production is raised

T T
from a=—5 units to b=E units

14. The Lorenz curve of the income distribution within a certain group is given
3 4
by the following formula L(X) = ;XZ +7X. Determine the degree of equality

of the income distribution

15. A firm's monthly marginal cost for a product is MC(x) UAH per unit when
the level of production is X units. Find the total manufacturing cost function
TC(x) for the month if the level of production is raised from a =2 units to
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b =6 units for given MC(x) =e? - (e* —1)™

16. Suppose that t years from now, one investment will be generating profit

at the rate of Pl' (t) =181 UAH per year, while a second investment will be

generating profit at the rate of P, (t)=t*>+t—1 UAH per year. a) For how

many years does the rate of profitability of the second investment exceed that
of the first? b) Compute the net excess profit, in UAH, assuming that you in-
vest in the second plan for the time period determined in part a). ) Interpret
the net excess profit as an area: sketch the rate of the profitability curves

y=P'(t) and y=P,(t) and shade the region whose area represents the

net excess profit computed in part b)

17. A tire manufacturer estimates that q (thousand) radial tires will be pur-
chased (demanded) by wholesalers when the price is D(q) =160—-14q UAH
per tire, and the same number of tires will be supplied when the price is
S(q) =6g—60 UAH per tire. a) Find the equilibrium price (where supply
equals demand) and the quantity supplied and demanded at that price. b) De-

termine the consumers' surplus at the equilibrium price. ¢) Determine the
producers' surplus at the equilibrium price

Variant 29

Find the definite integrals:

9 T
1. I(Zx—ijdx 2. jsinidx
1 0 2

N

3. Imd 4. T(l—x)sin %dx

,Cos”(x+1)
T 207 . ’T sin x dx
§ Ix o o 2+sinX
/4
7. _20t9x+1 - dx 8. _[2 sin (X/Z)Cosﬁ(x/z) dx
arccos(4/\E) (ZSII'] X+ COS X) .
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1 45 dx
9.jx2d1—x?dx 10 j
0

.35J—x2+8x—15

11. Calculate the area of the plane figure bounded by the lines:

y=§3, y=0, x=2, x=1
X

12. Find the solid of revolution, formed by rotation round the axis Oy of the

. 7IX
curvilinear trapezoid, bounded by the lines: y =sIn o y = G

.t
13. The cost of a product changes at the rate of f (t) =tsin > Find the aver-

age cost of this product if it is known that the level of production is raised from
a =0 units to b =7 units

14. The Lorenz curve of the income distribution within a certain group is given
. 14 3 _ .
by the following formula L(X) = EXZ +EX. Determine the degree of equali-

ty of the income distribution

15. A firm's monthly marginal cost for a product is MC(x) UAH per unit when

the level of production is X units. Find the total manufacturing cost function
TC(x) for the month if the level of production is raised from a=1 units to

2mx+3T

b =2 units for given MC(X) :(
X

16. Suppose that t years from now, one investment will be generating profit

at the rate of B, (t)=91+5t UAH per year, while a second investment will

be generating profit at the rate of B, (t)=t*—7—2t UAH per year. a) For

how many years does the rate of profitability of the second investment ex-
ceed that of the first? b) Compute the net excess profit, in UAH, assuming
that you invest in the second plan for the time period determined in part a).
c) Interpret the net excess profit as an area: sketch the rate of the profitability

curves y =P/ (t) and y =P, (t) and shade the region whose area represents
the net excess profit computed in part b)

100




17. A tire manufacturer estimates that g (thousand) radial tires will be pur-

chased (demanded) by wholesalers when the price is D(q) =14—-2q UAH
per tire, and the same number of tires will be supplied when the price is
S(q) =49—10 UAH per tire. a) Find the equilibrium price (where supply
equals demand) and the quantity supplied and demanded at that price. b) De-

termine the consumers' surplus at the equilibrium price. c) Determine the
producers' surplus at the equilibrium price

Variant 30
Find the definite integrals:
1 V4
1. [1+2xdx z.jcosidx
0 0 2
F 1—cosX 3 X
3.j-————7——3-dx 4. [(2x+3)cos——dx
’ (X—=sinx) 5 6
1 X gA dx
24 2 6.
5. [xe Zdx ! cos X(1+cosX)
0
arctg3 2z
7. j ax : 8. J'sin43xcos43x dx
74 (319X +3)sin2x ]
16 1 dX
9. j\/256—x2dx 10. [ 5——
0 3 X" +4X+5

11. Calculate the area of the plane figure bounded by the lines:

X
y: , y:01 X:l
x2 +1

12. Find the solid of revolution, formed by rotation round the axis OX of the
curvilinear trapezoid, bounded by the lines:

2x—x2—y:0, 2x2—4x+y:0

13. The cost of a product changes at the rate of f (t) =€ (3t +5). Find the

average cost of this product if it is known that the level of production is raised
from a =0 units to b =3 units

14. The Lorenz curve of the income distribution within a certain group is giv-
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1
en by the following formula L(X):ﬁx2 +£X. Determine the degree of

equality of the income distribution

15. A firm's monthly marginal cost for a product is MC(x) UAH per unit when
the level of production is X units. Find the total manufacturing cost function

TC(x) for the month if the level of production is raised from a:% units to

2
b= units for given MC(X) = COSi +Sin§
4 2 2

16. Suppose that t years from now, one investment will be generating profit

at the rate of P (t)=2t+119 UAH per year, while a second investment will

be generating profit at the rate of P, (t)=t*—5t—1 UAH per year. a) For

how many years does the rate of profitability of the second investment ex-
ceed that of the first? b) Compute the net excess profit, in UAH, assuming
that you invest in the second plan for the time period determined in part a).
c) Interpret the net excess profit as an area: sketch the rate of the profitability

curves Y =P, (t) and y = P, (t) and shade the region whose area represents
the net excess profit computed in part b)

17. A tire manufacturer estimates that  (thousand) radial tires will be pur-
chased (demanded) by wholesalers when the price is D(q) =-0,29+10
UAH per tire, and the same number of tires will be supplied when the price is
S(q)=0,19—6 UAH per tire. a) Find the equilibrium price (where supply
equals demand) and the quantity supplied and demanded at that price. b) De-

termine the consumers' surplus at the equilibrium price. ¢) Determine the
producers' surplus at the equilibrium price
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Theoretical Questions

1. A definite integral.

2. The lower limit and the upper limit.

3. The formula of Newton - Leibnitz.

4. Substitution in definite integrals.

5. Basic properties of definite integrals.

6. Calculation of the definite integral of an even function with symmet-
rical limits of integration.

7. Calculation of the definite integral of an odd function with symmetrical
limits of integration.

8. Calculation of the definite integral of a continuous function with the
period T .

9. The mean - value theorem.

10. The basic tabular integrals.

11. The direct integration.

12. The method of change of the variable in the definite Integral.

13. The table for finding the substitution.

14.The method of integration by parts.

15. Classes of integrals which are found by the method of integration by
parts.

16. Integration of rational functions with a quadratic trinomial.

17.Integration of trigonometric functions.

18. Integrals of type _[R(Sin X, COS X)dX.

19. Calculation of the area of a plane figure.
20. Calculation of the volume of a solid of revolution by rotation round
the Ox-axis and the Oy -axis.

21.The income concentration index — the Gini coefficient.
22.The net change.

23.The net excess profit.

24.The net earnings from industrial equipment.

25. The consumers' demand curve and willingness to spend.
26.Consumers' surplus.

27.Producers' surplus.

28. The volume of production.
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HABYAJIbHE BUOAHHA
Buwa matemaTuka:

MeTOAMNYHI peKoMeHAaauil 40 BUKOHAHHA NMPaKTUYHUX 3aBAaHb
3 BU3HA4YeHOro iHTerpany Ansi CTyAeHTiB yCix cneyianbHOCTEN
nepuworo (6akanaBpCbLKOro) piBHs
(aHrn.moBoO1O)

CamocmiliHe enekmpoHHe MeKcmoege Mepexese UOaHHs

Yknapaui: Micropa €sreHis FOpiiBHa
CrenaHoBa KatepuHa BagumisHa
BignosiganbHui 3a BMNyck Jl. M. Manspeub

Pepaktop 3. B. 30608a
KopekTop

BuknageHo HeobxigHM TeopeTUYHUI MaTepian 3 HaByanbHOI AUCUMMNMIHW Ta Ha-
BeJEeHO TUMOBI NPUKIaaun, siki CNpUsaoTbL HaMBINbLW NOBHOMY 3aCBOEHHIO MaTepiany 3 TeMu
"BusHayeHun iHTerpan" Ta 3acTOCyBaHHK OTPMMaHUX 3HaHb Ha npakTtuui. NogaHo 3a-
BOAHHA Ons iHOuBIAyanbHOI poboTn Ta Nepenik TeopeTUYHMX NUTaHb, WO CApUSaTb ya0-
CKOHaseHHIo Ta nornmbneHHIo 3HaHb CTYAEHTIB 3 aHOI TEMM.

PekomeHOoBaHO ANs CTyAeHTIB YCiX chneuianbHocTen neplioro (6akanaBpCbKoro)
PiBHS.

MnaH 2017 p. To3. Ne 26 EB

Bupaseub i BurotoBnioBady — XHEY iMm. C. KysHeus, 61166, m. Xapkis,
npocn. Hayku, 9-A

CBigouTBO NpPO BHECEeHHs cyb'ekTa BMAaBHMYOI cnpaBu A0 [lepXaBHOro

peecTpy.
Ok Ne 4853 Big 20.02.2015 p.
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